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GROWTH OF MEROMORPHIC SOLUTIONS OF COMPLEX
LINEAR DIFFERENTIAL-DIFFERENCE EQUATION WITH
MEROMORPHIC COEFFICIENTS OF LOGARITHMIC ORDER
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ABSTRACT. In this paper, we deal with the growth and the value distribution
of meromorphic solutions of complex linear differential-difference equation

n m

L(z, f) = ZZAij(Z)f(j)(z+Ci) = F(2)

i=0 j=0

with meromorphic coefficients of logarithmic order. We improve some precedent
results by weakening the relative conditions, and obtain some estimates on the lower
bound of logarithmic order of these solutions.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the readers are familiar with the funda-
mental results and the standard notations of Nevanlinna value distribution theory of
meromorphic functions (see e.g., [13,14,23,24]). Let f(z) be a meromorphic function
in the complex plane C in the whole paper. Then, we use the notations p(f) and
w1(f) to denote the order and the lower order of f(z), use 7(f) and 7(f) to denote the
type and the lower type of f(z), and use 7a7(f) and 7,,(f) to denote the M-type and
the lower M-type of f(z) respectively. We also use d(a, f) to denote the deficiency
of a with respect to f(z), where a € C|J{oo}.

Recently, the study on the properties of meromorphic solutions of complex differ-
ence equations has arisen a great interest (see e.g., [6,15,16,18,19,22]), since Halburd-
Korhonen [12] and Chiang-Feng [9] obtained the difference analogues of the Logarith-
mic Derivative Lemma separately. Especially, by using these variants of Nevanlinna
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theory, many scholars focused on meromorphic solutions of complex linear equa-
tions, and got many good results in the case of complex linear difference equations
(see e.g., [1,3,7,17,20,25]) and in the case of complex linear differential-difference
equations (see e.g., [2,4,21,26]).

Chiang and Feng in [9] investigated the linear difference equation

An(2)f(z 4+ n) + -+ Ar(2) f(z +1) + Ao(2) f(2) = 0, (1)

where A;(z)(j = 0,1,---,n) are entire functions. When (1) has an unique domi-
nating coefficient, they obtained the relationship between the order of meromorphic
solutions of (1) and the orders of the coefficients.

Theorem 1. (see [9]) Let A;(2)(j =0,1,--- ,n) be entire functions satisfying that
there exists an integer [(0 <[ < n) such that

max{p(4;) : 0 < j < n,j #1} < p(A):

Then every meromorphic solution f(z)( 0) of (1) satisfies p(f) > p(A;) + 1.

As is well known that Theorem 1 is a good result, since the estimate on the lower
bound of the order of meromorphic solutions of (1) is sharp. And Theorem 1 also
holds for the more general equation

An(2)f(z 4 cn) + -+ Ai(2) f(z 4+ 1) + Ao(2) f(2) = 0, (2)

where ¢;(i = 1,2,--- ,n) are distinct complex numbers.

Next, Laine and Yang in [15] considered the case that more than one coefficient

has the maximal order and among which only one has the maximal type, and got
the following result.
Theorem 2. (see [15]) Let A;(2)(j =0,1,---,n) be entire functions of finite order
such that among those having the maximal order p = max{p(4;) : 0 < j < n},
exactly one has its type strictly greater than the others. Then for every meromorphic
solution f(z)(# 0) of (2), we have p(f) > p+ 1.

For the case when there is more than one coefficient having the maximal lower
order and among which only one has the maximal lower type, Zheng and Tu in [25]
proved the following result.

Theorem 3. (see [25]) Let Aj(2)(j =0,1,---,n) be entire functions satisfying that
there exists an integer [(0 <[ < n) such that

max{p(A4;) : 0 <j <n,j# 1} < p(A)(0 < p(A) < +o0)
and

max{7(A4;) : p(A;) = p(A1),0 < j <n,j #1} <1(A).
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Then every meromorphic solution f(z)(z 0) of (1) satisfies u(f) > pu(A4;) + 1.
Later, Luo and Zheng in [17] studied the linear difference equation (2), where

Aj(2)(j = 0,1,--- ,n) are entire or meromorphic functions. They weakened the

conditions of Theorem 3 and obtained the following two theorems.

