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SOME RESULTS FOR ANTI-INVARIANT SUBMANIFOLD IN
GENERALIZED SASAKIAN SPACE FORM

FERESHTEH MALEK, VAHID NEJADAKBARY

ABSTRACT. In this paper we prove some inequalities, relating R, the scalar
curvature and H, the mean curvature vector field of an anti-invariant submanifold
in a generalized Sasakian space form M(f1, f2, f3). Also, we obtain a necessary
condition for such anti-invariant submanifolds, to admit a minimal manifold.
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1. INTRODUCTION

In [2], B.Y.Chen established in the following lemma the sharp inequality for
submanifolds in Riemannian manifolds with constant sectional curvature.

Lemma 1.1.Let M™(n > 2) be a submanifold of a Riemannian manifold R™(c)
of constant sectional curvature c. Then

n%(n — 2)

1
1 > —
me_Q{R p—

VI~ (4 1)(n 2>c},

in which for any p € M
(inf K)(p) := inf{ K (7)|plane sections m C T,M}

and R is scalar curvature of M. Equality hold if and only if, with respect to suitable
orthonormal frame {e1,...,en,...,en}, the shape operators A, (r =n—+1,...,en)
of M in R™(c) take the following forms:

a 00 ... O
0O 0 ... 0
Aen+1: 0 0 Mmoo 0 ,a—l—b:,u;

000 0 u
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Rt RL, 0 ... 0
hgl _h’i‘l O o .. 0
0 0 O

&
[

,r=n—+2,...,m.
0 0 0 0 0

In present paper, we are going to establish the similar inequalities for anti-
invariant submanifold M with dim M > 2 in generalized Sasakian space form
M(f1, f2, f3), we will do this in two cases:
1) Structural vector field of M(f1, fa, f3) be tangent to M,
2) Structural vector field of M(f1, f2, f3) be normal to M.
Also, we establish the sharp relationships between the function f of an anti-invariant

warped product submanifold M; x; Mj in generalized Sasakian space form and
squared mean curvature and scalar curvature of M.

2 .PRELIMINARIES

In this section, we recall some definitions and basic formulas which we will use
later.

A (2n+1)-dimensional Riemannian manifold (M, g) is said to be almost contact
metric manifold if there exist on M a (1,1)-tensor field ¢, a vector field £(is called
the structure vector field) and a 1-form 7 such that n(¢) =1, ¢*(X) = —X +n(X)¢
and g(¢X,0Y) = g(X,Y) — n(X)n(Y) for any vector fields X,Y on M. Also, it
can be simply proved that in an almost contact metric manifold we have ¢& = 0,
no¢=0and n(X) = g(X,§) for any X € 7(M)(see for instance [1]).We denote an
almost contact metric manifold by (M, ¢,&,n, g).

If in almost contact metric manifold (M, ¢,&,1,9),

20(X,Y) = dn(X,Y),

where ®(X,Y) = g(Y, ¢X), then (M, ¢,£,1,9) is called the contact metric manifold.
Also, if in an almost contact metric manifold (M, ¢,&,7,9),

(Vx0)(¥) = n(¥)X - g(X, V)&,

then (M, ,¢&,n,g) is called the Sasakian manifold. Tt is easy to see that every
Sasakian manifold is contact metric manifold.
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The submanifold M of almost contact metric manifold (M%H, ®,&,m,g) is called
the anti-invariant submanifold if for any p € M,

¢p(TyM) C T, M.

Also, a submanifold M in contact metric manifold (Mznﬂ, ®,€,m,g) is called the
Legendrian submanifold if dim M = n and for any p € M, T, M C Kernp. It is easy
to see that Legendrian submanifolds are anti-invariant.

Let (M, ¢,&,m,9) be an almost contact manifold. If 7, C T,M is generated by
{X,¢X} where 0 # X € T,M is normal to &, is called the ¢-section of M at p
and K (mp) is the ¢-sectional curvature of m,. If in a Sasakian manifold, there exists
¢ € R such that for any p € M and for any ¢-section m, of M, K(m,) = ¢ then M is
called the Sasakian space form. In [5] it is proved that in a Sasakian space form the
curvature tensor is

— c+3

R(X,Y,)Z = 1 {9V, 2)X —g(X,2)Y}

F (X, 62)0Y — (Y, 02)0X + 29(X, 0Y)62)

L XMZ)Y —n(V)(Z)X + g(X, Z)n(Y)e
oY, Z)(X)e}.

