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A NEW CLASS OF HARMONIC MULTIVALENT FUNCTIONS
DEFINED BY AN INTEGRAL OPERATOR
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Abstract. We define and investigate a new class of harmonic multivalent
functions defined by Sălăgean integral operator. We obtain coefficient inequalities
and distortion bounds for the functions in this class.
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1. Introduction

For fixed positive integer p, denote by H(p) the set of all harmonic multivalent
functions f = h+g which are sense-preserving in the open unit disk U = {z : |z| < 1}
where h and g are of the form

h(z) = zp +
∞∑

k=2

ak+p−1z
k+p−1, g(z) =

∞∑
k=1

bk+p−1z
k+p−1, |bp| < 1. (1)

The integral operator In was introduced by Sălăgean [9]. For fixed positive
integer n and for f = h + g given by (1) we define the modified Sălăgean operator
Inf as

Inf(z) = Inh(z) + (−1)nIng(z); p > n, z ∈ U (2)

where

Inh(z) = zp +
∞∑

k=2

( p

k + p− 1
)n

ak+p−1z
k+p−1

and

Ing(z) =
∞∑

k=1

( p

k + p− 1
)n

bk+p−1z
k+p−1.
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It is known that, (see[3]), the harmonic function f = h + g is sense- preserving
in U if |g′| < |h′| in U. The class H(p) was studied by Ahuja and Jahangiri [1] and
the class H(p) for p = 1 was defined and studied by Jahangiri et al. in [6].

For fixed positive integers n, p, and for 0 ≤ α < 1, β ≥ 0 we let Hp(n+1, n, α, β)
denote the class of multivalent harmonic functions of the form (1) that satisfy the
condition

Re
{ Inf(z)

In+1f(z)
}

> β
∣∣ Inf(z)
In+1f(z)

− 1
∣∣ + α. (3)

The subclass H−
p (n + 1, n, α, β) consists of functions fn = h + gn in Hp(n, α, β)

so that h and g are of the form

h(z) = zp −
∞∑

k=2

ak+p−1z
k+p−1, gn(z) = (−1)n−1

∞∑
k=1

bk+p−1z
k+p−1, |bp| < 1. (4)

The families Hp(n + 1, n, α, β) and H−
p (n + 1, n, α, β) include a variety of well-

known classes of harmonic functions as well as many new ones. For example
H−

1 (1, 0, α, 0) ≡ HS(α) is the class of sense-preserving, harmonic univalent func-
tions f which are starlike of order α in U, H−

1 (2, 1, α, 0) ≡ HK(α) is the class of
sense-preserving, harmonic univalent functions f which are convex of order α in U
and H−

1 (n + 1, n, α, 0) ≡ H−(n, α) is the class os Sălăgean type harmonic univalent
functions.

For the harmonic functions f of the form (1) with b1 = 0, Avei and Zlotkiewicz
[2] showed that if

∞∑
k=2

k(|ak|+ bk|) ≤ 1,

then f ∈ HS(0) and if
∞∑

k=2

k2(|ak|+ |bk|) ≤ 1,

then f ∈ HK(0). Silverman [10] proved that the above two coefficient conditions are
also necessary if f = h + g has negative coefficients. Later, Silverman and Silvia[11]
improved the results of [6] and [9] to the case b1 not necessarily zero.

For the harmonic functions f of the form (4) with n = 1, Jahangiri [5] showed
that f ∈ HS(α) if and only if

∞∑
k=2

(k − α)|ak|+
∞∑

k=1

(k + α)|bk| ≤ 1− α
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and f ∈ H−
1 (2, 1, α, 0) if and only if

∞∑
k=2

k(k − α)|ak|+
∞∑

k=1

k(k + α)|bk| ≤ 1− α.

In this paper, the coefficient conditions for the classes HS(α) and HK(α) are
extended to the class Hp(n + 1, n, α, β), of the form (3) above. Furthermore, we
determine distortion theorem for the functions in H−

p (n + 1, n, α, β).

