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ABSTRACT. In this paper we introduce the concepts of cyclic contraction, semi
cyclic contraction pair, reverse cyclic contraction and property UC in probabilistic
Menger spaces. We present some common best proximity point and best proximity
point results for cyclic contractions and semi cyclic contraction pairs in probabilistic
Menger spaces and as a result, we prove probabilistic version of classical Banach
contraction principle with a new method.
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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is a method for finding a solution to nonlinear equation Tx = x
for mapping T : A — A, where A is a subset of a metric space, a normed linear space,
a topological vector space. When T is a nonself mapping, the equation Tz = x has
no solution. In this case, we try to detect an element x that is close proximity to 7T'x.
In fact, best approximation theorems and best proximity point theorems are applied
for finding this element. In 1969, best proximity point theory was introduced by Fan
[6]. After it became a field of active research and it was studied by many scholars,
including Prolla [21], Reich [23] and Sehgal and Singh [29, 30]. In 2010, Sadiq Basha
obtained best proximity point theorem for contractions [25]. Best proximity point
theorems for relatively nonexpansive mappings and contractive mappings have been
studied in [1, 24]. Kirk et al. [11] introduced the concept of the cyclic contrac-
tion mapping in metric space and they also established fixed point results for such
mappings. In 2010, Pacurar and Rus [19] obtained some results about fixed point
theorems for cyclic ¢-contractions. Also Karpagam and Agrawal [10] proved some
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best proximity point theorems for cyclic orbital Meir—Keeler contraction mappings.
( see also [5, 12, 17, 20]). Gabeleh and Abkar [7], proved semi cyclic contractive
pairs of mappings in Banach spaces have best proximity points. Some results of
best proximity points for semi cyclic -contraction pair of mappings are obtained
in [37]. For more results in this area see [2, 31]. The notation of UC property was
introduced by Suzuki et al. in [36]. They extend the Eldred and Veeramani theorem
to metric spaces with the property UC.

Probabilistic metric space (abbreviated, PM space) that is one of the generalization
of metric space, introduced and studied by Karl Menger [13]. Schweizer and Sklar
studied the properties of spaces introduced by Menger, they gave some results about
topology, convergence of sequences and completeness of these spaces [26, 27]. Af-
terward, PM space was developed in various directions. Sehgal and Bharucha-Reid
[28], were given the first result on fixed point theory in PM spaces. After that many
scholars studied various types of contractions and related fixed point theorems in
PM spaces (for example, see [9, 18, 22]). Su and Zhang [35], proved some theorems
about existence of best proximity points in PM spaces. Lately Shayanpour et al.
achieved some best proximity point theorems for proximal contraction and proximal
nonexpansive mappings in probabilistic Banach spaces [34]. For further existence
results, we refer to [32, 33].

A mapping F' : [—00,00] — [0,1] is called a distribution function if F' is a nonde-
creasing and left continuous function and F(—oco) = 0 and F(oo) = 1. Let I'" be
the set of all the distribution functions such that F(0) = 0. The set of all F € I'"
for which tlgglo F(t) = 1 will be denoted by D*. With usual pointwise ordering of

functions, the spaces I't and D" are partially ordered and €y = x(g,~0) is @ maximal
element of them.

Let X be a nonempty set and F': X x X — 't (F(z,y) = F,,) be a mapping such
that

(PM1)  Fpy=eo, iff z =y,
(PM2)  F,, = F,,,
(PM3) If F,,(t) =1and F,.(s) =1, then F, ,(t +s) =1,

for every z,y,z € X and t,s > 0. Then the pair (X, F') is called a probabilistic
metric space.

For definitions of triangular norm, probabilistic Menger space, complete proba-
bilistic Menger space, etc. and known results one can see [26, 8].
Throughout this paper, (X, F, A) is a probabilistic Menger space such that RanF C
DT and A,,(a,b) = min{a, b} show the minimum t-norm.
To prove our theorems in this paper we need the following simple Lemma. [32]
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Let (X,F) be a PM space. If there exists ¢ € (0,1) such that for all t > 0,
Fpy(qt) > Foo(t) > Fpy(t) where z,y,2,w € X, then 2 =y and z = w.

[38] If (X, F,A) is a complete probabilistic Menger space, then (X2, M,A) is
also a complete probabilistic Menger space, where for every (x,v), (u,v) € X? and
t>0

Mg ) (u) (1) = min{ Fru (1), Fy0(t)}-

[3, 2.5.3] If (X, F,A) is a probabilistic Menger space with continuous t-norm A,
then the probabilistic distance function F is a low semi continuous function of points,
that is, for any fixed point ¢ > 0, if x,, — = and y,, — vy, then

liminf F, . (t) = Fyp4(t).

n—oo

Definition 1. Let (X, F,A) be a probabilistic Menger space and T : X — X be a
mapping. The mapping T is continuous at a point x € X if for every sequence ()
in X, which converges to x, the sequence (T'xy) in X converges to Tx.

Definition 2. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). A self mapping T on AU B is said to be cyclic if T(A) is a subset of B
and T'(B) is a subset of A.

Definition 3. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). A cyclic self mapping T on AU B is said to be cyclic contraction if there
exists 0 < a < 1 such that

FTz,Ty(t) > A(Fx,y(g)aFA,B(t))v (1)

forallx € Ajy € B and all t > 0, where Fa p(t) = supyea yep Fry(t), which is
called the probabilistic distance of A and B.

Let X = [0,1] and F,,(t) = m for any z,y € X and ¢ > 0, then with a

simple calculation one can see that (X, F, A,,) is a probabilistic Menger space. Let
A=10,%], B=1[}1] and define

)9 3
1
3
2 3

It is clear that 7' is a cyclic mapping. If = € [0, %] and y € [%, %], then Te = Ty = %

)
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x
€T

o= O
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and Fryy(t) = 1 for any ¢ > 0, hence (1) holds. If z € [0, 1] and y € (3, 1], then

B t B t N t
t+|Te =Tyl t+|5—5+3yl  t+3ly— 2l

t
3

> min{Fy ,(

Fray(t)

o~

I)v FA,B(t)}7
3

for any t > 0, hence T is a cyclic contraction.