Almost contact manifolds are said to be Generalized Sasakian space form if

R(X,Y,)Zz = fifg(Y,2)X —g(X,2)Y}
+f2{9(X,92)dY — g(Y, 02)¢pX + 29(X, ¢Y)pZ}
+3{n(X)n(2)Y —n(Y)n(2)X + g(X, Z)n(Y)§
—9(Y, Z)n(X)&}, (1)
where fi, fa, f3 are differentiable functions on M. We denote this kind of manifolds

by M(f1, f2, f3).It is clear that every Sasakian space form is a generalized Sasakian
space form, but the converse is not necessarily true.

Let (M, g1) and (Ms, g2) be two Riemannian manifolds and f a positive dif-
ferentiable function on Mj. The warped product of M7 and Ms is the Riemannian

manifold
My xy My = (My x Ma, g),

Where g = g1 + f2g2, f is called the warped function. (see, for instance [3] and [4]).
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Let M™ be a submanifold of M- in which & is the second fundamental form
of M and R and R are the curvature tensors of M and M respectively. The Gauss
equation is given by

R(X,Y,Z,W) = R(X,Y,Z,W)
+9(hX. W) (Y. 2)) = (X, 2). bV, W), (2)

for any vector fields X, Y, Z, W on M.

The normal vector field H is called the mean curvature vector field of M if
for a local orthonormal frame {ey,--- ,en, - ,€amy1} for M such that eq,--- e,
restricted to M, are tangent to M, we have

thus .
R HIP =3 g(hlese).hies.e)). (3)
ij=1
As is known, M is said to be minimal if H vanishes identically.
Also, we set

h’z{‘j:g(h(ei’ej)’er)a ’L,]E{l, an}v rE{n+1,--- 52m+1}7

the coefficients of the second fundamental form h with respect to {e1,--- , ey,
. 7€2m+1}, and

1012 = 37 g(hleises) hleises) ). (4)

i,j=1

Now by (3) and (4) the gauss equation (2) can be rewritten as follows:

Y BRmlejeiseirej) = R—n?|H|* +||h]* (5)

1<i,j<n

in which R is the scalar curvature of M. Let M™ be a Riemannian manfold and
{e1, - ,en} be a local orthonormal frame of M. For a differentiable function f on
M, the Laplacian Af of f is defined by

A=Y ((Teen)f = eiles)- (6)
j=1
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We recall the following result of B.Y.Chen for later use.
Lemma 2.1.(/2]) Let n > 2 and ai,--- ,a, and b are real numbers such that

(Sa) = m-n(a+).

i=1 i=1

Then 2ay1as > b,with equality holding if and only if

aiyt+ax=a3=--+=anp.

3.SUBMANIFOLDS NORMAL TO STRUCTURE VECTOR FIELD IN GENERALIZED
SASAKIAN SPACE FORM

In this section, we are going to establish the inequalities for anti-invariant sub-
manifold M with dim M > 2 in generalized Sasakian space form M(f1, f2, f3) when
Structural vector field of M(f1, fo, f3) is normal to M.

Theorem 3.1.Let My x ¢ My be an anti-invariant submanifold in generalized

Sasakian space form M2m+1(f1, f2, f3) such that structure vector field 0fM2m+1(f1, f2, f3)

be normal to My x y My and dim M; = n;(i = 1,2) and ny +ng = n > 2 then

a)

2712ﬁ < <n(n_1)nlng)((nQ(n_m)HH]?Jr(n+l)(n2)f1)

/ 2 n—1
—|—<1 - n(nz—l) + nmg)R (7)
! 2275 R (- HP 4 0+ 1)1) )
nmf — " n—1 " A

in which H, R, A are mean curvature vector, scalar curvature and Laplacian oper-
ator of M ,respectively.

