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ABSTRACT. Let ¢; and ¢o be univalent in the unit disk U, with ¢, (0) =
¢2(0) = 1. We give applications of first order differential subordination
and superordination to obtain sufficient conditions for normalized analytic

Dm
functions f € A to satisfy one of the conditions ¢ (z) < ECAOR < g2 (2)

Dy (2)
Dm+1
S (2)2 =< @2 (2), where DY f (2) is the generalized Salagean

“Dys ()

differential operator.

or ¢ (2) <
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1. INTRODUCTION

Let H = H (U) denote the class of functions analyticin U = {z € C : |2| < 1}.
For n a positive integer and a € C, let

Hla,n]={feH: f(z)=a+az"+ ...}.
We also consider the class

A:{fEH:f(z):z+a222+...}.
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_ We denote by Q the set of functions f that are analytic and injective on
U\ E(f), where

BN ={ceor )=},

and are such that f' () # 0 for ( € OU \ E (f).

Since we use the terms of subordination and superordination, we review
here those definitions. Let f, F' € H. The function f is said to be subordinate
to F, or F is said to be superordinate to f, if there exists a function w analytic
in U, with w(0) = 0 and |w(2)| < 1, and such that f(z) = F (w(z)). In
such a case we write f < F or f(z) < F'(z). If F' is univalent, then f < F
if and only if f (0) = F/(0) and f (U) C F (U).

Since most of the functions considered in this paper and conditions on
them are defined uniformly in the unit disk U, we shall omit the requirement
TzeU”.

Let ¢ : C3*xU — C, let h be univalent in U and ¢ € Q. In [3], the authors
considered the problem of determining conditions on admissible functions v
such that

b (p(2),20' (2),2°0" (2)52) < h(2) (1)
implies p (z) < ¢ (), for all functions p € H [a, n] that satisfy the differential
subordination (1). Moreover, they found conditions so that the function ¢ is
the ”smallest” function with this property, called the best dominant of the
subordination (1).

Let ¢ : C®* x U — C, let h € H and ¢ € H [a,n]. Recently, in [4], the
authors studied the dual problem and determined conditions on ¢ such that

hz) <e(p(2),20 (2),2°" (2); 2) (2)

implies ¢ (z) < p(2), for all functions p € Q that satisfy the above differential
superordination. Moreover, they found conditions so that the function ¢ is
the "largest” function with this property, called the best subordinant of the
superodination (2).

For two functions f (2) = z + >, n =2%a,2" and g (2) = z + > b,2",
n=2
the Hadamard product (or convolution) of f and g is defined by

(f*xg)(2):=z+ Zanbnz”.
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Let A > 0. The generalized Salagean derivative of a function f is defined
n [1] by

D3f () = f (), Dyf (2) = (1= A) f (2)+A2f" (2) , D' f (2) = Dy (DY f (2)) -

If f(2) =24 > a,2", we write the generalized Salagean derivative as a
n=2
Hadamard product

DYf(2) = f(z *{z+z 1+ (n—1)\ ”}—z—l—z 1+ (n—1)

n=2

When A = 1, we get the classic Salagean derivative [7], denoted by
D" f (2).

In this paper we will determine some properties on admissible functions
defined with the generalized Salagean derivative.

2. PRELIMINARIES

In our present investigation we shall need the folllowing results.

Theorem 1 [/3], Theorem 3.4h., p.132] Let q be univalent in U and let 6
and ¢ be analytic in a domain D containing q (U), with ¢ (w) # 0, when

weq(U). Set Q(z) = 2¢/ () 6 [q ()], h(2) = 01q ()] + Q (=) and suppose
that either

(i) h is convex or

(i1) Q is starlike.

In addition, assume that

ozl (2)
(1ii) Re 002) > 0.