Definition 4. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). A cyclic self mapping T on AU B is said to be reverse cyclic contraction
if there exists 0 < a < 1 such that

Foy(t) > A(Frary (L), Fap(t)),

a
forallz € A,y € B and all t > 0.

Let X =R, for every z,y € X and ¢ > 0, define Fy ,(t) = m, then with a
simple calculation one can see that (X, F, A,,) is a probabilistic Menger space. Let

A =10,00), B=(—00,0] and define T': AUB — AUB as
—a% -2z, x>0,
Tx =
—2x, z <0.

For every z € A, y € B and t > 0 we have

Fy y(t) = ! > 1 '
’ ttlz—yl ~ t+ 5Tz — Ty
t . t
= Fryry(7) 2 min{Fry ry(7), Fa,p(t)},
2 2

therefore T is reverse cyclic contraction.

Definition 5. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). The pair (A, B) satisfies the property UC if for all sequences (z,) and (z),)
in A and for any sequence (yn) in B, lim Fy . (t) =1 whenever lim F, , (t)=
n—00 n n—00 ’
Fy p(t) and lim Fy . (t) = Fag(t), for all t > 0.
n—oo " ’
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Definition 6. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). Let S,T be two cyclic self mappings on AU B. The cyclic mapping S is
said to be a T-cyclic contraction if there exists 0 < a < 1 such that

t
Fsz.5y(t) > A(FTx,Ty(a),FA,B(t)),

forallx € A,y € B and all t > 0.
Let X = R? and F{, ) (u0)(t) = W for any t > 0 and (z,y), (u,v) €

X, then it is easy to see that (X, F,A,,) is a probabilistic Menger space. Define
A={(z,y):2 <0,y e R}, B={(z,y): x> 1,y € R} and

4 4
B,1+2"—y"), (z,9) €4, (L, 5F%), (z,y) € 4,

T(a,y) = sep=4
(0,1+2"—¢%), (z,9) € B, 0,*5%), (z,y) €B.

Clearly F4 p(t) = ¢, for any ¢t > 0 and 7, § are cyclic self mappings. For any
(z,y) € A and (u,v) € B we have

t
OR[N [ i b
t
t+ 1B+t —yt —ut + o3+ 1 x 1
B 4t
T At 34|t -yt —ut 03+ 1

Fs(a,y),5(u,0) () =

> min 2t 2t
- 2A+3+ |zt —yt —ut+ 03720+ 1

> min 2 St
2A+3+ [zt —yt —ut+ 037t 41

. t
= min {FT(J;,y),T(u,U) (T) 7FA,B (t)} 3
2

for every t > 0, so S is a T-cyclic contraction.

Definition 7. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A) and S,T be two self mappings on AU B. The pair (S,T) is semi cyclic
contraction if S(A) C B, T(B) C A and there exists 0 < a < 1 such that

Foery(t) > A(Fey (%), Fan(t)) @

forallz e A,y € B and all t > 0.
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Let X = [0,1] and Fj,(t) = m, for every x,y € X and ¢t > 0. Then it

is easy to see that (X, F,A,,) is a probabilistic Menger space. Let A = [0,1] and
B =[3,1]. Define 5,7: AUB — AUB by

%—%l’, x € A, 0, T €A,
S(x) = T(x) =
1, x € B, %—%w, r € B.

Clearly S(A) C B, T(B) C A, S(B) € A and T(A) € B so neither S nor T is cyclic.
Also for every z € A,y € B and t > 0 we have

~+

t

— = ), Fas(t)}
t+ zlz—yl

t .
FSm,Ty(t) = Fr,y(T) > mm{Fz,y(
3

T
3
Hence the pair (S,7T) is semi cyclic contraction. When S = T, a semi cyclic
contraction pair is a cyclic contraction. Let A and B be two nonempty subsets of
a probabilistic Menger space (X, F,A,,) and T : AU B — AU B be reverse cyclic
contraction, Then T is a T3-cyclic contraction.

Proof. Since T is reverse cyclic contraction, then for some 0 < a < 1, for all x €
A,y € B and all t > 0 we have

. t
Fryry(t) > min {FTQ%sz(a), FA7B(t)}
. . t
> min {mln {FT3m,T3y <2> FanB (
a
. t .
= min {FT%,T%/ <a2) ,min {FA,B (

t
> min {FT3x,T3y ((12> ,FA7B(t)} .

Therefore T is a T3-cyclic contraction.

)} Eano}
) Eanio)}}

Q|+

Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A,,)
and T : AUB — AU B be a cyclic contraction. Then T? is a T-cyclic contraction.

Proof. Since T is cyclic contraction, then for some 0 < a < 1, forallx € A,y € B
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and all ¢ > 0 we have

. t
FT3$,T3y(t) > min {FTQI,TQy(a)a FA,B<t)}

t
=> min {min {FTx’Ty <2) JFg
a

therefore T3 is a T-cyclic contraction.

Definition 8. Let A and B be two nonempty subsets of a probabilistic Menger space
(X, F,A). A cyclic self mapping T on AUB is relatively continuous at a point x € A
if for any € € (0,1) and t > 0, there exists a 0 € (0,1) such that

FA7B(t) < Fm,y(t) +6 = FA7B(t) < FT:c,Ty(t) + €,
for any y € B.