Theorem 4. (see [17]) Let Aj(z)(j = 0,1,---,n) be entire functions, and let

k,l€{0,1,--- ,n}. If the following three assumptions hold simultaneously:

(1) max{p(A), p(Aj), 7 # k, 1} < p(A)(0 < p(Ar) < +oo);

(2) Tar(Ar) < Tar(Ar), when p(Ag) = p(Ar);

(5) {7 4 () = 4D, 3 ol < 2340, when ma{p(4). £ 1)

pAL).

Then every meromorphic solution f(z)(# 0) of (2) satisfies p(f) > u(A4;) + 1.

Theorem 5. (see [17]) Let A;(z)(j = 0,1,--- ,n) be meromorphic functions, and

let k,1 € {0,1,--- ,n}. If the following four assumptions hold simultaneously:

(1) max{i(Ar), p(Ay),G £, 1} < p(AD)(0 < p(Ar) < +00);

(2) 7(Ar) < 6r(Ay), when u(Ay) = pu(A));

(3) max{7(4;) : p(A;) = p(A0),G # b1} < Sz(A), when max{p(4;),§ £ .1} =

1(Ar);

(4) (5(00,141) =46 > 0.

Then every meromorphic solution f(z)(z 0) of (2) satisfies p(f) > u(A4;) + 1.
Recently, Belaidi and Bellaama in [3] extended Theorems 4 and 5 to the linear

difference equation

An(2)f(z+cn) +--- + A1(2)f(z + 1) + Ao(2) f(2) = Anta(2), (3)
where A;(2)(j = 0,1,---,n + 1) are entire or meromorphic functions and ¢;(i =
1,2,---,n) are distinct complex numbers. By comparing their results and Theorems

4 and 5, we find that the results for the case of the non-homogeneous equation (3)
are weaker than the ones for the case of the homogeneous equation (2).

Generally, for the case of the linear differential-difference equations, Wu and
Zheng in [21] investigated the growth of meromorphic solutions of the homogeneous
equation

L(z, ) =YY Aij(2)fD(z+¢) =0 (4)

i=0 j=0

and the non-homogeneous equation

Lz f) =) Aij(:) V(= + ) = F(z), ()

i=0 j=0
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where A;;(2)(i =0,1,--- ,n;5 =0,1,--- ,m) are meromorphic functions such that
Apo(2)Ano(2)F(2) £ 0,¢;(i =0,1,--- ,n) are distinct complex numbers.

Then, a natural question arises: when the coefficients A4;;(2)(: =0,1,--- ,n;j =
0,1,---,m) are of slow growth in the sense that are of order zero, how to express the
growth and the value distribution of meromorphic solutions of (4) and (5)? Belaidi
in [2] considered the question for the case of the homogeneous equation (4) by using
the concept of finite logarithmic order due to Chern [8].

The main purpose of this paper is to consider the case of the non-homogeneous
equation (5) and our results weaken the relative conditions in [2]. Unfortunately,
the results for the case of the homogeneous equation (4) under similar conditions
are rough and not good. So, we give up the case of the corresponding homogeneous
equation in this paper.

Firstly, We recall the following definitions.

Definition 1. (see [8]) The logarithmic order of a meromorphic function f(z) is

e logT'(r, f)
—log T(r,

=1 oo lao -

Prog([f) r=o0 loglog 7

Remark 1. (see [1]) Clearly, the logarithmic order of any non-constant rational
function is one, and any transcendental meromorphic function has logarithmic order
no less than one. Conversely, a meromorphic function with logarithmic order one
is not always a rational function. The logarithmic order of any constant function
is zero. That is to say, there are no meromorphic functions having logarithmic
order between zero and one. Furthermore, any meromorphic function with finite
logarithmic order is of order zero.

Definition 2. (see [8]) The logarithmic lower order of a meromorphic function f(z)

is defined as log T(r. f)
. 0g L T
=1 _—
Hiog (f) L RS
Definition 3. (see [5]) The logarithmic type of a meromorphic function f(z) with
1 < prog(f) < +o0 is defined as

——— T(r,f)
Tiog (f) = Tgrfww.