2.Main results

In the first theorem, we introduce a sufficient coefficient bound for harmonic
functions in Hp(n + 1, n, α, β).

Theorem 2.1. Let f = h + g be given by (1). If

∞∑
k=1

{Ψ(n + 1, n, p, α, β)|ak+p−1|+ Θ(n + 1, n, p, α, β)|bk+p−1|} ≤ 2, (5)

where

Ψ(n + 1, n, p, α, β) =

( p
k+p−1

)n(1 + β)− (β + α)
( p

k+p−1

)n+1

1− α
,

and

Θ(n + 1, n, p, α, β) =

( p
k+p−1

)n(1 + β) +
( p

k+p−1

)n+1(β + α)

1− α
,

ap = 1, 0 ≤ α < 1, β ≥ 0, n ∈ N. Then f ∈ Hp(n + 1, n, p, α, β).

Proof. According to (2) and (3) we only need to show that

Re
(Inf(z)− αIn+1f(z)− βeiΘ|Inf(z)− In+1f(z)|

In+1f(z)
)
≥ 0.

The case r = 0 is obvious. For 0 < r < 1 it follows that

Re
(Inf(z)− αIn+1f(z)− βeiθ|Inf(z)− In+1f(z)|

In+1f(z)
)

=

= Re
{ (1−α)zp+

∞∑
k=2

ak+p−1z
k+p−1

[
Γn − αΓn+1

]
zp+

∞∑
k=2

Γn+1ak+p−1z
k+p−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1

57
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+

(−1)n

∞∑
k=1

bk+p−1z
k+p−1

[
Γn + αΓn+1

]
zp+

∞∑
k=2

Γn+1ak+p−1z
k+p−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1

−

βeiΘ|

∞∑
k=2

ak+p−1z
k+p−1

[
Γn − Γn+1

]
+ (−1)n

∞∑
k=1

bk+p−1z
k+p−1

[
Γn + Γn+1

]
|

zp+

∞∑
k=2

Γn+1ak+p−1z
k+p−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1

}

= Re
{ 1−α+

∞∑
k=2

ak+p−1z
k−1

[
Γn − αΓn+1

]
1+

∞∑
k=2

Γn+1ak+p−1z
k−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1z−p

+

(−1)n

∞∑
k=1

bk+p−1z
k−1+pz−p

[
Γn + αΓn+1

]
1+

∞∑
k=2

Γn+1ak+p−1z
k−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1z−p

−

βeiΘz−p
∣∣ ∞∑

k=2

[
Γn − Γn+1

]
ak+p−1z

k+p−1 + (−1)n
∞∑

k=1

[
Γn + Γn+1

]
bk+p−1z

k+p−1
∣∣

1+

∞∑
k=2

Γn+1ak+p−1z
k−1 + (−1)n+1

∞∑
k=1

Γn+1bk+p−1z
k+p−1z−p

}

= Re
(1− α) + A(z)

1 + B(z)
,

where
Γ =

p

k + p− 1
.

For z = reiΘ we have

A(reiΘ) =
∞∑

k=2

(An − αAn+1)ak+p−1r
k−1e(k−1)Θi+

+(−1)n
∞∑

k=1

(An + An+1α)bk+p−1r
k−1e−(k+2p−1)Θi − βe−(p−1)iΘD(n + 1, n, p, α),
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where

D(n + 1, n, p, α) = =
∣∣ ∞∑

k=2

(An −An+1)ak+p−1r
k−1e−(k+p−1)iΘ

+ (−1)n
∞∑

k=1

(An + An+1)bk+p−1r
k−1e−(k+p−1)iΘ

∣∣,
and

B(reiΘ) =
∞∑

k=2

An+1ak+p−1r
k−1e(k−1)Θi

+ (−1)n+1
∞∑

k=1

An+1bk+p−1r
k−1e−(k+2p−1)Θi.

Setting
1− α + A(z)

1 + B(z)
= (1− α)

1 + w(z)
1− w(z)

.