In the same way, we can define relatively continuous at a point in B. A cyclic
mapping T is relatively continuous if it is relatively continuous at each point of its
domain. Let X =R, A= B =[1,400) and F, ,(t) = m for any x,y € X and
t > 0. Then it is easy to see that (X, F,A,,) is a probabilistic Menger space and
for any ¢ > 0, F'4, g(t) = 1. Now define T : [1,400) — [1,+00) by Tz =1+ Inz. If
e>0,z€[l,+00),t >0, <eand for each y € B that

L= Fap(t) < Fuy(t) +6 = H;y’ +4,
then
Fryry(t) +e= t +e>——+6>1.
t+ |lnz —Iny| t+ |z —yl
So T is a relatively continuous. Let A and B be two nonempty subsets of a

probabilistic Menger space (X, F,A,,) and x € A, then a cyclic self mapping T
on AU B is relatively continuous at x iff Fry 1y, (t) = Fa p(t), for any sequence
(yn) € B and any t > 0 such that F,, (t) = Fa,g(t).

Proof. Let T be relatively continuous at x and (y,) be a sequence in B and ty > 0
such that Fj , (to) = Fa,p(t). We show that Fry 1y, (t) = Fa,p(t). Suppose € > 0,
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by assumptions there exists a § € (0,1) such that for any y € B if Fiy p(t) < F,,(t)+
d then Fy p(t) < Fryry(t) + €. Since Fy 4, (t) = Fa,p(t), so there exists a N € N
such that for any n > N, Fy g(t) < Fyy, (t)+ 9. Therefore Fy g(t) < Fray 1y, (t)+¢€
for any n > N, so Fry 1y, (t) = Fap(t).

Now suppose that for any sequence (y,) C B and any t > 0 if F,, (t) — Fa p(t),
then Fry 7y, (t) = Fa,g(t). We show that T is relatively continuous at x. Arguing
by contradiction, we assume that 7' is not relatively continuous at x. Then there
exist € and ¢, such that for any n € N, there exists a y, € B, that Fq p(t) <
Fry,(t) + 2 and Fu p(t) > Pryry,(t) + € It is clear that lim Foy, (t) = Fap(t)

and li_>m Fry 1y, (t) # Fa p(t), which is a contradiction. Therefore T is relatively
n oo

continuous at x.

Let X = R and F,,(t) = m, for all x,y € X and ¢t > 0, then it is easy
to see that (X, F,A,,) is a complete probabilistic Menger space, so by Lemma 1,
(R2, M, A,,) is also a complete probabilistic Menger space, where

M(x,y),(u,'u) (t) = min{vau (t)’ Fy,v (t) }7

for every (z,y), (u,v) € R? and ¢t > 0. Define A = {(2,1): 0 <2 < 1}, B ={(2,y) :
—1<y<0}andT:AUB — AUB by

(27$_1)> IL‘E[O,HOQ,

T(x,1) = T(2,y) = (1+y,1).
(2,0), z € [0,1] N Q°,
Clearly
t t t
M4 p(t) = sup min , = .
A7B(> nglg)l {t+|$—2’ t—f—’l—y‘} t+1

~1<y<0

It is easy to see that T is not continuous, while by using Lemma 1, we can show
that T is relatively continuous. Let (z,1) € A and (2,y,) € B such that

t t
lim M, £) = min{—— i = = Myt
i M) i) (8) = mind i, lim ommg— b = oo = Mas(®),

if z € [0,1] N Q, then we have

M (t) = min{-—— - Mas()
= min = =
T(x,1),T(2,yn) t+ ’1 — yn” tr ‘:C — 2‘ P A,B\l),
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if x € [0,1] N Q¢, then we have

t t - t
t+l =y, t+17 t+1

Mr(z1),12,y,) () = min{ = My B(t),

therefore T is relatively continuous.

Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A).
If T and S are two self mappings on A U B such that T is relatively continuous
mapping and S is a T-cyclic contraction, then S is relatively continuous.

Proof. Let © € A, we show that if (y,) is a sequence in B and ¢ > 0 such that
Fpy, (t) = Fap(t), then Fs; gy, (t) = Fa p(t). Since S is a T-cyclic contraction, so
there exists 0 < a < 1 such that

Fap(t) = lim Fyy, (1) = iminf Py, (1) < liminf Py, <t) .
n—00 a

n—oo n—o0

By hypothesis, we have

) t
stysyn <t) 2 min {FT%Tyn (6)7 FA,B(t) }

Now taking liminf as n — oo, we get

t
liminf Fg, gy, (t) > min {lim inf Frrg 1y, <> JFap (t)}
n—00 o] a

> min {FA’B(t), FA,B (t)}
= FA’B(t).

Hence

FA,B (t) > lim sup ansyn (t) > lim inf st,syn (t) > FA,B (t),
n—oo

n—o0

Therefore lim Fls, gy, (t) = Fa,B(1).
n—oo

Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A).
IfT: AUB — AU B is a cyclic contraction, then T is relatively continuous.

Definition 9. Let A and B be two nonempty subsets of a probabilistic Menger
space (X, F,A). An element x € A is called a common best proximity point of the
mappings S, T : A — B, if

F:E,S:v(t) = FA,B(t) = Fm,Tac (t)a

for allt > 0.
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Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A,,)
such that the pairs (A, B) and (B, A) satisfy the property UC. Let S, T be cyclic self
mappings on AU B and S be a T-cyclic contraction. If there exist x € A and y € B
such that x,y are common best proximity points of 7" and S, then F, ,(t) = Fa p(t)
for all ¢ > 0.

Proof. Let x € A and y € B be common best proximity points of 7" and S, so
Fysy(t) = Fp5:(t) = Fap(t) = Fpra(t) = Fyry(t), for all ¢ > 0. Since the pairs
(A, B) and (B, A) satisfy the property UC, we have Fry 5.(t) = €o(t) = Fry sy(t)
so Tx = Sz and Ty = Sy. By hypothesis, we have

. t
FSx,Sy(t) 2> min {FTJU,Ty <a> ) FA,B(t)}

. t
= min {st,sy <a> JFap (t)}
. t
> min {FSQ:,Sy <a2) ,FA,B(t)} .