Remark 2. (see [1]) Obviously, any non-constant polynomial P(z) has logarithmic
type deg(P), any non-constant rational function has finite logarithmic type, and any
transcendental meromorphic function with logarithmic order one must have infinite
logarithmic type.
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Definition 4. (see [5]) The logarithmic lower type of a meromorphic function f(z)
with 1 < peg(f) < 400 is defined as

T
Ilog(f)_%w'

Definition 5. (see [5,8]) The logarithmic exponent of convergence of a-points of a
meromorphic function f(z) is equal to the logarithmic order of n(r, ﬁ), that is

___logn(r, ;)
Mol = @) = Mgl ) = s T

where a € C. And the logarithmic exponent of convergence of poles of a meromorphic
function f(z) is defined as

. _ ———logn(r, f)
)\log(?) = Nog(f,00) = rgg—noo loglogr -

Remark 3. (see [1]) As is well known, the order of n(r, ﬁ) is equal to the order
of N(r, ﬁ), where a € C{J{oo} (see e.g., [23,24]). However, it does not hold for

the case of logarithmic order. In fact, the logarithmic order of N (r, ﬁ) is equal to
Aog (f — a) + 1, where a € CJ{oo}([8]).

Next, we state our main results as follows.
Theorem 6. Let A;;(2)(i=0,1,--- ,n;j =0,1,--- ,m), F(z)(# 0) be meromorphic
functions and assume that there exists an integer [ € {0,1,--- ,n} such that

max{plog(Aij)v (Z’]) 7& (Z’O)} =o0< Mlog(AZO) < 400
and

1
Alog(fw) +1< Mlog(AZO)-

Then the following results hold.
(1) If one of the following three assumptions hold:
(@) piog(F) < prog(An) and 5 mgglAy) < Tiog(Au) < +00,

Plog (Aij)=t10g(Al0)
(1,5)#(1,0)
(b) /'LIOg(F) - Ulog(AlO) and Z Tlog(Aij) +Ilog(F) < Ilog(AZO) < +o09,
Plog (Aij)=t10g (A10)
(4,3)#(1,0)
(¢) pog(F) = piog(Ajo) and > Tlog (Aij) + Tiog(At0) < Tioe(F) < 400,
Plog (Aij)=H1og(Al0)
(4,5)#(1,0)
then every meromorphic solution f(z) of (5) satisfies piog(f) > thiog(Aio)-
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(1) If puog(F) > thog(Aio), then every meromorphic solution f(z) of (5) satisfies
Prog(f) = pog(F).

We also consider the value distribution of meromorphic solutions of (5), and
obtain the following result.
Theorem 7. Let A;;(2)(i=0,1,--- ,n,j =0,1,--- ,m), F(z)(# 0) be meromorphic
functions, and f(z) be a meromorphic solution of (1.5) satisfying

max{plog(F)7plOg(Aij)7i == 07 17 o 7n7] - O? 17 Tt 7m} < Plog(f) < +OO,

then piog(f) = Aog(f) + 1. Further, if ¢(2) is a meromorphic function with pieg(¢) <
pPlog(f) and ¢(2) is not a solution of (5) , then piog(f) = Aog(f — ) + 1.

2. PREPARATIONS FOR PROOFS

Firstly, we need some definitions of measures (see e.g., [12]). The linear measure of
aset £ C (0,400) is defined as mE = f t)dt and the logarithmic measure of a

set F' C (1,400) is defined as my F' = f+oo XF(t dt, where X (t) is the characteristic
function of a set H.

Secondly, we need the following lemmas.
Lemma 8. (see [2]) Let f(z) be a meromorphic function with 1 < pee(f) < +00.
Then there exists a set E C (1,400) of infinite logarithmic measure such that for
any given € > 0 and r € F, we have

T(r, f) < (logr)res(l e,

Lemma 9. (see [10]) Let f(z) be a meromorphic function with 1 < pee(f) < +00
and 0 < 7}, (f) < +00. Then there exists a set ' C (1,+00) of infinite logarithmic
measure such that for any given € > 0 and r € E, we have

T(r, f) < (Tiog(f) +€)(log T)lllog(f)'

Lemma 10. (see [1]) Let 11, n2 be two arbitrary complex numbers such that n; # 72
and let f(z) be a meromorphic function with finite logarithmic order p. Then for
any given € > 0, we have

flz+m), . (logr)*e
w0 )

Lemma 11. (see [1]) Let f(z) and g(z) be non-constant meromorphic functions
with logarithmic orders piog(f) and piog(g) respectively. Then we have

Plog(f + g) < max{piog(f); prog(9)}
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and
Plog(fg) < max{piog(f), Prog(9)}-

Furthermore, if piog(f) > piog(g), then we have
plog(f + g) = plog(fg) = plog(f)'

Lemma 12. Let f(z) be a meromorphic function with logarithmic order piog(f),
and g(z) be a meromorphic function with logarithmic lower order piog(g). Then we
have

thog(f +g) < max{piog(f), trog(9)}

and
tog(fg) < max{piog(f); t10g(9)}-

Proof. Similarly to [23, P.33]. Without loss of generality, we let

plog(f) < +o00, ,Uflog(f) < +o0.

