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Abstract. The principal object of this paper is to present new contractive
type condition for mappings defined on G-metric spaces. Further, we prove some
new fixed point theorems concerning these mappings in G-metric space. Particular
cases and examples to illustrate and support our results are also considered. Our
findings extend and unify a known results.
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1. Introduction

The Banach contraction mapping principle is widely considered the source of metric
fixed point theory, and its significance is in its application in several branches of
mathematics. Hence, there are many numerous generalizations of the Banach con-
traction principle. In 2006 Zead Mustafa introduced the notion of G-metric spaces
[24] as the generalization of ordinary metrics and analyzed the topological structure
of the G-metric spaces see, e.g., [1-4, 5-8, 9-13, 16-28]. In 2012, Jleli and Samet
[16] and Samet et.al [27] showed that some fixed point theorems in G-metric spaces
can be deduced from standard metric spaces or quasi-metric spaces. Karapinar and
Agarwal [17] proved that the approach of Jleli and Samet [16] and Samet et.al [27]
cannot be applied if the contraction condition in the statement of the theorem can’t
be reducible to two variables and the introduced and proved diverse results in G-
metric spaces. after that, several authors published many fixed-point results on the
setting of G-metric space and Gb-metric space ( see e.g. [14-15]). In this paper, we
prove fixed point theorems for self-mappings satisfying some kind of contractive type
conditions on complete G-metric spaces are generalizations of previous researchers.

Definition 1 (24). Let X be a non-empty set and let G : X ×X ×X → R+ be a
function satisfying the following properties:

(G1) G(x, y, z) = 0 if x = y = z;
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(G2) 0 < G(x, x, y) for all x, y ∈ X with x ̸= y;

(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, x ∈ X with y ̸= z;

(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = ...,(symmetry in all three variables);

(G5) G(x, y, z) ≤ G(x, a, a)+G(a, y, z), for all x, y, z, a ∈ X (rectangle inequality).

Then the function G is called a G − metric on X, and the pair (X,G) is called a
G−metric space.

Another useful definitions are follow:

Definition 2 (24). Let (X,G) be a G−metric space. We say that {xn} is

(1) a G-Cauchy sequence if, for any ϵ > 0, there is N ∈ N ( the set of all positive
integers ) such that for all n,m, l ≥ N, G(xn, xm, xl) < ϵ;

(2) a G-convergent sequence to x ∈ X if, for any ϵ > 0, there is N ∈ N such that
for all n,m ≥ N, G(x, xn, xm) < ϵ.

(3) a G- metric space (X,G) is said to be complete if every G-Cauchy sequence in
X is G-convergent in X.

Definition 3 (24). Let (X,G) and (X́, Ǵ) be two G − metric spaces, and let f :
(X,G) → (X́, Ǵ) be a fuction, then f is said to be G-continuous at a point a ∈ X
if and only if, given ϵ > 0, there exists δ > 0 such that x, y ∈ X; and G(a, x, y) < δ
implies Ǵ(f(a), f(x), f(y)) < ϵ. A function f is G-continuous at X if and only if it
is G-continuous at all a ∈ X.

Definition 4 (24). A G−metric space (X,G) is called symmetric G−metric space
if
G(x, y, y) = G(y, x, x) for all x, y ∈ X.

2. Certain Theorems for G−metric space

In this section, we establish fixed point theorems for self mappings satisfying various
contractive conditions on complete G−metric spaces.

Theorem 1. Let (X, d) be a complete G − metric space and define the sequence
{xn}∞n=1 ⊂ X by the iteration xn = Txn−1 = Tnx0 and let T : X → X be a mapping
such that

G(Tx, Ty, Tz) ≤ λ1G(x, y, z) + λ2G(x, Tx, Tx) + λ3G(y, Ty, Ty) + λ4G(z, Tz, Tz)

+ λ5{G(x, Ty, Ty) +G(y, Tx, Tx) +G(z, Tx, Tx) +G(x, Tz, Tz)

+G(z, Ty, Ty) +G(y, Tz, Tz)} (1)
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where λ1, λ2, λ3, λ4, λ5 ≥ 0, λ1+λ2+λ3+λ4+2λ5 < 1 for all x, y, z ∈ X then there
exists x∗ ∈ X such that xn → x∗ and x∗ is a unique fixed point.