Now by induction on n we can show that

Fsy 5y(t) > min {st,sy (atn) 7FA,B(t)} : (3)

Taking limit as n — oo from (3), so Fsy gy(t) = Fa,B(t). Since F, g,(t) = Fa p(t),
Fsg.5y(t) = Fap(t) and (A, B) satisfies the property UC, we have Sy = z. By
similar way we can show that Sz =y, therefore F, ,(t) = Fs p(t) for all ¢ > 0.

Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A)
and the pairs (A, B) and (B, A) satisfy the property UC. If (z,) C A and (y,) C B
are sequences such that one of the following conditions holds

lim inf F,, ., (t) = Fag(t), or lim inf F, . (t)=Fapg(t), Yt>O0,

n—oo m>n m—oon>m
then (x,) is Cauchy sequence.

Proof. Arguing by contradiction, we assume that (x,) is not Cauchy sequence, then
there exist € > 0, A € (0,1) and subsequence (my) and (I) such that I < my and
Fxlk’zmk (6) < 1—A

Now if lim inf F,,  ,.(e) = Fap(e), then Fyp(e) = lim inf F, ., (€) <

m—oo n>m m—oon>m

lim Fy, 4. (€) < Fap(e) so lim F, () = Fap(e) and by the same way
k—o0 ko ’ k—o0 ’

mp Ymy

we can show that khﬁIglo Fai, sym,, (€) = Fa,p(e), and if nh_)n(f)lo %gfn Frpon(€) = Fa(e),
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then kli}rgo For o, (€) = Fap(e) and kl;nolo Fuy, i, (€) = Fap(€). In both cases, since

(A, B) has the property UC, we have klim Fi,, am, (€) = 1, which this contradicts
— 00

with Fy, g, (€) <1 —A. Therefore (z;) is Cauchy sequence.

In this paper we give some resultes about common best proximity points in
probabilistic Menger spaces (X, F,A,,). We show that if A, B are two nonempty
closed subsets of X and T, S are two cyclic self mappings on A U B such that S
is a T-cyclic contraction and T is continuous, then under certain conditions 7" and
S have unique common best proximity points in A and B. We also prove that if
A, B are two nonempty closed subsets of X and 7', S are two cyclic self mappings
on AU B such that S is a T-cyclic contraction and T is relatively continuous, then
under certain conditions 7" and S have unique common best proximity points in
A and B. Next we show that if A, B are two nonempty closed subsets of X and
cyclic self mapping T on A U B is reverse cyclic contraction, then under certain
conditions T has unique best proximity points in A and B. Also, we prove that
every contraction on complete probabilistic Menger space (X, F, A,,) has a unique
fixed point. Finally, we prove that if A, B are two nonempty closed subsets of X
and (S,T) is semi cyclic contraction pair, then under certain conditions S and T
have a unique best proximity point.

2. MAIN RESULTS

Now we first bring the following theorem about existence and uniqueness of common
best proximity points for cyclic contractions in probabilistic Menger spaces.

Theorem 1. Let (X, F,A,,) be a complete probabilistic Menger space, A and B
be two nonempty closed subsets of X such that pairs (A, B) and (B, A) satisfy the
property UC. Let S, T be two cyclic self mappings on AU B such that satisfying the
following conditions:

(i) S(A) C T(4) and S(B) € T(B);
(ii) S is a T-cyclic contraction;
(i1i) S and T commute;

(iv) T is continuous.

Then there exist unique x in A and y in B such x and y are common best proximity
points of T and S. Furthermore for anyt >0, F, ,(t) = Fa p(t).
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Proof. Let xg € A, since S(A) C T(A), there exists 1 € A such that Szg = Tx;.
Again there exists x9 € A such that Sx; = Txy. By following this process one
can find the sequence (z,) in A such that Sz, = Tx,41. Since S is a T-cyclic
contraction, we have

. t
Fse, 552, (t) = min {Fan_l,San_l (a> »FA,B(t)} : (4)
Now by induction on n, we show that
) t
Fsq, 55z, (t) > min {FSxo,SSxo (a”) 7FA,B(t)}. (5)

By (4), the relation (5) holds for n = 1. Assume that the relation (5) holds for some
n =k, that is

. t
Fsz, 552, (t) > min {sto,ssxo (ak> ,FA,B(t)} .
So we have

. t
Fszy41,852,4, (t) > min {FSrk,SSzk <E> s Fa B (t)}

. . t t
min {mln {Fszo,sszo (T’“‘H) ,Fa B (5) } ,Fa B (t)}
. t
= min { Fsz,5520 =y s Fap(t) .

Thus (5) holds for n = k4 1. Now taking liminf as n — oo from (5), we get

\%

liminf Fsz,, 552, (t) = FAyB(t),

n—00

SO lim Fsa, ssz,(t) = Fa,p(t). Similarly, we can show that lim Fs., , sse,(t) = FaB(t).
Since (A, B) satisfy the property UC, then lim Fsz, s, () = 1. Now for any to > 0,
we show that

lim inf Fss,, Sz, (to) = FA’B(to).

m—oo n>m

For this purpose we show that for each 0 < € < Fa p(to), there exists mo such that for
any m > mo,

inf Fse,, 55, (to) > Fa,B(to) — €.

n>m
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Let 0 < € < Fa,(t), we choose A such that « < A < 1. Since for any ¢ > 0,
lim Fs, 552, (t) = Fa,p(t) and im Fsg, 50, (t) = 1, then there exists mo such that
for any m > my,

Fsz,, 55z, (to) > Fa,B(to) — ¢, (6)
and
Fszp 1,52, (1 = Nto) > Fa B(to) — e.
Now by induction we show that for any m > mo and any n > m,
Fsz,,,552, (to) > Fa,B(to) — €. (7
In the other words, we show that

inf Fss,, 552z, (to) > Fa,B(to) — €.

n>m

By (6), it is clear that (7) holds for n = m > my. Assume that (7) holds for n =k > m,
that is

Fss,, 552, (to) > Fa,B(to) — €.
Now for n =k + 1, we have

Fsmm,755mk+1 (tO) > A {stm,smm+1 ((1 - A)t())v Fsmm+1755mk+1 ()\to)}
= min {FSZm,752m+1 ((1 - )‘)to)v F51m+1,551k+1 (Ato)}

. . At
> min{Fa,z5(to) — €, mln{FszH,TSzHl(TOL Fa,p(Mto)}}

> min{F4a,B(to) — €, min {Fsq,, 552, (to), Fa,B(Ato)}}
e,min{Fa g(to) — ¢, Fa,5(Mo)}}
e,min{Fa p(to) — ¢, Fa,B(Ato) — €}}
=min{Fa,5(to) — ¢, Fa,s(Ato) — €}

= Fa,B(Mo) — €.

