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ABSTRACT. Making use of the generalized Salagean operator, we obtain some
subordination theorems for analytic functions defined by convolution.
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1. INTRODUCTION

Let H be the class of analytic functions in the unit disk U = {z € C' : |2] < 1}
and let H|a, k] be the subclass of H consisting of functions of the form:

f(2) = a+ apz® + ap1 2" (a € O). (1.1)

Also, let A1 be the subclass of H consisting of functions of the form:
fe) =2+ apz" (1.2)
k=2

If f, g € H, we say that f is subordinate to g, written f(z) < g(z) if there
exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0
and |w(z)| <1 for all z € U, such that f(z) = g(w(z)), z € U. Furthermore, if the
function g is univalent in U, then we have the following equivalence, (cf., e.g.,[6] and
17)):

F(2) < g(2) & £(0) = 9(0) and f(U) C g(U).

Let p,h € H and let o(r, s,t;2) : C3 x U — C. If p and ¢(p(2), zp'(2),

22p"(2); 2) are univalent and if p satisfies the second order superordination

h(z) < (p(2), 20 (2), %" (2); 2), (1.3)

then p is a solution of the differential superordination (1.3). Note that if f is subordi-
nate to g, then g is superordinate to f. An analytic function ¢ is called a subordinant
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if ¢(z) < p(2) for all p satisfying (1.3). A univalent subordinant ¢ that satisfies ¢ < ¢
for all subordinants of (1.3) is called the best subordinant. Recently Miller and Mo-
canu [18] obtained conditions on the functions h,q and ¢ for which the following
implication holds:

h(z) < o(p(2), 20/ (2), 22p" (2); 2) = q(2) < p(2). (1.4)
Using the results of Miller and Mocanu [18], Bulboaca [5] considered certain classes of
first order differential superordinations as well as superordination-preserving integral
operators [6]. Ali et al. [1], have used the results of Bulboaca [5] to obtain sufficient
conditions for normalized analytic functions to satisfy:

a:) < LB <o),

where ¢; and ¢y are given univalent functions in U with ¢;(0) = ¢2(0) = 1. Also,
Tuneski [30] obtained a sufficient condition for starlikeness of f in terms of the

. ["(2)[(2) . , oy
quantity W Recently, Shanmugam et al. [26] obtained sufficient conditions

for the normalized analytic function f to satisfy

1) < s < ()
and 54
q1(z) < > 1) < q2(2).

{F(2)}*
For functions f given by (1.1) and g € A; given by g(z) = z + 3. bpz¥, the
k=2

Hadamard product (or convolution) of f and g is defined by
(f*9)(z) = 2+ ) arbiz" = (g% )(2).
k=2

For functions f, g € Ay, we define the linear operator DY' : A1 — A; (A > 0,m €
No=NU{0}, N ={1,2,...}) by:
DX(f *9)(z) = (f*9)(2),
DX(f*9)(2) = DA(f *g)(2) = (1 = A)(f* 9)(2) + 2 ((f* 9)(2))"

and (in general )
DY(f * 9)(2) = DA(DY™H(f * 9)(2))
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=z+ > [+ Ak — 1] apbpz® (A >03m € No). (1.5)
k=2

From (1.5), we can easily deduce that

Az (DS(f # 9)(2)) = DYTH(f #9)(2) = (L= NDX(F+9)(2) (A>0).  (1.6)

We observe that the function (f * g)(z) reduces to several interesting functions
for different choices of the function g.

(i) For A\ =1and by, =1 (or g(z) = %), we have DT*(fxg)(z) = D™ f(z),
—z
where D™ is the Salagean operator introduced and studiedby Salagean [24];
(ii) For by, = 1 (or g(z) = %), we have DY'(f * g)(z) = DY' f(z), where

DY is the generalized Salagean operator introduced and studied by Al-Oboudi [2];
(731) For m = 0 and

:z—i—i V-t Fe#0,-1,-2,..), (1.7)

where
(d) = 1 (k=0;d e C\{0})
Tl dd+1)..(d+k—1) (ke N:;deC),
we have DS(f * g)(2) = (f * 9)(2) = L(a,c)f(z), where the operator L(a,c) was
introduced by Carlson and Shaffer [8];
(iv) For m = 0 and

S
+Z[1+liil )] FA=00s €N, (1.8)
we see that D§(fxg)(z) = (f*g)(z) = I(s, A\, 1) f(2), where I(s, A, 1) is the generalized
multiplier transformation which was introduced and studied by Catas et al. [9]. The
operator I(s, A, ), contains as special cases, the multiplier transformation (see [10]),
the generalized Salagean operator introduced and studied by Al-Oboudi [2] which
in turn contains as special case the Salagean operator (see [24]);
(v) For m =0 and