Proof. Let x0 ∈ X be an arbitrary point and define the sequence {xn}∞n=1 by xn =
Txn−1 = Tnx0. Assume xn ̸= xn+1, n = 1, 2, 3....Then by (3.1), we get

G(xn, xn+1, xn+1) = G(Txn−1, Txn, Txn)

≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, Txn−1, Txn−1) + λ3G(xn, Txn, Txn)

+ λ4G(xn, Txn, Txn) + λ5{G(xn−1, Txn, Txn) +G(xn, Txn−1, Txn−1)

+G(xn, Txn−1, Txn−1) +G(xn−1, Txn, Txn) +G(xn, Txn, Txn)

+G(xn, Txn, Txn)}
≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, xn, xn) + λ3G(xn, xn+1, xn+1)

+ λ4G(xn, xn+1, xn+1) + λ5{G(xn−1, xn+1, xn+1) +G(xn, xn, xn)

+G(xn, xn, xn) +G(xn−1, xn+1, xn+1) +G(xn, xn+1, xn+1)

+G(xn, xn+1, xn+1)}
≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, xn, xn) + λ3G(xn, xn+1, xn+1)

+ λ4G(xn, xn+1, xn+1) + λ5{G(xn−1, xn, xn) +G(xn, xn+1, xn+1)

+G(xn, xn, xn) +G(xn, xn, xn) +G(xn−1, xn, xn)

+G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1)}

(1− λ3 − λ4 − 4λ5)G(xn, xn+1, xn+1) ≤ (λ1 + λ2 + 2λ5)G(xn−1, xn, xn)

G(xn, xn+1, xn+1) ≤
λ1 + λ2 + 2λ5

1− λ3 − λ4 − 4λ5
G(xn−1, xn, xn) (2)

G(xn, xn+1, xn+1) ≤ ηG(xn−1, xn, xn),

where η =
λ1 + λ2 + 2λ5

1− λ3 − λ4 − 4λ5

As λ1 + λ2 + λ3 + λ4 + 2λ5 < 1
and
λ1 + λ2 + 2λ5 < 1− λ3 − λ4 − 4λ5

we get η =
λ1 + λ2 + 2λ5

1− λ3 − λ4 − 4λ5
< 1 which yields the result

G(xn, xn+1, xn+1) ≤ ηG(xn−1, xn, xn)

≤ η2G(xn−2, xn−1, xn−1)
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Repeating this process we lead to

G(xn, xn+1, xn+1) ≤ ηnG(x0, x1, x1) (3)

Next, we show that{xn}∞n=1 is a G-Cauchy sequence in X. Let m,n > 0 with m > n

G(xn, xm, xm) ≤ G(xn, xn+1, xn+1) +G(xn+1, xn+2, xn+2) +G(xn+2, xn+3, xn+3)

+ ...+G(xm−1, xm, xm)

≤ (ηn + ηn+1 + ...+ ηm)G(x0, x1, x1)

≤ ηn

1− η
G(x0, x1, x1).

Then, limG (xn, xm, xm) = 0, as n,m → ∞, since lim ηn

1−ηG(x0, x1, x1) = 0, as
n,m → ∞. For n,m, l ∈ N, (G5) implies that

G (xn, xm, xl) ≤ G (xn, xm, xm) +G (xl, xm, xm)

taking limit as n,m, l → ∞, we get G(xn, xm, xl) → 0. So (xn) is a G-Cauchy
sequence. By completeness of (X,G), there exists u ∈ X such that (xn) is G-
convergent to u.
Let T (u) ̸= u.
Now, we show that x∗ is a fixed point of T . We have

G(x∗, Tx∗, Tx∗) ≤ G(x∗, xn+1, xn+1) +G(xn+1, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) +G(Txn, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) + λ1G(xn, x
∗, x∗)

+ λ2G(xn, Txn, Txn) + λ3G(x∗, Tx∗, Tx∗)

+ λ4G(x∗, Tx∗, Tx∗) + λ5{G(xn, Tx
∗, Tx∗)

+G(x∗, Txn, Txn) +G(x∗, Txn, Txn)

+G(xn, Tx
∗, Tx∗) +G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)}

≤ G(x∗, xn+1, xn+1) + λ1G(xn, x
∗, x∗) + λ2G(xn, x

∗, x∗)

+ λ2G(x∗, Txn, Txn) + λ3G(x∗, Tx∗, Tx∗) + λ4G(x∗, Tx∗, Tx∗)