The proof will be complete if we can show that |w(z)| ≤ r < 1. This is the case
since, by the condition (5), we can write:

|w(z)| =
∣∣ A(z)− (1− α)B(z)
A(z) + (1− α)B(z) + 2(1− z)

∣∣ ≤
∞∑

k=1

[(1 + β)(An −An+1)|ak+p−1|+ (1 + β)(An + An+1)|bk+p−1|]rk−1

4(1−α)−

∞∑
k=1

{[An(1 + β)− ΛAn+1]|ak+p−1|+ [An(1 + β) + ΛAn+1]|bk+p−1|}rk−1

<

<

∞∑
k=1

(1 + β)(An −An+1)|ak+p−1|+ (Am + An+1)(1 + β)|bk+p−1|

4(1−α)−{

∞∑
k=1

[An(1 + β)− ΛAn+1]|ak+p−1|+ [An(1 + β) + ΛAn+1]|bk+p−1|}
≤

≤ 1,

where Λ = β + 2α− 1.
The harmonic univalent functions

f(z) = zp +
∞∑

k=2

1
Ψ(n + 1, n, p, α, β)

xkz
k+p−1 +

∞∑
k=1

1
Θ(n + 1, n, p, α, β)

ykzk+p−1, (6)
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where n ∈ N, 0 ≤ α < 1, β ≥ 0 and
∞∑

k=2

|xk|+
∞∑

k=1

|yk| = 1, show that the coefficient

bound given by (5) is sharp.
The functions of the form (6) are in Hp(n + 1, n, α, β) because

∞∑
k=1

[Ψ(n + 1, n, p, α, β)|ak+p−1|+ Θ(n + 1, n, p, α, β)|bk+p−1|] =

= 1 +
∞∑

k=2

|xk|+
∞∑

k=1

|yk| = 2.

In the following theorem it is show that the condition (5) is also necessary for
the function fn = h + gn, where h and gn are of the form (4).

Theorem 2.2. Let fn = h + gn be given by (4). Then fn ∈ H−
p (n + 1, n, α, β)

if and only if

∞∑
k=1

[Ψ(n + 1, n, p, α, β)ak+p−1 + Θ(n + 1, n, p, α, β)bk+p−1] ≤ 2, (7)

ap = 1, 0 ≤ α < 1, n ∈ N.

Proof. Since H−
p (n + 1, n, α, β) ⊂ Hp(n + 1, n, α, β), we only need to prove the

”only if” part of the theorem. For functions fn of the form (4), we note that the
condition

Re
{ Inf(z)

In+1f(z)
}

> β
∣∣ Inf(z)
In+1f(z)

− 1
∣∣ + α

is equivalent to

Re
{ (1− α)zp −

∞∑
k=2

(Γn − αΓn+1)ak+p−1z
k+p−1

zp −
∞∑

k=2

Γn+1ak+p−1z
k+p−1 + (−1)2n

∞∑
k=1

Γn+1bk+p−1z
k+p−1

+

+

(−1)2n−1
∞∑

k=1

(Γn + Γn+1α)bk+p−1z
k+p−1

zp −
∞∑

k=2

Γn+1ak+p−1z
k+p−1 + (−1)2n

∞∑
k=1

Γn+1bk+p−1z
k+p−1
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−

βeiΘ
∣∣− ∞∑

k=2

(Γn − Γn+1)ak+p−1z
k+p−1 + (−1)2n−1

∞∑
k=1

(Γn + Γn+1)bk+p−1z
k+p−1

∣∣
zp −

∞∑
k=2

Γn+1ak+p−1z
k+p−1 + (−1)2n

∞∑
k=1

Γn+1bk+p−1z
k+p−1

}
(8)

≥ 0,

where Γ = p
p+k−1 .