> min {Fa,5(to

> min {FAyB to

(to)
(o) —
(o) —
(to)

Now letting A — 1, we obtain Fsa,, ssa), (to) > Fa,s(to) — €. So (7) holds for n =k + 1,
therefore for all t > 0, lim inf Fs,,, ssz,(t) = Fap(t), and by Lemma 1, (Sz,) is

m—oon>m
Cauchy sequence. Since X is complete and B is closed set, then there exists y € B
such that Sz, — y. Since Sz, = Txni1, 80 Tz, — y and by continuity 7" we have

TSxn, — Ty and TTx, — Ty.
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Since S and T commute, so STz, — Ty. On the other hand, we have
. t
FST(L'nxS"L'n (t) 2 min {FTT"I;7L1T(K7L (5)7 FAYB(t)} .
Now taking liminf as n — oo, by Proposition 1, we get
. t
Pry.,(t) > min {FTy,y (;) Fap (t)}

. t
> min {FTy,y (?) ,FaB (t)}

> min {FTM (ain) Fap (t)} .
Now taking limit as n — oo, we obtain
Fryy(t) > min {1, Fap(t)} = Fa, 5(1),
therefore Fr, ,(t) = Fa g(t). Also

Fsy,sz, (t) > min {FTy,Tzn(

) Fas(t)}

> min {Fry,rz, (1), Fa,5(t)},

a

now taking liminf as n — oo, by Proposition 1, we have Fs, ,(t) = Fa,5(t). Since (A, B)
satisfy the property UC, then Sy = Ty. Let = = Sy = Ty, hence Tz = TSy = STy = Sz.
Since S is a T-cyclic contraction and Fry r.(t) = Fry sry(t) = Fs s:(t), We get

t
Fuso(t) = Fsy.sa(t) 2 min { s (Z) , Fan ()}
By induction on n, we have
. t
Fy 54(t) > min {F%S;r (a—n) ,FA,B(t)} . (8)
Taking limit as n — oo from (8), we get F. s.(t) > Fa,5(t), and hence
FA,B(t) = Fw,Sw(t) = FTy,STy(t) = FTy,TSy(t) = FTy,Tx(t) = cm,Tx(t)7

for all t > 0, therefore z € A and y € B are common best proximity points of T and S.
Now suppose that there exists y* € B such that Fy« 1y« (t) = Fa g(t) = Fy» sy (t), for
all t > 0. Since (4, B) satisfy the property UC, so Ty* = Sy*. On the other hand
since F, r.(t) = Fa,p(t) = Fus.(t) and (B, A) satisfy the property UC, so Sz = Tz. By
induction we can show that

. t
FSy*,Sz(t) Z min {FSy*,Sz (ain) ,FA,B(t)}7 (9)
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Taking limit as n — oo from (9), we get Fs,~ s.(t) > Fa p(t), hence for all t+ > 0,
Fsy« s2(t) = Fa,g(t). Since (B, A) satisfy the property UC and Fy« s, (t) = Fa, g(t), then
Sz = y*. Because Fy ry(t) = Fa,p(t) = Fy sy(t) for all ¢ > 0, in similar way we can show
that Sz =y. Therefore y = y*. Similarly, we can show that = € A is a unique common
best proximity point of T and S.

Let X = R? and F(; ) (u0)(t) = 3(eo(t)+eo(t—d((z,y), (u,v)))), where d((z,y), (u,v)) =
|z — u| + |y — v|, for all (x,y), (u,v) € X and t > 0, then (R% F,A,,) is a complete
probabilistic Menger space. Let A = {(2,z) : z € [-7,0]}, B={(0,z) : = € [0, 7]}
and S,T: AUB — AU B be defined as

(0, 3lycosyl),  (z,y) € A, (0,0), (z,y) € A,
T(CE,y) = S(CE,y) =
(257%|ycosy|)7 (:C,y) € Bv (250)5 (:C?y) € B.

It is clear that the pairs (4, B) and (B, A) satisfy the property UC and

Fap(t) = sup_ sleo(®) +eolt = 2+ |z~ y)) = gleo(t) +eolt ~2)).
0<y<n

Also T and S are cyclic mappings and ST = TS. Now let (2,z) € 4 and (0,y) € B, so
we have

Fs(2,2),5(0,4) () = F(0,0),(2,0)(t)
1
= 5(60(75) +eo(t—2))
= Fa pB(t)

> min {FT(Q)QJLT(O)?,) (%) Fa.p (t)} )

for every 0 < a < 1. Hence S is a T-cyclic contraction. Let (2,z,) be a sequence in A
such that (2,z,) — (2,2) € A, then

. 1
im Foz,) 20 = 5(e0(t) +eolt - |zn —2[))) = 1,

n—oo

therefore z, — z. Now we have
1
FT(an),T(?@) (t)= F(O,%la:n coszp|),(0,%|zn 0051-”|)(t) > 5(60(15) +eo(t — |zn — x|)),

hence Jim Fr(2,2,),1(2,2)(t) = 1, therefore T is a continuous mapping on A. In similar
way we can show that T is a continuous mapping on B. Therefore all the assumptions
of Theorem 1 are satisfied and (2,0) in A and (0,0) in B are unique common best
proximity points of S and T.
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Theorem 2. Let (X, F,A,,) be a complete probabilistic Menger space, A and B
be two nonempty closed subsets of X such that pairs (A, B) and (B, A) satisfy the
property UC. Let T and S be two cyclic self mappings on AU B such that satisfying
the following conditions:

(i) S(A) CT(A) and S(B) CT(B);
(ii) S is a T-cyclic contraction;
(iii) S and T commute;

(iv) T is relatively continuous.