By Definition 2, there exists an increasing sequence {ry,}(r, — +00) satisfying

Frogld) = Tl loglogr,

Then for any given € > 0, there exists a positive integer ng such that for all n > ny,
T(rn,g) < (logry)Hee@)+e,
By Definition 1, for the above ¢, there exists R > 0 such that for all » > R,
T(r, f) < (log r)plog(f)“.

Since r, — 400, there exists a positive integer n; such that for all n > ny,r, > R
holds and
T(rn, f) < (logrn)p1°g(f)+5.

So, when n > max{ng,n1}, we have
T(rn, fg) <T(rn, f) +T(rn,g) < (log Tn)plog(f)+6 + (log rn)mog(g)+€ < 2(log Tn))\+€a
where A = max{piog(f), tog(9)}. Then, for the above £ > 0,

lim log T(r, fg) _ lim log T'(rn, fg)

< <A+e,
T—+oo loglogr m—=+oo loglogr,
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that is,
Mlog(fg) < maX{plog(f)7 'ulog(g)}'
Similarly, by T'(r, f +g) < T(r, f) + T(r,g) + log 2, we can obtain
Mlog(f + g) < max{plog(f)v Mlog(g)}'

Remark 4. It is shown in [11, P.66] and [9, P.106] that for an arbitrary complex
number ¢ # 0, the following inequalities

(1+o(W)T(r —lef, f(2)) <T(r, f(z+¢)) < (L+0o(1)T(r + |c], f(2))

hold as » — +oo for a general meromorphic function f(z). Therefore, it’s easy to
obtain that

Plog(f(z +c)) = Plog(f)a :ulog(f(z +c)) = Nlog(f)-

Remark 5. Following Yang and Yi [23, P.37-39], the inequalities

T(r, f™) < (n+1)T(r, f) + S(r, f)

and
T(r, f) < O(T(2"r, f™) + logr)

hold as r — o0 for an arbitrary meromorphic function f(z). Therefore, by Lemmas
11 and 12, for a transcendent meromorphic function f(z), it is easy to see

Plog(f(n)) = Plog(f)a Mlog(f(n)) = Nlog(f)'

3. PROOFS OF THEOREMS 6 AND 7

3.1 Proof of Theorem 6
If f(z) has infinite logarithmic order, then the results hold. Now, we suppose

plog(f) < +-00.
(1) We divide (5) by f(z + ¢) to obtain
J)z+c f(z+ci) Nz + ) F(z)
_A i) i) A _ .
io( ;Jz% fz+c) fz+a) Z (2 z—i—cl) fz+a)
i#l

(6)
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By (6) and Remark 4, for sufficiently large r, we have

T(r, Ap) = m(r, Aj) + N(r, Ay)

m

n m m n @) 24 e
< Z ZT(T’, Aij) + zle(Ta Alj) + Z Zm(rv W) +T(r, F)
j:

R ‘ = g
" fz+¢)

+ O(; m(r, Tera)
il

)+ (L4 o(W)T(r + el f) + N(r, Ai) + O(1).

By Lemma 10, for any given € > 0, we have

. plog(f)+€
f(z+¢) _0 (logr) )

m(r, fz+¢) r ’

i=0,1,---,n,i#L (8)

By the Logarithmic Derivative Lemma and Remarks 1 and 4, for the above ¢ and
sufficiently large r, we have

f9(z+ )
[z 4+ )

By Definition 4, for the above ¢ and sufficiently large r, we have

)=0(ogr), i=0,1,--- ,n,j=1,---,m. (9)

m(r,

T(r, Ato) = (Tiog(Ar0) — €) (log r)HroslAo). (10)
By Remark 3, for the above € and sufficiently large r, we have
N(r, Arg) < (logr) ) 71, (11)
By Definition 1, for the above € and sufficiently large r, we have
T(r+|al, f) < (log(r + |a]))?=) "2 < (logr)rest e, (12)
Denote
o1 = max{plog(Aij) : Plog(Aij) < tog(Aw), (4,5) # (1,0)}

and

T1 = Z Tlog(Aij)'

Plog (Aij)=H1og(A10)
(4,5)#(1,0)

Then by Definitions 1 and 3, for the above € and sufficiently large r, we have

(logr)7ite, Plog(Aij) < fhog(Alo)

T(r,A;;) < , 13
(. As) {(Tlog(Aij)+5)(10g7“)“1°g(Al°), Plog(Aij) = tog(Ai) (13)
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where (7, 7) # (1,0).