+ λ5{G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗) +G(x∗, Txn, Txn)

+G(x∗, Txn, Txn) +G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)

+G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)}
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(1− λ3 − λ4 − 4λ5)G(x∗, Tx∗, Tx∗) ≤ (1 + λ2 + 2λ5)G(x∗, xn+1, xn+1) + (λ1 + λ2 + 2λ5)G(xn, x
∗, x∗)

G(x∗, Tx∗, Tx∗) ≤ 1 + λ2 + 2λ5

1− λ3 − λ4 − 4λ5
G(x∗, xn+1, xn+1) +

λ1 + λ2 + 2λ5

1− λ3 − λ4 − 4λ5
G(xn, x

∗, x∗).

Hence
G(x∗, Tx∗, Tx∗) ≤ 0 as n → ∞

That is Tx∗ = x∗, then x∗ is a fixed point of T .

Finally, we show x∗ is the unique fixed point of T . Let x′ is another fixed point of T ,
then we have Tx′ = x′ and

G(x∗, x′, x′) = G(Tx∗, Tx′, Tx′)

≤ λ1G(x∗, x′, x′) + λ2G(x∗, Tx∗, Tx∗)

+ λ3G(x′, Tx′, Tx′) + λ4G(x′, Tx′, Tx′)

+ λ5{G(x∗, Tx′, Tx′) +G(x′, Tx∗, Tx∗)

+G(x′, Tx∗, Tx∗) +G(x∗, Tx′, Tx′)

+G(x′, Tx′, Tx′) +G(x′, Tx′, Tx′)}
≤ λ1G(x∗, x′, x′) + λ2G(x∗, x∗, x∗)

+ λ3G(x′, x′, x′) + λ4G(x′, x′, x′) + λ5{G(x∗, x′, x′)

+G(x′, x∗, x∗) +G(x′, x∗, x∗) +G(x∗, x′, x′)

+G(x′, x′, x′) +G(x′, x′, x′)}
≤ λ1G(x∗, x′, x′) + λ5{G(x∗, x′, x′)

+G(x′, x∗, x∗) +G(x′, x∗, x∗) +G(x∗, x′, x′)}
≤ λ1G(x∗, x′, x′) + λ5{2G(x∗, x′, x′) + 2G(x′, x∗, x∗)}

(1− λ1 − 2λ5)G(x∗, x′, x′) ≤ (2λ5)G(x′, x∗, x∗)

G(x∗, x′, x′) ≤ 2λ5

1− λ1 − 2λ5
G(x′, x∗, x∗)

≤ 4λ5

1− λ1 − 2λ5
G(x′, x∗, x∗).

which yields x∗ = x′ so T has a unique fixed point.

Theorem 2. Let (X, d) be a complete G − metric space and define the sequence
{xn}∞n=1 ⊂ X by the iteration xn = Txn−1 = Tnx0 and let T : X → X be a mapping
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such that

G(Tx, Ty, Tz) ≤ λ1G(x, y, z) + λ2G(x, Tx, Tx) + λ3G(y, Ty, Ty) + λ4G(z, Tz, Tz)

+ λ5G(x, Ty, Ty) + λ6G(y, Tx, Tx) + λ7G(z, Tx, Tx) + λ8G(x, Tz, Tz)

+ λ9G(z, Ty, Ty) + λ10G(y, Tz, Tz) + λ11[G(x, Ty, Ty) +G(y, Tx, Tx)

+G(z, Tx, Tx) +G(x, Tz, Tz) +G(z, Ty, Ty) +G(y, Tz, Tz)] (4)

where min{λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, λ10, λ11} ≥ 0 with λ1+λ2+λ3+λ4+2λ5+
λ6+λ7+2λ8+λ9+λ10+6λ11 < 1 for all x, y, z ∈ X, then there exists x∗ ∈ X such
that xn → x∗ and x∗ is a unique fixed point.