Proof. a) In the warped product manifold M; x ¢ Ms , it is easily seen that
1

VxZ =VzX = 7

(Xf)Z,
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for any vector fields X and Z tangent to M; and May, respectively (see [6]). If X
and Z are unit vector fields, then the sectional curvature K(X A Z) of the plane
section spanned by X and Z is given by

1
K(XAZ)=g(VzVxX — VxVzX,Z) = ?<(VXX)f—X2f>. 9)
We choose a local orthonomal fram {e,...,ean 1} for M such that eg,...,e,, are
tangent to M; and ey, 41,...,e, are tangent to Ms and e, is parallel to H.

By using (6) and (9), we get

Af &
7 :ZK(eiaej)’ (10)
i=1
for any j € {n; +1,...,n}. With simple computation on last equality we get
Af
2y~ = R— Y Klee)— Y. Kleje) (11)
1<i#j<n n1+1<i#j<n

From (3), with respect to this frame we have

n

RIHIE =3 g(hles e hles,e)) = (Zh"“) (12)

ij=1
from (1) and (5), we have
n?||H|* = R+ ||h]* = n(n — 1) fi. (13)
We set
n?(n — 2

§:=R— ; )||H||2—(n+1)(n—2)f1. (14)

Therefore (13), reduces to n?||H||?> = (n — 1)((5 + ||h|* - 2f1).
From (4), (12) and above equality, we have

n 9 2m+1 n
(Zh;ziﬂ) — (n-1) <5+Z (RIF1Y2 Z hn+1 Z Z 2f1>.
=1 1<i#j<n r=n+21,j=1
We set
2m+1 n
bi=6+ > (RET+ D D
1<i#j<n r=n+21,j=1
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= h"t1, then from Lemma.2.1, we

For a # 3 € {1,...,n}, we let a; = h%t! and as = 55
have ajas > %. Therefore
5 2m+1 n
n+1pn+1 "+1
CORT R D DI UTD S I O W (0
1<i<j<n r=n+2 i=1
2m+1
+ 3 > ()t (15)
r=n+4+21<i<j<n
On the other hand from Gauss equation (2) and (1), we have
2m+1 2m+1
fi=Klegea) = D hiaahis+ Y (hp)?
r=n+1 r=n+1
therefore
2m+1 2m+1
i+ b2t = Klegrea) = > hoahfs+ D (hig).
r=n+2 r=n+1
Then from (15) and the above equality, we have
2m—+1 2m+1
K(eg.ea) = D haahs+ D (hop)’
r=n-+2 r=n+1
5 2m+1 n 2m—+1
n+1
SN NS 3 3 A S DAY
1<i<j<n r=n+2 i=1 r=n+21<i<j<n
After simplification we get
2m—+1
K(eg, eq) — Z he
r=n-+2
5 2m+1 n 2m—+1
n+1 r\2
SN SRR D DU S DA
1<i<j<n r=n+2 i=1 r=n+2 1<i<j<n
iFaViEB iFaViZs
Since
2m+1 1 2m+1 1 2m+1 1 2m+1
2 2 2
D heahip =5 Y (haat+hi) =5 Y (haa)? =5 Y (M),
r=n-+2 r=n+2 r=n+2 r=n+2

41
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therefore from (16) we get

5 1 2m—+1
Klepea) > 5+5 3 (Mathip)+ Y (w52
r=n+2 1<i<j<n
i#aVi#p
1 2m+1  n 2m+1 S

D DD DU S DRSS T

r=n+2 i=1 r=n+2 1<i<j<n

i#a,B i#aVi#p

From (11) and the above inequality we have

2n2Aff <R- (nl(nl — 1) + na(ng — 1))é —R— (”’(”2_1)

5 — anLQ) 0.

By substituting § in the above inequality, we get (7)
b) By (10) and (17), for any 3 € {n1 + 1,...,n}, we have

Aff = iK(ea,eg) > ig
a=1 a=1

in which ¢ is defined in (14). Therefore % > nlg. By substituting § in the above
inequality, we get (8).