The above required condition (8) must hold for all values of z ∈ U. Upon choosing
the values of z on the positive real axis where 0 ≤ z = r < 1, we must have

(1− α)−
∞∑

k=2

[Γn(1 + β)− (β + α)Γn+1]ak+p−1r
k−1

1−
∞∑

k=2

Γn+1ak+p−1r
k−1 +

∞∑
k=1

Γn+1bk+p−1r
k+p−1

(9)

+

−
∞∑

k=1

[Γn(1 + β) + Γn+1(β + α)]bk+p−1r
k−1

1−
∞∑

k=2

Γn+1ak+p−1r
k−1 +

∞∑
k=1

Γn+1bk+p−1r
k−1

≥ 0.

If the condition (8) does not hold, then the expression in (9) is negative for r suffi-
ciently close to 1. Hence there exist z0 = r0 in (0, 1) for which the quotient in (9) is
negative. This contradicts the required condition for fn ∈ H−

p (n + 1, n, α, β). And
so the proof is complete.

The following theorem gives the distortion bounds for functions in H−
p (n +

1, n, α, β) which yields a covering results for this class.

Theorem 2.3. Let fn ∈ H−
p (n + 1, n, α, β). Then for |z| = r < 1 we have

|fn(z)| ≤ (1 + bp)rp + [Φ(n + 1, n, p, α, β)− Ω(n + 1, n, p, α, β)bp]rn+1+p

and

|fn(z)| ≥ (1− bp)rp − {Φ(n + 1, n, p, α, β)− Ω(n + 1, n, p, α, β)bp}rn+p+1

where,

Φ(n + 1, n, p, α, β) =
1− α( p

p+1

)n(1 + β)−
( p

p+1

)n+1(β + α)
,
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Ω(n + 1, n, p, α, β) =
(1 + β) + (α + β)( p

p+1

)n(1 + β)−
( p

p+1

)n+1(β + α)
.

Proof. We prove the right side inequality for |fn|. The proof for the left hand
inequality can be done using similar arguments. Let fn ∈ H−

p (n+1, n, α, β). Taking
the absolute value of fn then by Theorem 2.2, we can obtain:

|fn(z)| = |zp −
∞∑

k=2

ak+p−1z
k+p−1 + (−1)n−1

∞∑
k=1

bk+p−1z
k+p−1| ≤

≤ rp +
∞∑

k=2

ak+p−1r
k+p−1 +

∞∑
k=1

bk+p−1r
k+p−1 =

= rp + bpr
p +

∞∑
k=2

(ak+p−1 + bk+p−1)rk+p−1 ≤

≤ rp + bpr
p +

∞∑
k=2

(ak+p−1 + bk+p−1)rp+1 =

= (1 + bp)rp + Φ(n + 1, n, p, α, β)
∞∑

k=2

1
Φ(n + 1, n, p, α, β)

(ak+p−1 + bk+p−1)rp+1 ≤

≤ (1 + bp)rp + Φ(n + 1, n, p, α, β)rn+p+1×

×[
∞∑

k=2

Ψ(n + 1, n, p, α, β)ak+p−1 + Θ(n + 1, n, p, α, β)bk+p−1] ≤

≤ (1 + bp)rp + [Φ(n + 1, n, p, α, β)− Ω(n + 1, n, p, α, β)bp]rn+1+p.

The following covering result follows from the left hand inequality in Theorem
2.3.

Corollary 2.4. Let fn ∈ H−
p (n + 1, n, α, β), then for |z| = r < 1 we have

{w : |w < 1− bp − [Φ(n + 1, n, p, α, β)− Ω(n + 1, n, p, α, β)bp] ⊂ fn(U)}.

For β = 0 we obtain the results given in [4].
For β = 0, p = 1 and using the differential Sălăgean operator we obtain the

results given [7].
The beautiful results, for harmonic functions, was obtained by P. T. Mocanu in

[8].
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[4] L. I. Cot̂ırlă, Harmonic univalent functions defined by an integral operator,
Acta Universitatis Apulensis, 17(2009), 95-105.

[5]J. M. Jahangiri, Harmonic functions starlike in the unit disc, J. Math. Anal.
Appl., 235(1999).

[6]J. M. Jahangiri, G. Murugusundaramoorthy and K. Vijaya, Sălăgean harmonic
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