Then there exist unique x in A and y in B such that x and y are common best
proximity points of T and S. Furthermore for any t > 0, F, ,(t) = Fa p(t).

Proof. Let (z,,) C A be the sequence obtained in Theorem 1, such that Sx,, = Tzp4+1
and for some y € B, we have Sz, — y and Tx, — y. Similarly, we can obtain a
sequence (y,) € B such that Sy, = Ty,+1 and for some z € A, Sy, — x and
Ty, — x. Since S is a T-cyclic contraction, we have

. t
FS:L’n,Syn (t) = min {FTacn,Tyn <a> 7FA,B (t)}

) t
> min {FSmnl,synl (a) ,FA,B(t)} )

With a process similar to the proof of Theorem 1, we can show that

, ¢
Fsq, sy, (t) > min {FSxo,Syo (an) aFAvB(t)} : (10)

Taking liminf as n — oo from (10), we get lirgiangmn,gyn (t) > Fap(t), so by
n oo
Proposition 1 for all ¢ > 0,

Fry(t) = liminf Fs;, sy, (1) = Fa,p(t).

On the other hand Tz, — y and F, y(t) = Fa,p(t), so iminf Fry, .(t) = F,4(t) =

n—oo
F4 p(t) and since

Fa p(t) > limsup Fry,, o(t) > liminf Fr,, . (t) = Fa (%),

n—00 n—00

we have lim Fr,, .(t) = Fa p(t) forallt > 0, similarly we can show that lim Fs, () =

n—00 n—oo

Fy p(t) for all t > 0. Now by Proposition 1, S is relatively continuous so by Lemma
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1, Fsra,,52(t) = Fap(t). Since Fgy, »(t) = Fap(t) and T is relatively continu-
ous hence Frgg, 12(t) = Fa,p(t). Since S and T' commute and (B, A) satisfy the
property UC, we conclude that Sz = Tz. By induction on n we can show that

. t
Fsy 52, (t) > min {st,sxo <a"> 7FA,B(t)} : (11)

Taking liminf as n — oo from (11), we get Fs, »(t) = Fa,p(t) for all £ > 0. Since
St = Tx, therefore x € A is common best proximity point of S and 7'. Similarly we
can show that y € B is common best proximity point of S and T'. The rest of the
proof is similar to the proof of Theorem 1.

Let X =R and Fm’y(t) = m,
(R, F, A,,) is a complete probabilistic Menger space, so by Lemma 1, (R%2, M, A,,)
is also a complete probabilistic Menger space, where

Mz ) (up) () = min{Fy o (t), Fyo(t)},

for every (z,y), (u,v) € RZand t > 0. Let A= {(x,1): 0 <2 <1} and B = {(2,y) :
—1 <y <0}, then

forall z,y € X and t > 0. It is easy to see that

t t t

M p(t) = sup min{ y\}:t—i-l’

0<z<1 t+|$—2”t+’1—
—1<y<0
and the pairs (A4, B) and (B, A) satisfy the property UC. Let S,7: AUB —- AUB
be defined as

(an_l)v xe[ovl]m(@7
T(.I,l) = T(27y) = (1+y71)7
(2,0), z € [0,1]NQ°,

(2,0), (z,y) € A,
S(:):,y) =
(1,1), (z,y) € B.

For every (z,1) € A, (2,y) € B and all 0 < a < 1, we have

Mg(z1),502,9)(t) = M(2,0),1,1)(t) = min {F21(t), Fo1(t)}
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Hence S is a T-cyclic contraction, S and T' commute and 7T is relatively continuous.
Hence by Theorem 2, T" and S have unique common best proximity points (1,1) € A
and (2,0) € B. Let (X, F,A,,) be a complete probabilistic Menger space, A and B
be two nonempty closed subsets of X such that pairs (A, B) and (B, A) satisfy the
property UC. If T : AU B — AU B is cyclic contraction, then there exist unique
points z € A and y € B such that x,y are best proximity points of 7. Furthermore
for any t > 0, Fy (t) = Fa,B(t).

Proof. Since T is cyclic contraction, then by Corollary 1, T is relatively continuous
and by Proposition 1, T3 is T-cyclic contraction. Since T is cyclic mapping, then
T3(A) CT(A) C B and T3(B) C T(B) C A. Also T® and T commute therefore by
Theorem 2, 7% and T have unique common best proximity points € A and y € B
and Fy,(t) = Fap(t), for all t > 0, so the result follows.

In Corollary 2, if A = X = B, then we immediately achive the probabilistic
version of classical Banach contraction principle. Every contraction on complete
probabilistic Menger space (X, F, A,,) has a unique fixed point.

Theorem 3. Let (X, F,A,,) be a complete probabilistic Menger space, A and B
be two nonempty closed subsets of X such that pairs (A, B) and (B, A) satisfy the
property UC. Let T and S be two cyclic self mappings on AU B such that satisfying
the following conditions:

(1) S(A) CT(A) and S(B) CT(B);
(ii) S is a T-cyclic contraction;
(i1i) S and T commute;

(iv) T is bijective.

Then there exist unique x in A and y in B such that x and y are common best
prozimity points of T and S. Furthermore for any t > 0, Fy,(t) = Fa p(t).