Corollary 3.2.A4 necessary condition for an anti-invariant warped product sub-
manifold My x ¢ Mo in generalized Sasakian space form M(fi, fa, f3) such that struc-
ture vector field of M(f1, f2, f3) be normal to My x; M, to be minimal is

a)

A
2”27f < (
f
b) % > R—(n—2)(n+1)f1, in which dim M; = n;(i = 1,2), ny +ny =n > 2
and R and A are the scalar curvature and Laplacian operator of M, respectively.

n(n—1)
2

n(n—1)

—n1n2>(n2—n—2)f1+<1— 5

+ TLlTLQ) R

In Theorem 3.1 the anti-invariant submanifold, was a warped product manifold.
In the next theorem we remove this assumption and indeed we generalize the Chen’s
inequality, Lemma 1.1, for anti-invariant submanifolds M™(n > 2) of generalized
Sasakian space forms.

Theorem 3.3.If M™(n > 2) be an anti-invariant submanifold in a generalized

Sasakian space form MQmH(fl, f2, f3) such that structure vector field ofMQerl(fl, f2, f3)
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be normal to M then

n?(n — 2)

1
] f > —

V|2 = (0 + 1)(n - 2)f1} , (18)
in which
K = {K(m)| plane section fields 1 C TM}

and R is the scalar curvature of M. Fquality holds if and only if, with respect

to an orthonormal frame {e1,...,en,...,€am+t1}, the shape operators Ae, (r = n +

1,...,2m+1) of M in MQmH(fl, f2, f3) take the following forms:

hgqi h’fzi 0 ... 0
n n
R s o+1 ... 0
A€n+l — 0 O hgg .o O , (19)
0 0 0 0 hrtt
in which B+ ROt = Rt = = A2 and
hiy  hyp 0 0
hgl _h71nl 0 ... O
A, = 0 0 0 ... 0 | r=n+2....2m+1. (20)

Proof. Let m C TM be a 2-plane field. We choose a local orthonormal frame
{e1,...,eam11} for M such that ey, ..., e, are tangent to M,  generated by {e1, e2}
and en41 is parallel to H. With a similar computation as in theorem 3.1, we get
K(ei,e2) > %, in which ¢ is defined in (14). Therefore we get (18).

If the equality sign of (18) holds, then for a local orthonormal frame, (17) be-
comes equality. with recursive computation, inequality (15) also change to equality.
Therefore by (17)

By 4+ hhy =0 n+2<r<2m+1,
h;=0 n+2<r<2m+1, 3<i<n,

hij=0 n+1<r<2m+1,3<i#j<n,
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from lemma 2.1 and (15), we have hf{™" + hif! = hi' = ... = AL, Therefore we
get (19) and (20). The converse statement is straightforward.

Corollary 3.4.A necessary condition for anti-invariant submanifold M™(n > 2) in a
generalized Sasakian space form MQmH(fl, f2, f3) such that structure vector field of
MQmH(fl, f2, f3) be normal to M, to be minimal, isinf K > 1 {R — (n+1)(n — 2) f1},
in which K = {K(m)| plane section fields m C TM} and R is scalar curva-

ture of M. FEquality holds if and only if, with respect to an orthonormal frame

€lyvvyCnyereyomil}, the shape operators Ae.(r = n+1,...,eam11) of M in
+ , +
Mzmﬂ(fl,fg, f3) take the following forms:
hﬁ: h;g: 0 ... 0
hy ™ by 0 0
T 0 0 At .0 |,
0 0 0 0 A
in which Wit + hit = hit = . = and
hi;  hiy O .0
A, = 0 0 0 O [, r=n+2...,2m+1.

Remark 3.5.Since the structure vector field in a generalized Sasakian space form is
normal to Legendrian submanifolds and Legendrian submanifolds are anti-invariant,
therefore Theorems (3.1) and (3.3) and corollaries (3.2) and (3.4) are satisfied when
submanifolds in generalized Sasakian space form are a Legendrian.

4.SUBMANIFOLDS TANGENT TO STRUCTURE VECTOR FIELD IN A GENERALIZED
SASAKIAN SPACE FORM

In this section, we are going to establish the inequalities for anti-invariant sub-
manifold M with dim M > 2 in generalized Sasakian space form M (f1, f2, f3) when
Structural vector field of M (f1, fa, f3) be tangent to M.