_ kzz Oél k— (al)k&I;k_l Zk, (19)

where, a“ﬁ& e C*=0C\{0}, (i =1,2,..0), (j =1,2,...5),l < s+ 1,l,s € Ny, we
see that, DS(f * g)(2) = (f * 9)(2) = Hys(on)f(2), where H; (o) is the Dziok-
Srivastava operator introduced and studied by Dziok and Srivastava [11] ( see also
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[12] and [13]). The operator H;s(aq), contains in turn many interesting operators
such as, Hohlov linear operator (see [14]), the Carlson-Shaffer linear operator (see
[8] and [23] ), the Ruscheweyh derivative operator (see [22]), the Barnardi-Libera-
Livingston operator ( see [4], [15] and [16]) and Owa-Srivastava fractional derivative
operator (see [20]);

(vi) For g(z) of the form (1.9), the operator DY'(f*g)(2) = DY (aq, 81) f(2),
inroduced and studied by Selvaraj and Karthikeyan [25].

In this paper, we will derive several subordination results involving the operator
DY (f * g)(2) and some of its special choises of the function g(z).

2. DEFINITIONS AND PRELIMINARIES

To prove our results we shall need the following definition and lemmas.

Definition 1 [18]. Let Q be the set of all functions f that are analytic and
injective on U\ E(f), where

B(f) = {¢ €U : lm f(z) = oo},

and are such that f'(¢) # 0 for ¢ € U\ E(f).

Lemma 1[18]. Let q be univalent in the unit disc U, and let 6 and ¢ be
analytic in a domain D containing q(U), with p(w) # 0 when w € q(U). Set
Q(2) = 2q'(2)¢(a(2)), h(z) = 0(q(2)) + Q(2) and suppose that

(1) Q@ is a starlike function in U,

(i) Re ZCSL/(S)) >0, z€ U.
If p is analytic in U with p(0) = ¢(0), p(U) C D and
0(p(2)) + 21/ (2)p(p(2)) < 0(a(2)) + 24 (2)(q(2)), (2.1)

then p(z) < q(2), and q is the best dominant of (2.1).

Lemma 2 [7]. Let q be a univalent function in the unit disc U and let 6§ and ¢
be analytic in a domain D containing q(U). Suppose that

(i) Re 0'(q(2))

>0 for z € U,

(17) h(z) = z¢'(2)e(q(2)) is starlike in U.
If p € H[q(0),1] N Q, with p(U) C D, 0(p(z)) + 2p'(2)¢(p(2)) is univalent in U,
and
0(q(2)) + 24 (2)¢(a(2)) < 0(p(2)) + 2P (2)0(p(2)), (2.2)

10
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then q(z) < p(2), and q is the best subordinant of (2.2).

The following lemma gives us a necessary and sufficient condition for the univa-
lence of a special function which will be used in some particular cases.

Lemma 3 [21]. The function q(z) = (1 — 2)72% is univalent in U if and only if
|2ab — 1] <1 or [2ab+ 1| < 1.

3. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that
A>0,0,0, € C, u, B € C*=C\{0}, m € Ny and the powers are understood as
principle values.

DIt (fxg)(2)\"

z

€ H and let q(z) be analytic and uni-

2q'(2)

Theorem 1. Let (

valent in U, q(z) # 0 (z € U). Suppose that is starlike univalent in U. Let

Re {1 + gq(z) +

26
B

O SR ) ST CIIC R CRY

and

X0, 6,8, 1A, f9)(2) = a+ ¢ (DT“(f *g)(z))“ s (D;%“(f *g)(z)>2“

Bu (DY (fx9)(2)
) (DT“(f 9)) 1) ' 32
If q(z) satisfies the following subordination:
(@8, 0. i A £9)(2) < o)+ 0(a(2) P+ 5225,
then " i
D7 *

and q(z) is the best dominant.

11
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Proof. Define p(z) by

m M
p(z) = (DA H(f*g)(2)> (z e U). (3.4)

z

Differentiating (3.4) logarithmically with respect to z and using the identity (1.6) in
the resulting equation, we have

() _n (DR )
p(z) A\ DYTHf*g)(2)
Setting O(w) = a + (w + dw? and ¢(w) = o Ve can easily verify that 6 is analytic

in C, ¢ is analytic in C* and p(w) # 0(w € C*). Also, letting

and
h(z) = 0(q(2)) + Q(2) = o+ (q(2) + 6(q(2))* + ﬁzqq((z?'

We can verify that Q(z) is starlike univalent in U and

)y g Sy 202 24(2) | 2d"(2)
Rel o 1 =1 {”ﬁ“ I+ ) s T e }>0'

The theorem follows by applying Lemma 1.