Proof. Let x0 ∈ X be an arbi and {xn}∞n=1 be a sequence in X defined as xn =
Txn−1 = Tnx0,n = 1, 2, 3... we obtain that

G(xn, xn+1, xn+1) = G(Txn−1, Txn, Txn)

≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, Txn−1, Txn−1) + λ3G(xn, Txn, Txn)

+ λ4G(xn, Txn, Txn) + λ5G(xn−1, Txn, Txn) + λ6G(xn, Txn−1, Txn−1)

+ λ7G(xn, Txn−1, Txn−1) + λ8G(xn−1, Txn, Txn) + λ9G(xn, Txn, Txn)

+ λ10G(xn, Txn, Txn) + λ11{G(xn−1, Txn, Txn) +G(xn, Txn−1, Txn−1)

+G(xn, Txn−1, Txn−1) +G(xn−1, Txn, Txn) +G(xn, Txn, Txn)

+G(xn, Txn, Txn)}
≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, xn, xn) + λ3G(xn, xn+1, xn+1)

+ λ4G(xn, xn+1, xn+1) + λ5G(xn−1, xn+1, xn+1) + λ6G(xn, xn, xn)

+ λ7G(xn, xn, xn) + λ8G(xn−1, xn+1, xn+1) + λ9G(xn, xn+1, xn+1)

+ λ10G(xn, xn+1, xn+1) + λ11{G(xn−1, xn+1, xn+1) +G(xn, xn, xn)

+G(xn, xn, xn) +G(xn−1, xn+1, xn+1) +G(xn, xn+1, xn+1)

+G(xn, xn+1, xn+1)}
≤ λ1G(xn−1, xn, xn) + λ2G(xn−1, xn, xn) + λ3G(xn, xn+1, xn+1)

+ λ4G(xn, xn+1, xn+1) + λ5{G(xn−1, xn, xn) +G(xn, xn+1, xn+1)}
+ λ6G(xn, xn, xn) + λ7G(xn, xn, xn) + λ8{G(xn−1, xn, xn)

+G(xn, xn+1, xn+1)}+ λ9G(xn, xn+1, xn+1) + λ10G(xn, xn+1, xn+1)

+ λ11{G(xn−1, xn, xn) +G(xn, xn+1, xn+1) +G(xn, xn, xn)

+G(xn, xn, xn) +G(xn−1, xn, xn) +G(xn, xn+1, xn+1)

+G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1)}

(1 − λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11)G(xn, xn+1, xn+1) ≤ (λ1 + λ2 + λ5 + λ8 + 2λ11)G(xn−1, xn, xn)
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G(xn, xn+1, xn+1) ≤
λ1 + λ2 + λ5 + λ8 + 2λ11

1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11
G(xn−1, xn, xn)

G(xn, xn+1, xn+1) ≤ ηG(xn−1, xn, xn)

where η =
λ1 + λ2 + λ5 + λ8 + 2λ11

1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11
< 1

As λ1 + λ2 + λ3 + λ4 + 2λ5 + 2λ8 + λ9 + λ10 + 6λ11 < 1

(λ1 + λ2 + λ5 + λ8 + 2λ11) < (1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11)
λ1 + λ2 + λ5 + λ8 + 2λ11

1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11
< 1

G(xn, xn+1, xn+1) ≤ ηG(xn−1, xn, xn)

≤ η2G(xn−2, xn−1, xn−1)

Continuing this process, we find that,

G(xn, xn+1, xn+1) ≤ ηnG(x0, x1, x1)

.
Now, we show that{xn}∞n=1 is a Cauchy sequence in X. Let m,n > 0 with m > n

G(xn, xm, xm) ≤ G(xn, xn+1, xn+1) +G(xn+1, xn+2, xn+2) +G(xn+2, xn+3, xn+3)

+ ...+G(xm−1, xm, xm)

≤ (ηn + ηn+1 + ...+ ηm)G(x0, x1, x1)

≤ ηn

1− η
G(x0, x1, x1)

Then limG(xn, xm, xm) = 0 as m,n → ∞.

Hence {xn}∞n=1 is a Cauchy sequence in X. Since {xn}∞n=1 is a Cauchy sequence,
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{xn} converges to x∗ ∈ X.
Now we show that x∗ is a fixed point of T .