Theorem 4.1.If My x; M is an anti-invariant warped product submanifold in a

generalized Sasakian space form MQm—H(fl, fa, f3) such that dim M; = n;(i = 1,2)

and ny +mno = n > 2, and the structure vector field of M(f1, fa, f3) is tangent to Ms
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then

LS R n 2)<n”_2

7 + (n+ D1 = 2f3), (21)
i which H, R and A are mean curvature vector, scalar curvature and Laplacian
operator of M, respectively.
Proof. We choose local orthonormal frame {eq, ..., eamy+1} such that e, ..., e,, are
tangent to My, ey, ..., e, are tangent to Ma, e, = £ and e, is parallel to H.
From Gauss equation, similar to the proof of Theorem 3.1, we have

n?|H|> = R—n(n—1)fi +2(n — 1) f3 + || 2%, (22)

We set
n%(n —2

5= R "D g s 1) - 2f + 200 - 2 (23)

then from (22) we have n?||H||?> = (n — 1)(||h||?> + § — 2f1 + 2f3), and substituting
(3) and (4) in the above equality, we get

n 2m+1 n
(ZhnH) n_1)<z(h?i+1)2+ Z hn+1 Z Z +5_2f1+2f3>.
i=1 1<i#j<n r=n+21i,j=1

Now we set b:=0d — 2f1 + 2f3 + Z1gi¢jgn(h%ﬂ)2 + sz:iz i i=1(hi; )2,

For a € {1,. L= 1}, we let a3 = A%t and ag = A%}, then from Lemma.2.1, we
have ajaz > 3. Therefore

S 2m+1 n 2m—+1
hod hi ! > 3~ (fi—f3)+ Z (h5H)? Z Z Z Z (hi;)?.
1<i<j<n r=n+2 i=1 r=n+21<i<j<n
Therefore

S 2m+1 n

LN T S N DI (A (R D W (07

1<i<j<n r=n+2 i=1

2m—+1

+ >0 () (24)

r=n+2 1<i<j<n

On the other hand from (1) and the Gauss equation, for a € {1,...,n — 1} we have

2m+1 2m+1
r r r \2
fl - f3 = eom en § haahnn E (hom)
r=n+1 r=n+1
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By comparing the above equality with (24), we obtain

2m+1 2m+1
€a,6n - E h‘aoz nn §
r=n+2 r= n+1
5 2m+1 n 2m+1
”+1 r\2
LD SRS B DA DI S
1<i<j<n r=n+2 i=1 r=n+21<i<j<n
After simplification, we have
2m—+1 (5 2m+1 n
n+1
6017871 - E haa nn > §+ E : h E : § :
r=n42 1<i<j<n r=n+2 i=1
iFaVji#En
2m—+1

+ Y0 )2 (25)

r=n+2 1<i<j<n
iFaVjiEn

Since
2m+1 2m+1 1 2m+1 1 2m+1
Z haahnn - Z at hr - 5 Z (hga)z - 5 Z (h;n)27
r=n-4+2 r n+2 r=n-42 r=n-+2
therefore from (25) we get
5 2m+1 n
+1
K(ea,en) 2> 5"’ Z hn Z Z
1<i<j<n r=n+2 i=1
iFaVi#En iFa,n
2m+1 1 2m+1
+ Z Z (h;r])2 + 5 Z (h;a + h:m)2
r=n+2 1<i<j<n r=n-+42
i#aVi#En
)
= K(eq,€n) > 7
Therefore
23) A 2(n—2
23" K(eaen) 2 mo 28 98 5 p 0Dy oy a0 2y
nlf 1

a=1

Corollary 4.2.A necessary condition for anti-invariant warped product submanifold
My x5 Ms, in a generalized Sasakian space form M(fi, fa, f3) such that dim M; =
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n;(i = 1,2) and n1 +ngy = n > 2 and the structure vector field of M(f1, fo, f3) is
tangent to Ms, to be minimal is

1?]{ ZR—(n—2)((n+1)f1—2f3),

in which R is the scalar curvature of M.