Taking g(z) of the form (1.9) and using the identity (see [25])

2 (DY (o1, 81)f(2)) = an DY (o1 + 1, 1) f(2) = (1 = 1) DX (a1, B1) f (=), (3.5)

we get the result obtained by Selvaraj and Karthikeyan [25, Theorem 2.1].
Taking g(z) of the form (1.9) and using the identity (see [25])

Az (DY, B1) f(2)) = DY e, B1) f(2) — (1= \) DX (a1, B1) f(2),  (3.6)

we get the following result which corrects the result of Selvaraj and Karthikeyan
[25, Theorem 2.2].

Dm—|—1
Corollary 1. Let ( S GIR

o
)f(z)) € H and let q(z) be analytic and

2q'(2)
q(z)

z

univalent in U,q(z) # 0 (z € U). Suppose that

1s starlike univalent in U,

12
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(3.1) holds and

DI o, B 1(2) )

z

Xl(alvﬁbavéa/ﬁaCv.uv)‘af)(z) =« +C (

|
—_
N———— N———
w
-’

1o [ Pi e B0\ | Bu (DY Ean, B)f(2)
: A\ D3 e A1) 1)

If q(z) satisfies the following subordination:

Xl(a17517a757ﬁ7 C,/J,,A,f)(Z) <a+ CQ(Z) + 6(q(2))2 +ﬁ

then

<D;”“<a1,m>f<z>>“ <al2)

z

and q(z) is the best dominant.

Taking m = 0,A = 1 and g(z) of the form (1.7) and using the identity (see [23])
2 (L(a,0) f(2)) = aL(a+1,¢) f(2) = (a = 1)L(a,c) f(2), (3-8)

we get the following result which corrects the result of Shammugam et al.[27, The-
orem 3].

L(a+1,¢)f(2)

Corollary 2. Let (
z

I
> € H and let q(z) be analytic and uni-

2q'(2)
q(z)

valent in U,q(z) # 0 (z € U). Suppose that
holds and

is starlike univalent in U, (3.1)

X2(aacvaa67ﬂvga/~/ﬂf)(z):a—'_C »

La+1.0f(:)\"  s(Lla+1c)f(z) s
() e (Her i)

+Bu(a+1) (L(a”cmz) — 1> .

L(a+1,¢)f(2)
If q(2) satisfies the following subordination:

(3.9)

2q'(2)
q(2)

Xa(a,c,a,8,3,¢, 1, f)(2) < o+ Cq(z) + 6(q(2))* + B

then (L(a+ 1 c)f(z))“

. < q(2)

13
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and q(z) is the best dominant.

1+ A
Taking the function ¢(z) = 1 j:BZ in Theorem 1, where —1 < B < A <1, the
z
condition (3.1) becoms
C1+Az 26,14 Az, 2Bz (A—B)z .
Re{1+4 = — — — 0 C
e{ 517 B T FUT B TxB O+Boiran) Wed)
(3.10)
hence, we have the following corollary.
1+ A
Corollary 3. Let q(z) = . —tBZ (-1 < B< A<1)and (3.10) holds true. If
z

f(z) € A1 and

1+ A 14 Az\? A-B
x(a,é,c,ﬂ,u,A,f,g)(Z)<a+4<1132)+5<1132> +ﬂ(1+(Az)(lfBz)’

where x(a, 0, 8,C, 1, A, f,9)(2) is given by (3.2), then

(DT“(M@(@)“ PREPC

z

1+ Az
1+ Bz

s the best dominant.

and

1+ 2
1—=2

v
Taking the function ¢(z) = < > (0 <y <1),in Theorem 1, the condition

(3.1) becoms

2
Re{1+g<1+z>7+25<1+z>7+ 2222}>0(ﬂe(1*), (3.11)

B\1—=z 6 \1—=z 1—2

hence, we have the following corollary.

1+ 2
1—=z2

-
Corollary 4. Let q(z) = ( ) (0 < v <1)and (3.11) holds true. If

f(z) € Ay and

L+2\7  (1+2\ 2
x(a, 8, 8,1, X, f,9)(2) <04+C<1J_rz> +5<11Lz> G 12)2’

where x(a, 0, 0,C, pu, A\, f,9)(2) is given by (3.2), then

(D;"“u;*g)(z))“ ) Gf)

14
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1 i
and (1 + Z> 1s the best dominant.
—z

Taking ¢(z) = 4% |uA| < 7, Theorem 1, the condition (3.1) becoms

Re {1 + ée’”Az + QﬂéeQW‘Z} >0(3e€C), (3.12)

hence, we have the following corollary.

Corollary 5. Let q(z) = 4% |uA| < 7 and (3.12) holds. If f(z) € Ay and

X(,8,8,C, 1, A f,9)(2) < at (et 6247 4 BApz, where x(a, 8, 8,¢, 1, A, f,9)(2)
is given by (3.2), then

z

<DT“”*9X”>“<ew%<ueow

and 'A% s the best dominant.
Taking m = 0,¢9(z) = %,5 =(=0 A=a=pu=10= %(b € C*) and
—z

q(z) = m in Theorem 1, we obtain the result obtained by Srivastava and
-z

Lashin [29, Corollary 1].

