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2000 Mathematics Subject Classification: 30C45

Keywords and phrases: analytic functions, univalent functions, integral
operator, convex functions.

1.INTRODUCTION

Let U = {z € C,|z| < 1} be the unit disc of the complex plane and de-
note by H (U), the class of the olomorphic functions in U. Consider A =
{fe HU), f(2) =2+ asz? + azz® + ..., 2 € U} be the class of analytic func-
tions in U and S = {f € A: f is univalent in U}.

Consider S*, the class of starlike functions in unit disk, defined by

zf' (2)
f(z)

A function f € S is the starlike function of order o, 0 < o < 1 and denote
this class by S* («) if f verify the inequality

2f' ()
f(z)

Denote with K the class of convex functions in U, defined by

S*:{feH(U):f(O):f’(O)—lzo,Re >O,z€U}.

Re

>,z €U

K:{feH(U):f(O):f’(O)—le,Re{Z;//((ZZ))+1} >O,z€U}.
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A function f € S is convex function of order o,0 < o < 1 and denote
this class by K («) if f verify the inequality

Re {ZJ{;”(»(ZZ)) + 1} >a,z €U

A function f € UCV if and only if

el 2

S. N. Kudryashov in 1973 investigated the maximum value of M such
that the inequality

,z e U

/" (z)
I (z)
implies that f is univalent in U. He showed that if M = 3,05... and
f// (Z)
f'(2)
where M is the solution of the equation 8 [M (M — 2)3]

then f is univalent in U.
Also, if

< 3,05...

Y233 M)? =12,

/" (2)
/' (2)
then the function f is starlike in unit disk. This result is obtained by Miller
and Mocanu.

Consider the new general integral operator defined by the formula:

< 2,8329...,

Fuoon (2) = / O () dt. (1)

2.MAIN RESULTS

In the next theorem we proved the univalence for this operator.
Theorem 1. Let o; € R,i € {1,....n} and o; > 0. Consider f; € S
(univalent functions) and suppose that
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I (2)
L < M, 2
7o) | = ?
where M =3,05..., forall z € U.
If Z a; <1 the integral operator F,, . ., ts univalent.
Proof. We have
F// z " "
O B {C IR () 5
Foran (2) f1(2) " (2)
that is equivalent with,
F// = // "
B 0] o |F o, [£6)
Eoan (D) T fl( ) "1 (2)

Faread G| i o MY o <M
oo™ o L™

a,, 1S univalent.

-----

Theorem 2. Let a; € Ryi € {1,....,n} and a; > 0. Consider f; € S
(univalent functions) and suppose that

fi' (2)
fi (2)
where M1 = 2,8329..., is the smallest root of equation xsinx + cosx = 1/e.

If Z a; <1, the integral operator F,, 1s starlike.

----- QAn
i=1

< M, (4)

Proof. We have

.....

that is equivalent with,
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Flool(2) {’(z)’ " (2)
‘Fgl ,,,,, OISO RS

Now, applying the inequality (4), we obtain that

F(;/l ..... Qn, (Z) < M + + M M i < M
F(;l ..... N (z) S (Vi A Vi1 = 1 - Q; > 1-

The last inequality implies that the integral operator F,, ., is starlike.

.....

Theorem 3. Let o; € R,i € {1,...,n} and o; > 0. Consider f; € K
(convex functions), for all i € {1,...,n}. Then the integral operator Fy, . a,
1S CONVEL.

Proof.
2Fy (2) } & ( " (2) >
e L@ +1; = a;Re : +1)>0.
{FAI ..... an (2) ; i (2)
Since

Re<%+l)20

for all i € {1,...,n}, we have the integral operator F,, ., is convex.

Theorem 4. Let o; € R,i € {1,...,n} and o; > 0. Consider f; € K (3;),
0<G; <1, forallie{1,..,n}. In these conditions, the integral operator

Foi...an s convex of order > a; (B; — 1)+1, where 0 < > o (B — 1)+1 < 1.
=1 =1

Proof. We have

Since f; € K (0;), we have

e (£ 11) 5 5
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for all i € {1,...,n}.
We apply this property in (6) and we obtain that:

Re{M—Fl} =Y aifi+1-> a;=» ai(f—1)+1 (7)
=1 =1 =1

The relation (7) implies that the integral operator F,,

order Y o, (B —1)+1
i=1

a, 18 convex of

.....

Theorem 5. Let a; € R,i € {1,...,n} and o; > 0. Consider f; € UCV,

for alli € {1,.. n} In these condztzons the wntegral operator F,, .. 18
convez of order 1 — Z a;, where 1 — Z a; > 0.
i=1 =1

Proof. We have

.....

Because f; € UCV, we have
2 (2)

Re{” JJ:(())} =17

We apply this inequality in relation (8) and obtain that:

,zeU.

SF () "z (2)
Re{ St +1}z o | = +1-— >1- )
T 2|50 Z Z
The relation (9) implies that the integral operator F,, . ,, is convex of
order 1 — > o.
i=1
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