Proof. Let (x,) C A be the sequence obtained in Theorem 1, so there exists a y € B,
such that Sz, — y and Tz, — y. Similarly, we can obtain a sequence (y,) C B
such that Sy, = Ty,+1 and for some x € A, Sy, — x and Ty, — x. By the same
argument as in the proof of Theorem 2, we can show that Fj ,(t) = F4 g(t). Since
S is a T-cyclic contraction, so we get

t
Fop-1, g4, (t) > min {Fx T, <> ,Fa B(t)} . (12)
) n I’ a k]
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Taking lim inf as n — oo from (12), we have

FST—lx,y( ) = lim inf FST 1z Sa:n
n—00

t
Zmin{hmmmeTmn< ) Fap(t }
a

> min{F, ,(t), Fap(t)}
— mln{FA B( ) Fy B(t)}
= Fy B(t).

Therefore Fgp-1,,(t) = Fa p(t) for all t > 0. Since Fgp-1,,(t) = Fap(t) = Fry(1)
and (A, B) satisfy the property UC, so ST 'z = 2 and since S and T' commute,
hence Tx = TST 'z = Sz. By induction we can show that

. t
FSx,Syn (t) > min {FSx,Syo (a”) ,FA’B(t)} . (13)

Taking liminf as n — oo from (13), we have Fs, ,(t) = Fa p(t) for all t > 0. Since
Sz = Tx, therefore x € A is common best proximity point of S and T'. Similarly we
can show that y € B is common best proximity point of S and T'. The rest of the
proof is similar to the proof of Theorem 1.

Let (X, F,A,,) be a complete probabilistic Menger space, A and B be two
nonempty closed subsets of X such that pairs (A4, B) and (B, A) satisfy the prop-
erty UC. If T: AUB — AU B is a bijective reverse cyclic contraction, then there
exist unique points € A and y € B such that z,y are best proximity points of 7.
Furthermore for any t > 0, F, ,(t) = Fa,p(%).

Proof. Since T is reverse cyclic contraction, then by Proposition 1, T is a T3-cyclic
contraction. By hypothesis T° is bijective, also, T and T® commute. Therefore by
Theorem 3, the desired result is achieved.

In Theorem 1, if A = X = B, then we immediately achieve the following result.
Let (X, F,A,,) be a complete probabilistic Menger space. If S,7 : X — X are two
mappings such that satisfying the following conditions:

(i) S(X) € T(X);
(ii) T is continuous;

(iii) S and 7' commute;
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(iv) there exists a € (0,1) such that for any =,y € X and any ¢ > 0,

t
FSw,Sy(t) > FTx,Ty(a)-
Then S and T have unique common fixed point in X. Consider X = R? and
define Fy ,(t) = m for all z,y € X and for all ¢ > 0, where d is Euclidean

metric on R2. Tt is easy to see that (X, F,A,,) is a complete probabilistic Menger
space. Consider self mappings S and T on X as follows:

Ste,y) = (1, Y1 4), TGy = (1n, Y 43),

3
then
AT (2, ). T(u,v)) = J (Il = 110)* + (5 +3 -5 =3

= \/121(:c —u)? + i(y —v)?
> \/110.25(x —u)? + i(y —v)?
- \/249@ —u)? + Z%(y —v)?
= ‘;\/(m — Tu)? + (% - %)2
= 2d(S(r,), S(u,v)).

Therefore

F3(2,y),5(uw) (t) = t+d(S(z,y),S(u,v))
- t
Tt 2d(T(x,y), T(u,v))

t
= Fr () T(uw) (2) :
3

It is clear that T'S = ST, T is continuous and S(X) C T(X). Hence all of the
assumptions of Corollary 2 are satisfied, and (0,6) is a unique common fixed point
of S and T. Let A and B be two nonempty subsets of a probabilistic Menger
space (X, F,A,,), S and T be two self mappings on AU B and xg € A. If (S,7T)
is a semi cyclic contraction pair, y, = Sz, and xp41 = T'yn, (n = 0,1,2,...), then
Fy, 52,(t) = Fap(t) and Fy, 1y, (t) = Fag(t), for all t > 0.
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Proof. Since (S,T) is semi cyclic contraction pair, there exists 0 < a < 1 such that
for all t > 0,

) t
Fasal0) = Fry 50, (0) 2 min{Fy,_yn, (£) Fanl®)

) t
= mln{FSmnfl,Tynq <a> 7FA,B(t)}

. . t t

> min { min {Fyn_17xn_1 <a2> s FaB <a> }7FA,B (t) }
. t

> min {an_l,an_l <a2> 7FA,B(t)}.

By induction on n, we can show that

. t
Fy, Sz, (t) > min {on,yo <az”> ,FAB(t)}.

Now taking liminf as n — oo, we conclude that liminf F, g, (t) = Fa,p(t) for all
n—oo
t >0, hence lim F,, 5., (t) = Fa g(t). Similarly we can show that lim Fy 1, (1) =
n—o0 n—oo
Fy p(t) for all t > 0.

Let A and B be two nonempty subsets of a probabilistic Menger space (X, F, A,),
S and T be two self mappings on AU B and z¢g € A. Let (S,T) be a semi cyclic
contraction pair, y, = Sz, and zp41 =Ty, (n =0,1,2,...). If (x,) and (y,) have
convergent subsequences (zy, ) and (yn, ) respectively such that for some x € A and
y € B, z,, — x and y,, — y. Then forall ¢ >0

Fx,Sx(t) = FA,B<t) = Fy,Ty(t)-

Proof. By Proposition 2, Fy,,, , (t) — Fa p(t) and by Proposition 1, lign inf F,
—00

nk 7ynk
(t) = Fpy(t), so Fypy(t) = Fap(t). Also by Proposition 2 for all ¢ > 0, we have
Fy. 1y, (t) = Fap(t). Let 0 < e <1, then we have

k7 k I’

Fyityn, 8) 2 A { Py, (1= 0, By s (D)}

Now taking liminf as k — oo, we get

liminf F, 7y, (t) > min {1, F4 g(et)} = Fa p(et),
e : ’
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If e = 1, then klim Fyry,, (t) = Fap(t) for all t > 0. On the other hand
—00

t

Fry .y, (t) = Frysa,, (t) = min {Fy,wnk (5

),FAB(t)}.