G(x∗, Tx∗, Tx∗) ≤ G(x∗, xn+1, xn+1) +G(xn+1, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) +G(Txn, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) + λ1G(xn, x
∗, x∗) + λ2G(xn, Txn, Txn)

+ λ3G(x∗, Tx∗, Tx∗) + λ4G(x∗, Tx∗, Tx∗) + λ5G(xn, Tx
∗, Tx∗)

+ λ6G(x∗, Txn, Txn) + λ7G(x∗, Txn, Txn) + λ8G(xn, Tx
∗, Tx∗)

+ λ9G(x∗, Tx∗, Tx∗) + λ10G(x∗, Tx∗, Tx∗) + λ11{G(xn, Tx
∗, Tx∗)

+G(x∗, Txn, Txn) +G(x∗, Txn, Txn) +G(xn, Tx
∗, Tx∗)

+G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)}
≤ G(x∗, xn+1, xn+1) + λ1G(xn, x

∗, x∗) + λ2G(xn, x
∗, x∗)

+ λ2G(x∗, Txn, Txn) + λ3G(x∗, Tx∗, Tx∗) + λ4G(x∗, Tx∗, Tx∗)

+ λ5{G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)}+ λ6G(x∗, Txn, Txn)

+ λ7G(x∗, Txn, Txn) + λ8{G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)}

+ λ9G(x∗, Tx∗, Tx∗) + λ10G(x∗, Tx∗, Tx∗) + λ11{G(xn, x
∗, x∗)

+G(x∗, Tx∗, Tx∗) +G(x∗, Txn, Txn)

+G(x∗, Txn, Txn) +G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)

+G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)}

which implies that,

G(x∗, Tx∗, Tx∗) ≤ 1 + λ2 + λ6 + λ7 + 2λ11

1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11
G(x∗, xn+1, xn+1)

+
λ1 + λ2 + λ5 + λ8 + 2λ11

1− λ3 − λ4 − λ5 − λ8 − λ9 − λ10 − 4λ11
G(xn, x

∗, x∗)

⇒ G(x∗, Tx∗, Tx∗) ≤ 0 as n → ∞
i.e Tx∗ = x∗. i.e x∗ is a fixed point of T .
Now we show x∗ is the unique fixed point of T. Assume that x′ is another fixed point
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of T, then we have Tx′ = x′ and

G(x∗, x′, x′) = G(Tx∗, Tx′, Tx′)

≤ λ1G(x∗, x′, x′) + λ2G(x∗, Tx∗, Tx∗)

+ λ3G(x′, Tx′, Tx′) + λ4G(x′, Tx′, Tx′) + λ5G(x∗, Tx′, Tx′)

+ λ6G(x′, Tx∗, Tx∗) + λ7G(x′, Tx∗, Tx∗) + λ8G(x∗, Tx′, Tx′)

+ λ9G(x′, Tx′, Tx′) + λ10G(x′, Tx′, Tx′) + λ11{G(x∗, Tx′, Tx′)

+G(x′, Tx∗, Tx∗) +G(x′, Tx∗, Tx∗) +G(x∗, Tx′, Tx′)

+G(x′, Tx′, Tx′) +G(x′, Tx′, Tx′)}
≤ λ1G(x∗, x′, x′) + λ2G(x∗, x∗, x∗)

+ λ3G(x′, x′, x′) + λ4G(x′, x′, x′) + λ5G(x∗, x′, x′)

+ λ6G(x′, x∗, x∗) + λ7G(x′, x∗, x∗) + λ8G(x∗, x′, x′)

+ λ9G(x′, x′, x′) + λ10G(x′, x′, x′) + λ11{G(x∗, x′, x′)

+G(x′, x∗, x∗) +G(x′, x∗, x∗) +G(x∗, x′, x′)

+G(x′, x′, x′) +G(x′, x′, x′)}
≤ λ1G(x∗, x′, x′) + λ5G(x∗, x′, x′) + λ6G(x′, x∗, x∗)

+ λ7G(x′, x∗, x∗) + λ8G(x∗, x′, x′) + λ11{G(x∗, x′, x′)

+G(x′, x∗, x∗) +G(x′, x∗, x∗) +G(x∗, x′, x′)}

(1− λ1 − λ5 − λ8 − 2λ11)G(x∗, x′, x′) ≤ (λ6 + λ7 + 2λ11)G(x′, x∗, x∗)

G(x∗, x′, x′) ≤ λ6 + λ7 + 2λ11

1− λ1 − λ5 − λ8 − 2λ11
G(x′, x∗, x∗)

which implies that x∗ = x′ so T has a unique fixed point.