If p is analytic in U, with p (0) = ¢ (0), p(U) C D and
Olp (2)] + 20" (2) - [P (2)] < Olq (2)] + 2" (2) - 6[q (2)] = h (2),

then p < q, and q is the best dominant.
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By taking 6 (w) := w and ¢ (w) := « in Theorem 1, we get

Corollary 2 Let q be univalent in U, v € C* and suppose
1 1
Re {1 +4 (z)} > max {o, —Re—} .
q (2) v
If p is analytic in U, with p (0) = ¢ (0) and

p(2) +7zp' (2) < q(2) + 724 (=),
then p < q, and q 1s the best dominant.

Theorem 3 [5] Let 0 and ¢ be analytic in a domain D and let q be univalent
in U, with ¢(0) = a, ¢(U) C D. Set Q(z) = 2¢'(z) - ¢lq(2)], h(2) =
01q(2)] + Q (2) and suppose that

()
(i) Re [¢ ()

(1) Q(z) is starlike.

]>Oand

IfpeHla, 1N Q, p(U) C D and 0 [p(z)] + 2p' (2) - ¢ [p (2)] is univalent
wm U, then

0lq ()] + 20" (2) - ¢la(2)] < O[p ()] +2p"(2) - @ [p(2)] = ¢ < p
and q 18 the best subordinant.
By taking 6 (w) := w and ¢ (w) := 7 in Theorem 3, we get

Corollary 4 [2] Let q be convex in U, q(0) = a and v € C, Rey > 0. If
p € Hla,1]NQ and p(2) + vzp' (2) is univalent in U, then

q(2) +vzq' (2) <p(2) 920 (2) = ¢ < p

and q is the best subordinant.

3. MAIN RESULTS
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Theorem 5 Let g be univalent in U with ¢ (0) =1, v € C* and suppose

! 1
Re [1 + =4 (2)} > max {O, —Re—} .

q (2) gl
If fe Aand
DYf(z) v DY*?f (2) - DY f (2) :
DI (2) LY {1 - e, (Z)}Q } =q(z)+vzq' (2)  (3)
then DY f ()
V(2
Ei IR
and q 18 the best dominant.
Proof. Let )
_ DYf(z
P Dy

By a simple computation we get

2 () AP Y D))

pG) T DR DY) W
By using the identity
ADPIEY = 308 )+ (125 ) DRT G, )
we obtain from (4) that
UGy IR e 1)
p(z)  Alp(z) DYFif(2)
and
L DRFGE) v DEEE) DY)
p(2) +y2p'(2) DT+1f(z)+A{1 Drr (o) }

The subordination (3) from hypothesis becomes

p(2) +72p' (2) < q(2) + 724 (2).

We obtain the conclusion of our theorem by simply applying Corrolary 2.
For m = 0, we have the following result.
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Corollary 6 Let g be univalent in U with q (0) =1, v € C* and suppose

! 1
Re [1 + =1 (z)} > max {O, —Re—} .

q (2) ot

If fe A and
f ()
=N ) +ref (2)

{1 N2 (2) f ()~ (1= ) £
(1 =) f(2) + Azf (2)]

/)
T-NT ) (s <46

and q 18 the best dominant.

i-Te

?) } <q(2) + 720 (2)

>

then

For A = 1, the generalized Salagean derivative becomes the classic Salagean
derivative, denoted by D™ f (z). In this case we have the following conse-
quence of Theorem 5.

Corollary 7 [6] Let q be univalent in U with q (0) =1, v € C* and suppose

! 1
Re [1 + =4 (2)} > max {O, —Re—} .

q (2) v
If fe Aand
D™ f (2) D" f(2)-D"f (2) N v (2
DmTf(z)JFV{l D f )P }<Q()+VQ()
then
M '<Q(Z)
DmHLf (2)

and q 1s the best dominant.

We next consider the case when A =1 and m = 0.
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Corollary 8 [6] Let q be univalent in U with ¢ (0) =1, v € C* and suppose

/! 1
Re [1 + zq/ (Z)} > max {O, —Re—} .

q (2) ol
If fe A and
0 PO TON
1-9 2y oL b= +0a 9
then )
7 <

and q 18 the best dominant.