(a) If pog(F) < prog(Aio) and 71 < 7)4(Ai) < +o00.

By Lemma 8, there exists a set £y C (1,400) with infinite logarithmic measure
such that for the above ¢ and r € E1, we have

T(r, F) < (log r)tes(F)Fe, (14)

Then we can choose € > 0 sufficiently small to satisfy

1
maX{Uh Alog(fm) +1, Mlog(F)} +2e < ,U/log(AIO)a 1+ (k + 1)6 < Ilog(Alo)v (15)

where k = (n + 1)(m + 1). By substituting (8)-(14) into (7), for sufficiently large
r € Fq, we obtain

(T1og(A10) — €)(log ) Hos(Aro)

log r)plog (f)+8

< 0((logr)"+%) + 0( ) + (log r)t1esF)+e 1 O((log r)ProslH)+e)

1
),\log(Tm)+1+a " Z (Thog(As;) + €)(log r)tee(40) 4 O(log )

Plog (Aij)=Hog(A10)
(4,5)#(1,0)

< (log r)01+26 + (log r)plog(f)+2€ + (log T)ulog(F)—l—a + (7_1 + (k‘ _ 1)6)(log 7G)yJIOg(AlO)
)Alog(%lo)—‘rl—&—Qe‘

+ (log r

+ (logr
(16)

By (15) and (16), we get
Mlog(AZO) < Plog(f) + 2¢.

Since € > 0 is arbitrary, we have
Plog(f) = thog(Aio)-

(b) If HIOg(F) = :U’lOg(AlO) and 7 +Ilog(F) < Ilog(Alo) < +00.
By Lemma 9, there exists a set Fo C (1,4+00) with infinite logarithmic measure
such that for the above € and r € Fy, we have
T(r, F) < (Tio(F) + &) (log r) s F) = (1), (F) 4 ¢)(log r)resto) - (17)

Then we can choose € > 0 sufficiently small to satisfy

1
max{or, Nog( 7 -) + 1} + 28 < thog(Aw), - 71+ Tiog(F) + (k +2)¢ < Tiog(Auo)-
(18)
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By substituting (8)-(13), (17) into (7), for sufficiently large r € Ea, we obtain

(T10g(At0) — ) (log ) o (Ai0)

(log 7«)Plog(f)""<€
T

< O((log T)ol—&-s) +0( ) + (log T)Mog(flo)-l—l—l-a +0((log T)Plog(f)—i-e)

+ Z (Mg (Aij) + €) (log T)Ulog(AIO) + (T10g(F) + ) (log T)P«log(AlO)

plog(‘Aij ):”1og<Al0)
(4,5)#(1,0)

+ O(logr)
o1+2¢ Mog (At0) Nog (=)
< (logr) + (71 + Tiog (F) + ke)(log r)H1eet 10 4 (log 7) 10
+ (log r)Pres() 22,

+142¢

By (18) and (19), we get
Hiog (A10) < prog(f) + 2¢.

Since € > 0 is arbitrary, we have

Plog(f) > thog(Aio)-

(C) If MIOg(F) = Mlog(AIO) and 7 +Ilog(A10) < Ilog(F) < +00.
By (5) and Remarks 4 and 5, for sufficiently large r, we have

n m

T(’I", F) < Z T(Ta A’Lj) —{—T(T, AZO) + ZZT(Ta f(j)(z + CZ))
(4,3)#(1,0) i=0 j=0 (20)

< ) T(rAij) +T(r, Ap) + O(T(2r, £)) + O(log ).
(1.4)7(1,0)

By Definition 4, for the above ¢ and sufficiently large r, we have

T(r, F) > (119, (F) — €)(log r)Mes(Aw0) (21)

Ilog
By Definition 1, for the above ¢ and sufficiently large r, we have
T(2r, f) < (log(2r))?sV) T2 < (logr)Pest e, (22)