Theorem 3. Let (X, d) be a complete G−metric space. let T be a self mapping on
X such that

G(Tx, Ty, Tz) ≤ α{G(x, Tx, Tx) +G(y, Ty, Ty) +G(z, Tz, Tz)}+ β{G(x, Ty, Ty) +G(x, Tz, Tz)

+G(y, Tx, Tx) +G(y, Tz, Tz) +G(z, Ty, Ty) +G(z, Tx, Tx)}+ γ{G(y, Ty, Ty)

+G(y, Tx, Tx) +G(y, Tz, Tz)}+ δ{G(x, Tx, Tx) +G(x, Ty, Ty) +G(x, Tz, Tz)},
(5)

where α, β, γ, δ ≥ 0 such that
4β + γ + 2δ < 1,for every x, y, z ∈ X,then T has a unique fixed point.
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Proof. Let x0 ∈ X and {xn}∞n=1 be a sequence in X defined by the recursion.
xn = Txn−1 = Tnx0 for every n ∈ N

G(xn, xn+1, xn+1) = G(Txn−1, Txn, Txn)

≤ α{G(xn−1, Txn−1, Txn−1) +G(xn, Txn, Txn) +G(xn, Txn, Txn)}
+ β{G(xn−1, Txn, Txn) +G(xn−1, Txn, Txn) +G(xn, Txn−1, Txn−1)

+G(xn, Txn, Txn) +G(xn, Txn, Txn) +G(xn, Txn−1, Txn−1)}
+ γ{G(xn, Txn, Txn) +G(xn, Txn−1, Txn−1) +G(xn, Txn, Tn)}
+ δ{G(xn−1, Txn−1, Txn−1) +G(xn−1, Txn, Txn) +G(xn−1, Txn, Txn)}
≤ α{G(xn−1, xn, xn) +G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1)}
+ β{G(xn−1, xn+1, xn+1) +G(xn−1, xn+1, xn+1) +G(xn, xn, xn)

+G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1) +G(xn, xn, xn)}
+ γ{G(xn, xn+1, xn+1) +G(xn, xn, xn) +G(xn, xn+1, xn+1)}
+ δ{G(xn−1, xn, xn) +G(xn−1, xn+1, xn+1) +G(xn−1, xn+1, xn+1)}
≤ α{G(xn−1, xn, xn) +G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1)}
+ β{G(xn−1, xn, xn) +G(xn, xn+1, xn+1) +G(xn−1, xn, xn) +G(xn, xn+1, xn+1)

+G(xn, xn, xn) +G(xn, xn+1, xn+1) +G(xn, xn+1, xn+1)

+G(xn, xn, xn)}+ γ{G(xn, xn+1, xn+1) +G(xn, xn, xn) +G(xn, xn+1, xn+1)}
+ δ{G(xn−1, xn, xn) +G(xn−1, xn, xn) +G(xn, xn+1, xn+1) +G(xn−1, xn, xn)

+G(xn, xn+1, xn+1)}
≤ α{G(xn−1, xn, xn) + 2G(xn, xn+1, xn+1)}+ β{2G(xn−1, xn, xn)

+ 4G(xn, xn+1, xn+1)}+ γ{2G(xn, xn+1, xn+1)}+ δ{3G(xn−1, xn, xn)

+ 2G(xn, xn+1, xn+1)}

(1− 2α− 4β − 2γ − 2δ)G(xn, xn+1, xn+1) ≤ (α+ 2β + 3δ)G(xn−1, xn, xn)

G(xn, xn+1, xn+1) ≤
α+ 2β + 3δ

1− 2α− 4β − 2γ − 2δ
G(xn−1, xn, xn)

⇒ G(xn, xn+1, xn+1) ≤ kG(xn−1, xn, xn)

where k =
α+ 2β + 3δ

1− 2α− 4β − 2γ − 2δ
< 1

⇒ G(xn, xn+1, xn+1) ≤ kG(xn−1, xn, xn)

⇒ G(xn, xn+1, xn+1) ≤ k2G(xn−1, xn, xn)

continuing this process, we have

⇒ G(xn, xn+1, xn+1) ≤ knG(xn−1, xn, xn)
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Thus T is a contractive mapping
Now, we show that {xn}∞n=1 is a Cauchy sequence in X. Let m,n ∈ N,m > n, then

G(xn, xm, xm) ≤ G(xn, xn+1, xn+1) +G(xn+1, xn+2, xn+2) +G(xn+2, xn+3, xn+3)

+ ...+G(xm−1, xm, xm)

≤ (kn + kn+1 + ...+ km−1)G(x0, x1, x1)

≤ kn

1− k
G(x0, x1, x1)

Letting n → ∞,we get

lim
n→∞

G(xn, xm, xm) = 0,

as n,m → ∞, since kn

1−k < 1
hence {xn}∞n=1 is Cauchy sequence in X. Since X is complete then ∃u in X s.t.

lim
n→∞

xn = x∗(∈ X)
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Now, we prove that x∗ is the fixed point of T .