For our next application, we select in Theorem 5 a particular dominant
q.

Corollary 9 Let A,B,v € C, A # B such that |B| < 1 and Rey > 0. If
f € A satisfies the subordination

Dy f (2) 7{1_DT+2f(2)-DS”f(Z)} 1+A:  (A-B)=

_ + ;
DYFIf(z) A (D f ()] 1+B: " (1+ B2y
then
Dy f (2) - 1+ Az
DY f (%) 1+ Bz
1+ A
and q (2) Az 18 the best dominant.

:1+Bz

We apply Corrolary 4 to obtain the following result.

Theorem 10 Let q be convex inU, q(0) =1 and~y € C, Rey > 0. If f € A,
Dy Dp DI2f (z) - D
V) pnne 26 1{1_ 32 (2) mz)}is

DY f (2) DY f(z) A (DI f (2)]
univalent in U and

DY f (%)
Dyt f (2)

q(2) +7v2q (2) < %

{1 _DYTF(2)- DRf(2) }
(DY f (2)]
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then DY f (o)
A z
R

and q 18 the best subordinant.

Corollary 11 Let q be convezr inU, q(0) =1 andy € C, Rey > 0. If f € A,
f(2) gl f(2)

=N 7)o (o) & HLne. ERECER TG AON

J {1 - N2 ) (AN F (2)} 18 univalent in U and
A [(L=A) ] (2) +Azf" (2)]
, v f(z)
q(2) +7v2q (2) < [1 - X(z - )‘)} (1=X) f(2) + Azf’ (Z)+
ol {1 SN2 () f(r) -0 =N S (z)}
A [(L=Nf@E)+rf () )7
then

f(z)
1=X) f(z2)+Azf' (2)

q(z) < (
and q is the best subordinant.

Proof. The conclusion follows from Theorem 10 for m = 0.g
If we take A\ = 1 in Theorem 10, we have the next corollary.

Corollary 12 [6] Let q be convez in U, q(0) =1 and v € C, Rey > 0. If

D (2) D f(2) DY) D ()
JeA prrpry S HIINS oy ™ {1 D f () }

1s univalent in U and

0(2) 472 (2) < 2D +7{1 i GRS | <Z>},

Dmatf(z) (DL f (2)]
then
DY f (2)

R

and q is the best subordinant.

We combine the results of Theorem 5 and Theorem 10 to obtain the
following ”sandwich theorem”.

150



V.O. Nechita - Differential subordinations and superordinations for...

Corollary 13 Let g1,z be conver inU, ¢ (0) = ¢2 (0) =1, v € C, Rey > 0.
I m m—+2 . Dm
IffEA;MeH[l,l]mQM 1{1_% f(2) D)\f(z)}

y T +
DI (2) DIF(2) A Dy (o)
1s univalent in U and

e DR A [ DR Dpr @)
@ (2)+72d; (2) < Df\”“f(z)+>\{1 e o) }'<C]2( 7245 (2)
then DU f(2)

Q1 (Z)<W<Q2(z)

and the functions q1 and qo are respectively the best subordinant and the best
dominant.

Theorem 14 Let q be univalent in U with ¢ (0) =1, v € C* and suppose

1 1
Re [1 + = (z)} > max {O, —Re—} .

q (2) ¥

If f e A and

LY DR ) DR () 292 { DR (o)) :
S 1T KN T Ea S T A Eai
then DU ()

Pt SR 5
opf ey 1Y
and q 18 the best dominant.
Proof. Let
L Dr ()
ST
By calculating the logarithmic derivative of p, we get
@ () DM 2D ()Y -
pe) TR D) "
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We use the identity (5) in (7) to obtain

PO LN, KO D

Dyt f(z)  Drf(2)

and

1) AN ) DI ) 2D ()}"
NADRFEY MDRF (Y A {Dpf )

The subordination (6) becomes

p(2)+v2p (2) = (1 +

p(2) + 720 (2) < q(2) +72d (2).
We obtain the conclusion of our theorem by simply applying Corrolary 2.