Now taking liminf as k — oo, then we conclude that

Fro(t) 2 min { £,.(5). Fan(t)}. (1)

now, we have

Fryy(t) > min {Fy,x(z)a FA,B(t)}

_ min{FA,B(fZ),FA,B(t)}
),

> min{F4 p(t), Fap(t)}
= Fy B(t),

therefore Fry ,(t) = Fa p(t), for all t > 0. Similarly, we can show that Fs, ,(t) =
Fy p(t), for all t > 0, so the result follows.

Theorem 4. Let (X, F,A,,) be a complete probabilistic Menger space, S and T be
two self mappings on AUB and A, B be two nonempty closed subsets of X such that
pairs (A, B) and (B, A) satisfy the property UC. If (S,T) is a semi cyclic contraction
pair, then S and T have a unique best proximity point.

Proof. Let xg € A, y, = Sz, and x,,41 = T'yy, then by Proposition 2, F, ..., () =
Fy, ry,(t) = Fa p(t) for all t > 0. Since (S,T) is a semi cyclic contraction pair, we
have

) t
Fyn+17zn+1 (t) = FS$n+17Tyn (t) Z min {Fﬂfn+1,yn (5)7 FA,B (t)}

> min {Fy, . (), Fapt)},
let n — oo, so we have lim F, . »..,(t) = Fa p(t) for all t > 0. Now since (B, A)
n—oo
has the property UC, then F, ..., (t) — 1 for all ¢ > 0. By the same argument as

in the proof of Theorem 1, for any ¢ > 0 we can show that

lim inf F, 7, (t) = Fag(t).

m—oon>m

By Lemma 1, (y,) is a Cauchy sequence so there exists y € B such that y, — y.
Similarly we can show that (x,) is a Cauchy sequence and for some x € A, z, — =.
Now by Proposition 2, Fy 7,(t) = Fa p(t) = Fy s2(t), for all t > 0.
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Theorem 5. Let (X, F,A,,) be a complete probabilistic Menger space, A and B
be two nonempty closed subsets of X such that pairs (A, B) and (B, A) satisfy the
property UC and AN B # (. Let S and T be two self mappings on AU B, if (S,T)
18 semi cyclic contraction pair, then S and T have a unique common fized point in
ANB.

Proof. By the hypothesis, we have Fs g(t) =1, so Fg, 1y(t) > me(g) Let xg € A,

Yn = Sy and 1 = Tyn, (n =0,1,2,...) and define (z,),>1 in AU B as follows:

P Ty, n =2k,
" Sz n=2k-—1.

Now we show that (z,) is a Cauchy sequence. If n = 2k, then

t t
an+1,zn (t) = FSJ:k+1,Tyk (t) > sz+1,yk(g) = FTyk,Sxk(a)
t t
2 Fyk’xk(?) = FSmk,Tykﬂ (ﬁ)

t t
2 Fﬂﬁk,ykq(g) = FTyk—17Sxk—1(E)

t t
> Fykflvmkfl(g) > 2 Fyl,xl aﬁ)
If n =2k — 1, then
t t
FZn+17Zn (t) = FTyk+175$k (t) > Fyk+1,9ﬂk(g) = FS$k+17Tyk—1(5)
t t
> Fﬂck+1,yk—1 (ﬁ) FTyleIk—l (?)
t t
> yk@kﬂ(ﬁ) = FSCBvayk 2(?)
t t
= xk7yk—2(¥) FTyk—lzsxk—Q(g)
t t
> Fykflvxk72($) > 2 Fyl,rl a2k—1)'

Taking liminf as n — oo, then F, .. (t) — 1 for any ¢t > 0. For every p € N we
have

t t t
an+p,zn (t) > Ag@ (an,znﬂ(p)v F2n+17zn+2(];)’ e szm—Lzm(p))

taking liminf as n — oo, then we have F, _ . (t) — 1 for any ¢ > 0, therefore (z,)
is Cauchy sequence and there exists z € AU B such that z, — z. Clearly, z € AN B.
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On the other hand for all £ > 0,

t t t
Flpp 112(1) = Fogr2(t) 2 ka,z(a) = FTykfhz(a) = FZ2(k—1)’Z(a)7

taking liminf as k — oo, then we have F), 7,(t) = limy_,o0 F,, , 72(t) > 1, therefore
F,71.(t) =1 for all t > 0 and this implies that z = T'z. Similarly we can show that
z=5Sz If Tw=w = Sw for some w € AN B, then we have

t
sz(t) = FSw,Tz(t) > Fw,z(g),
so by Lemma 1, we have w = z.

Let X = R2 and F(m,y),(u,v) (t) = m, where

_J el Fful+ly =],y #o,
ey ={ [0 o
for all (z,y), (u,v) € X and t > 0, then it is easy to see that (R?, F, A,,) is a complete
probabilistic Menger space. Let A = {(z,0) : 1 <z < 3}, B = {(«, %) :0< <2}
and S,T: AU B — AU B be defined as

0,3), (w,y) €A, (x,9), (,y) €A,
S(z,y) = T(z,y) =
(l‘,y), (:L',y) € B: (170), (x,y) € B.

It is clear that the pairs (A, B) and (B, A) satisfy the property UC and

t t

sup = .
1gx§3t+|x\+|y|+% t+%
0<y<2

Fa,p(t) =

Obviously S(A) € B, T(B) C A, S(B) € A and T(A) € B, so S and T are not cyclic
mappings. Now if (z,0) € A and (y, 3) € B, then we have

F(2,0),1(5,1)(®) = Fa p(t)

> min {F(x70)7(y7%) (2) FaB (t)} )

for all 0 < @ < 1. Hence (S,T) is a semi cyclic contraction pair. Therefore all
the assumptions of Theorem 4 are satisfied and (1,0) in A and (0,3) in B are best
proximity points of S and T respectively.
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