By Lemma 9, there exists a set E5 C (1, +00) with infinite logarithmic measure such
that for the above ¢ and r € E3, we have

T(r, A1) < (1100 (A1) + ) (log 1)Pes(A0) (23)

Ilog
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Then we can choose € > 0 sufficiently small to satisfy
max{oy, 1} + 2 < puog(An), 71+ Tiog(Aio) + (k + 2)e < 7300 (F). (24)
By substituting (13), (21)-(23) into (20), for sufficiently large r € E3, we obtain

(T10g(F) — £) (log )P0 (Aw0)
< Z (Tlog (Aij) + €) (log r)tes(Ai0) 4 (T10g(At0) + €)(log )Hos (A10)

Plog (Aij)=H1og(Al0)
(4,5)#(1,0)

+ O((log r)717%) + O((log r)Pe=H)+2) 1 O(log r)
< (71 + Tiog(Aio) + k) (log r)H1oel40) 4 (log )12 4 (log )P ()2 4 O(log 7).
(25)

By (24) and (25), we get
Mlog(AIO) < plog(f) + 2e.

Since € > 0 is arbitrary, we have

Plog(f) > Hiog(Aio)-

(”) It Mlog(F) > ,Ulog(AlD)-
Then on the contrary, we suppose that piog(f) < fiog(F'). By (5), Lemmas 11
and 12, Remarks 4 and 5, we obtain

Mlog(z Z Azg(z)f(]) (z+¢)) < maX{Mlog(AlO)a plog(f)7 plog(Aij)7 (4,5) # (1,0)}

i=0 j=0
< Mlog(F)a

which is a contradiction. Hence, we have

plog(f) 2 ,Uflog(F)-

Therefore, the proof of Theorem 6 is complete.
3.2 Proof of Theorem 7

By Remark 1, if f(z) is a constant function, then piog(f) = 0, not satisfying the
condition. If f(z) is a non-constant rational function, then piog(f) =1, Aiog(f) = 0,
that is, the result holds. Now, we suppose that f(z) is a transcendent meromorphic
function.
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Let c¢op = 0 without loss of generality, then by (5) we have

n m

1 f(J (z+c)f z—i—cZ Z+Cl)
fz)  F(z) _Z [z 4+ ¢) ZAZO - fz) + Aoof2)-

(26)

By (26), we have

T(r, f)="T(r, l) +O0(1) = m(r, }) + N(r, }) +0(1)

IR CRO)) N fEte) oy
Siojz;m(r, flz+¢) )+O(; (r, f(2) ))+ZZ;]Z;T(’A”) (27)

+T(r, F) + N(r, ;) +0(1).

Let [ = 0, by substituting (8) and (9) into (27), for any given £ > 0 and sufficiently
large r, we have

(log r)plog(f)+5
r

T(r, f) < O( )+ O(logr) + 3 N T(r, Asj) + T(r, F) + N(r, ;).

i=0 j=0
(28)

By (28) and the assumption that max{piog(F), prog(Aij),i = 0,1,--- ,n;j = 0,1,
- ,m} < piog(f), for the above ¢ and sufficiently large r, we obtain

Prog(f) < Aiog(f) + 1.
By Remark 3, we have
Alog(f) +1 < piog(f)-
Hence,
Prog(f) = Aiog(f) + 1.
Set g(z) = f(z) —¢(z). By Lemma 11 and the assumption that piog(¢) < plog(f),

we have

plog(g) = plog(f)- (29)

By substituting f(z) = g(z) + ¢(2) into (5), we obtain

n

D Ai(2)gP(z + o) = G(2), (30)

=0 5=0
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where G(z) = F(2) — > > Aij(2)pU) (2 + ¢;). Since ¢(2) is not a solution of (5),
i=0j=0
then

G(z) #0.

By Lemma 11 and Remarks 4 and 5, we have

plog(G) S max{plog(F))plog(@%plog(Aij)v/i = 07 17 T )nvj - 07 17 T 7m}
< plog(f)'

Then by (29) and (31), we have

(31)

max{plog(G)7plog(Aij)7i = 07 17 o 7n7j = 07 17 e 7777,} < Plog(f) = plog(g)‘ (32)

By (30) and (32), we obtain

plog(g) = )\log(g) +1,

that is,
plog(f) = Alog(f - (P) +1.

Therefore, the proof of Theorem 7 is complete.
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