G(x∗, Tx∗, Tx∗) ≤ G(x∗, xn+1, xn+1) +G(xn+1, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) +G(Txn, Tx
∗, Tx∗)

≤ G(x∗, xn+1, xn+1) + α{G(xn, Txn, Txn) +G(x∗, Tx∗, Tx∗)

+G(x∗, Tx∗, Tx∗)}+ β{G(xn, Tx
∗, Tx∗) +G(xn, Tx

∗, Tx∗)

+G(xn, Txn, Txn) +G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)

+G(x∗, Txn, Txn)}+ γ{G(x∗, Tx∗, Tx∗) +G(x∗, Txn, Txn)

+G(x∗, Tx∗, Tx∗)}+ δ{G(xn, Txn, Txn) +G(xn, Tx
∗, Tx∗)

+G(xn, Tx
∗, Tx∗)}

≤ G(x∗, xn+1, xn+1) + α{G(xn, xn+1, xn+1) +G(x∗, Tx∗, Tx∗)

+G(x∗, Tx∗, Tx∗)}+ β{G(xn, Tx
∗, Tx∗) +G(xn, Tx

∗, Tx∗)

+G(xn, xn+1, xn+1) +G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)

+G(x∗, xn+1, xn+1)}+ γ{G(x∗, Tx∗, Tx∗) +G(x∗, xn+1, xn+1)

+G(x∗, Tx∗, Tx∗)}+ δ{G(xn, xn+1, xn+1) +G(xn, Tx
∗, Tx∗)

+G(xn, Tx
∗, Tx∗)}

≤ G(x∗, xn+1, xn+1) + α{G(xn, x
∗, x∗) +G(x∗, xn+1, xn+1)

+G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)}+ β{G(xn, x
∗, x∗)

+G(x∗, Tx∗, Tx∗) +G(xn, Tx
∗, Tx∗) +G(xn, x

∗, x∗)

+G(x∗, xn+1, xn+1) +G(x∗, Tx∗, Tx∗) +G(x∗, Tx∗, Tx∗)

+G(x∗, xn+1, xn+1)}+ γ{G(x∗, Tx∗, Tx∗) +G(x∗, xn+1, xn+1)

+G(x∗, Tx∗, Tx∗)}+ δ{G(xn, x
∗, x∗) +G(x∗, xn+1, xn+1)

+G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)

+G(xn, x
∗, x∗) +G(x∗, Tx∗, Tx∗)}

(1− 2α− 4β − γ − 2δ)G(x∗, Tx∗, Tx∗) ≤ (α+ 2β + 3δ)G(xn, x
∗, x∗)

+ (1 + α+ 2β + γ + δ)G(x∗, xn+1, xn+1)

G(x∗, Tx∗, Tx∗) ≤ α+ 2β + 3δ

1− 2α− 4β − γ − 2δ
G(xn, x

∗, x∗) +
1 + α+ 2β + γ + δ

1− 2α− 4β − γ − 2δ
G(x∗, xn+1, xn+1)

Taking the limit as n → ∞, we get
limn→∞ G(x∗, Tx∗, Tx∗) = 0
⇒ Tx∗ = x∗

⇒ x∗ is the fixed point of T
Uniqueness of fixed point.
Further, let us suppose that x′ is another fixed point of T .Then Tx′ = x′and
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G(x∗, x′, x′) = G(Tx∗, Tx′, Tx′)

≤ α{G(x∗, Tx∗, Tx∗) +G(x′, Tx′, Tx′) +G(x′, Tx′, Tx′)}
+ β{G(x∗, Tx′, Tx′) +G(x∗, Tx′, Tx′) +G(x′, Tx∗, Tx∗)

+G(x′, Tx′, Tx′) +G(x′, Tx′, Tx′) +G(x′, Tx∗, Tx∗)}
+ γ{G(x′, Tx′, Tx′) +G(x′, Tx∗, Tx∗) +G(x′, Tx′, Tx′)}
+ δ{G(x∗, Tx∗, Tx∗) +G(x∗, Tx′, Tx′) +G(x∗, Tx′, Tx′)}
≤ α{G(x∗, x∗, x∗) +G(x′, x′, x′) +G(x′, x′, x′)}
+ β{G(x∗, x′, x′) +G(x∗, x′, x′) +G(x′, x∗, x∗)