In Theorem 14 we let m = 0 and obtain the following result.

Corollary 15 Let q be univalent in U with ¢ (0) =1, v € C* and suppose

Re {1 + =4 (z)} > max {O, —Rel} :

¢ (2) Y
If fe A and
Y 2 AR L AP
T 7 B T A TS L T
<q(2) +724 (2)
then Qf'( )
(1—)\)f(2) + A 20) < q(2)

and q 18 the best dominant.
We consider A =1 in Theorem 14 to get the following corrolary.

Corollary 16 [6] Let q be univalent in U with ¢ (0) = 1, v € C* and suppose
!/ 1
Re [1 + =4 (z)} > max {O, —Re—} .
g

¢ (2)
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If f € A and
D) | EDmf() DM
T TS AT T TS G VT T A
then Dm+1f( )
ZW =<q (Z>

and q is the best dominant.
For m = 0 and A = 1 in Theorem 10, we obtain the following result.

Corollary 17 [6] Let q be univalent in U with g (0) =1, v € C* and suppose

! 1
Re [1 + =4 (Z)} > max {O, —Re;} .

¢ (2)
If fe Aand
zf' (2) a2 z 1\’ 5 2d (2
TBiE ¥ (f@) < q(2) +72q (2)
then 2f’( )
TR

and q 18 the best dominant.
We take a particular dominant ¢ in Theorem 10 to get the next corolarry.

Corollary 18 Let A, B,y € C, A # B such that |B| < 1 and Rey > 0. If
f € A satisfies the subordination

(14 7)) 2D ) 0D (=)}
MADR Y MDY A (DR ()Y
- 1+ Az +7(A—B)z
1+ Bz (14 Bz)*’

then
DY f (2) 1+ Az

Dyf(z)y " 1+B=

1+ Az
and q (z) = T B

18 the best dominant.
z
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Next, applying Corrolary 4 we have the following theorem.

Theorem 19 Let q be convex in U, ¢(0) = 1 and v € C, Rey > 0. If
DY F (2) T\ 2DV f(2) | v 2DYT S (2)

A 221 cHILING, (1+ = A L2 —
FeA = tourep <IN (45) Grrr 3 orFia

22 {Dy (9))

A Dy f ()

1s univalent in U and

DY () 1 2DR () 22 {DY ()

» Y
1 (=< (0 3) e P A e P A (D

then Dm+1f )
1) = o ()

and q 18 the best subordinant.

Corollary 20 Let q be convex inU, q(0) =1 andy € C, Rey > 0. If f € A,
B 21 (2) (1-XA)= g 2f(R)
(1 )\)f( )+)\ f2,<z) e7:[1,1]m9, (1+7) +A+ (BA=1)7] E (Z)]2+
26, P
[ (2)]* [f (2)]

1s uniwwalent in U and

(1—=X)z
e "

2, A

[f (2)]° [f (2)]°

q(2) +vzq (2) < (1+7)

+yA

then
I i &)
f(z ) fz( )

q(z) < (1=2A)
and q is the best subordinant.
Proof. The conclusion follows from Theorem 14 by taking m = 0.g

We write Theorem 14 and Theorem 19 together and obtain the following
"sandwich theorem”.
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Corollary 21 Let q1, gy be convex inU, ¢; (0) = ¢ (0) =1, v € C, Rey > 0.

Dy () v\ DR C) DR )
A, 22 2 ) ’ 3 A 2Ty A 2
1A e S RIS (U 5) (D A oy o)
22 {Dyf (2)}

1s univalent in U and

A DR ()Y

Nkt (2 7\ EDETF () | DR () 2y {DFT ()
(@) +120 () < (143) DS e A (DpT P

< @2(2) +72¢5 (),

then DR ()
MO gy ey

and the functions q1 and qo are respectively the best subordinant and the best
dominant.
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