DY (f*g

m
Theorem 2. Let < )(Z)> € H andlet q(z) be analytic and univalent
z

in U,q(z) # 0 (z € U). Suppose that Z;];S) is starlike univalent in U and (3.1)
holds and
m m 2
n(.8.8.C.p. 1.9)(2) =a+g<w>“+5<%<fz*g><z>> g

Bu (DIFUFg)(z)
! ( DU +9)(2) 1)'

A
If q(z) satisfies the following subordination:

(0,8, 8,¢ 1, f,9)(2) < a+ Ca(z) +8(q(2))* + ﬂzjég),

then

z

(BRU0E)"

15
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and q(z) is the best dominant.

Proof. The proof is similar to the proof of Theorem 1, and hence we omit it.
z

Takingm:O,g(z):i 5:<:O,)\:a:1,u:a,ﬂ:ﬁ(a,bec*) and

1—2z’
1
q(z) = 1= oy in Theorem 2 and combining with Lemma 3, we obtain the result
—z

due to Obradovi¢ et al. [19, Theorem 1];

2
. Z e
Taklngm:07g(z)::,5:4':0,)\:@:1,/1/:@;6:abcos)\

(a,b €

in Theorem 2 and combining with Lemma

C*, I\ < 5) and g(2) =
3, we obtain the result due to Aouf et al. [3, Theorem 1].

(1 _ Z)Qabcos Ae—iA

Taking m = 0, A = 1 and ¢(z) of the form (1.7) and using the identity (3.8), we
get the following result which corrects the result of Shammugam et al.[28, Theorem
3.1].

L K
Corollary 6. Let <m,c)f(z)> € H and let q(z) be analytic and univalent

2q'(2)

q(z)

in U,q(z) # 0 (2 € U). Suppose that is starlike univalent in U, (3.1) holds

and

Xﬁwam&aaujx@:a+¢<waﬁwv”+5<ﬂndﬂ@>%

z

La+1,0)f(2)
*m”( L@, 0 (2) Q'

If q(2) satisfies the following subordination:

Xa(a ¢, 0,8, 8,C, 1, f)(2) < @+ Ca(2) + 6(q(2))? + B2

<L(a+ 1,c)f(z)>“ <)

z

then

and q(z) is the best dominant.

/
Theorem 3. Let q(z) be convez, univalent in U, q(z) # 0 and Z;](S) be starlike
univalent in U. Suppose that
20
Re {/6(q(z))2 + éq(z)} {(2) > 0. (3.11)
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Dy (fxg

z

Iff(Z)GAOsé(

1s univalent in U, then

M) € H[¢(0),1]nQ, and x(a,8,8,C, 11, M £ 9)(=)

2q'(2)

q(z)

o) < (DT“(f*gxz))“ (312

a+Cq(2) +0(q(2))* + 8 < x(,8,8,¢, 1\, £,9)(2)

implies

z

and q(z) is the best subordinant, x(«,d,3,(, u, A, f,9)(2) is given by (3.2).

Proof. Let 6(w) = o+ (w + dw? and p(w) = é, we can verify that 0 is analytic
w
in , ¢ is analytic in C* and p(w) # 0(w € C*). Since ¢(z) is convex, it follows that
! 20
R 200 g, f ¢

— Py 2 Sz ,Z .
pla(2)) 5<q< ) +ﬂQ( )}q( ) >0

The assertion (3.12) follows by an application of Lemma 2. This completes the proof
of Theorem 3.

Combining Theorem 1 and Theorem 3, we get the following sandwich theorem.

Theorem 4. Let ¢; and g be univalent in U such that ¢;(z) # 0 and g2(z) # 0

2q1(2) 2q5(2)
(z € U), () and o)

(3.11) and (3.1), respectively. If f € A;, (

are starlike univalent. Suppose that ¢; and ¢o satisfies

DY (f*9)(2)

o
) € H[q(0),1]NQ, and
x(a,8,8,C, 1, A, f,9)(2) is univalent in U, then

o+ qu(z) + 5((11(2))2 + 5zqq1/1((zz)) = X(a’ 57ﬁa<7,ua )\,f,g)(z)
2q5(2)

< a+(qa(2) +6(q2(2))* + 8 )

mtloe z #
(o) < (Dﬁ (f % 9)( >) < aal2)

z

implies

and q1 and qo are the best subordinant and the best dominant, respectively and
x(a,0,8,C, 1, A, f,9)(2) is given by (3.2).

17
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Remark. According to Corollary 2, Theorems 3 and 4 correct the results ob-
tained by Shammugam et al.[27, Theorems 4 and 5, respectively] for m = 0,A = 1
and ¢(z) of the form (1.7).
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