+G(x′, x′, x′) +G(x′, x′, x′) +G(x′, x∗, x∗)}
+ γ{G(x′, x′, x′) +G(x′, x∗, x∗) +G(x′, x′, x′)}
+ δ{G(x∗, x∗, x∗) +G(x∗, x′, x′) +G(x∗, x′, x′)}
≤ β{G(x∗, x′, x′) +G(x∗, x′, x′) +G(x′, x∗, x∗)

+G(x′, x∗, x∗)}+ γ{G(x′, x∗, x∗)}+ δ{G(x∗, x′, x′)

+G(x∗, x′, x′)}
(1− 2β − 2δ)G(x∗, x′, x′) ≤ (2β + γ)G(x′, x∗, x∗).

which implies that x∗ = x′ so T has a unique fixed point.

Finally, we give an application of the Theorem 2.1.

Example 1. Let X = {0, 1/2, 1} and let G : X3 → [0,∞) be defined by

G(0, 1, 1) = 6 = G(1, 0, 0), G(0, 1/2, 1/2) = 4 = G(1/2, 0, 0)

G(1/2, 1, 1) = 5 = G(1, 1/2, 1/2), G(0, 1/2, 1) = 15/2

G(x, x, x) = 0 ∀x ∈ X

(X,G) is a symmetric G-complete G-metric space.
Let T : X → X be defined by T0 = 1, T1/2 = 1/2, T1 = 0.

where λ1 = 1/2, λ2 = 1/20, λ3 = 1/25, λ4 = 1/30 λ5 = 1/6.

G(T0, T1/2, T1/2) = G(0, 1/2, 1/2) = 4;G(T0, T1, T1) = G(1, 0, 0) = 6

G(T1/2, T1, T1) = G(1/2, 0, 0) = 4;G(T0, T1/2, T1) = G(1, 1/2, 0) = 15/2
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we have

5 = G(T0, T1/2, T1/2) = G(1, 1/2, 1/2)

≤ 1

2
G(1, 1/2, 1/2) +

1

20
G(1, T0, T0) +

1

25
G(1/2, T1/2, T1/2)

+
1

30
G(1/2, T1/2, T1/2) +

1

6
{G(1, T1/2, T1/2) +G(1/2, T0, T0)

+G(1/2, T0, T0) +G(1, T1/2, T1/2) +G(1/2, T1/2, T1/2)

+G(1/2, T1/2, T1/2)}

≤ 5

2
+

20

6
=

35

6
.

Again,

6 = G(T0, T1, T1) = G(1, 0, 0)

≤ 1

2
G(1, 0, 0) +

1

20
G(1, T0, T0) +

1

25
G(0, T1, T1)

+
1

30
G(0, T1, T1) +

1

6
{G(1, T1, T1) +G(0, T0, T0)

+G(0, T0, T0) +G(1, T1, T1) +G(0, T1, T1) +G(0, T1, T1)}

≤ 6

2
+

20

6
=

19

3
.

Also,

4 = G(T1/2, T1, T1) = G(1/2, 0, 0)

≤ 1

2
G(1/2, 0, 0) +

1

20
G(1/2, T1/2, T1/2) +

1

25
G(0, T1, T1)

+
1

30
G(0, T1, T1) +

1

6
{G(1/2, T1, T1) +G(0, T1/2, T1/2)

+G(0, T1/2, T1/2) +G(1/2, T1, T1) +G(0, T1, T1) +G(0, T1, T1)}

≤ 4

2
+

16

6
=

14

3
.
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finally,

15

2
= G(T0, T1/2, T1) = G(1, 1/2, 0)

≤ 1

2
G(1, 1/2, 0) +

1

20
G(1, T0, T0) +

1

25
G(1/2, T1/2, T1/2)

+
1

30
G(0, T1, T1) +

1

6
{G(1, T1/2, T1/2) +G(1/2, T0, T0)

+G(0, T0, T0) +G(1, T1, T1) +G(0, T1/2, T1/2) +G(1/2, T1, T1)}

≤ 15

4
+

30

6
=

35

4
.

Hence, all the conditions of Theorem 3.1 are satisfied and T has a unique fixed
point in X.
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