In Theorem 4.1 the anti-invariant submanifold, was a warped product mani-
fold. In the next theorem we remove this assumption and indeed we generalize the
Chen’s inequality, Lemma 1.1, for anti-invariant submanifolds M"(n > 2) of gener-
alized Sasakian space forms.

Theorem 4.3.Let M"(n > 2) be an anti-invariant submanifold in a generalized
Sasakian space form MZmH(fl, fa, f3) such that structure vector field of M (f1, f2, f3)
be tangent to M. Then

inf K > inf {A—i— (n—2)fs, A+ (n—1)f3, A+ gf:a - 2|f3!} ; (26)

where
K :={K(m)| plane section fields = C TM?},

—_

n2 n —
A {R— =2 — 0+ 10 - 2)f1},

Pie Y ((ne)"+ (ne)”)

1<i#j<n
in which {e1,...,eamt1} s an orthonormal frame such that ey, ..., e, are tangent
to M and for any i € {1,...,n}, £ # e; and R is the scalar curvature of M.
Proof. Let m be a 2-plane field in T M.
1) If £ is tangent to 7 then:
we choose locale orthonormal frame {ey, ..., ean+1} such that ey, ..., e, are tangent
to M and e, is parallel to H, e; = £ and 7 generated by {ej,e2}. Therefore From
Gauss equation, similar to the proof of theorem 4.1, we have

n?|H|* = R —n(n—1)fi +2(n - 1) f3 + || h]]%, (27)
We defined ¢ as in (23)

n?(n — 2)

0:=R—
n—1

IH|? = (n +1)(n = 2) f1 + 2(n = 2) f3,
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then from (27) we have

n2|H|? = (0= D) (1Bl +0 - 2f1 +2fs ).

and substituting (3) and (4) in the above equality, we get

n 9 n 2m+1 n
(Xm)” = a=(Zer’+ X e+ X S
i=1 1=1 1<i#j<n r=n+21,j=1
+5—2f1 +2f3). (28)
Now set
2m+1 n
T TN SR S ol
1<i#j<n r=n+21,j=1
From Lemma.2.1, we have
0
Wi th > 5~ (i fa)+ > (nEthy?
1<i<j<n
%n+1 n 2m+1
EDIDIUIEE DD SR NS (29)
r=n+2 i=1 r=n+21<i<j<n
Therefore
5 %n+1 n
B+ (A= fs) = g+ Do () Z >
1<i<j<n r=n+2 i=1
2m+1

+ 3> ()t (30)

r=n+21<i<j<n
On the other hand from (1) and the Gauss equation, we have

2m—+1 2m—+1

fi— f3=K(e1,e2) Z hirhys + Z (h12)?

r=n-+1 r=n-+1

By comparing the above equality with (30), we obtain

2m—+1 2m—+1
K(e1,e2) Z hi1has Z ( 7112)2
r=n-+2 r=n-+1
5 2m+1 n 2m+1
R MO DI WAL DD S (ne
2 1<i<j<n r=n+2 i=1 r=n+421<i<j<n
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After simplification, we have

S 2m+1 n
e n+1
K(el,eg) Z 2+ Z h Z Z
1<i<j<n 7‘ n+2 i=1
i£1V A2 i#1,2
2m+1 1 2m—+1
+ D D P+ Y (Wt hby)*
r=n+2 1<i<j<n r=n-+2
i£1V£2
1)
= K(el,eg) > 5
By substituting J in the above inequality, we have
K(ei,e2) 2 A+ (n—2)fs. (31)

2) If £ is normal to 7 then:

we choose a locale orthonormal frame {eq, ..., eopy+1} such that ej, ..., e, are tan-
gent to M and e, is parallel to H, e,, = £ and 7 generated by {ei, ea}. Therefore
from Gauss equation, similar to the proof of Theorem 4.1, we have (27). Therefore

n2[H|? = (0= 1) ([[b]? +0 = 2f1 +2fs ).

in which § is defined in (23). By substituting (3) and (4) in the above equality, we
get (28). From Lemma.2.1 we have (29) and then

n n 5 n
Wi+ > §+f3+ Z (hij+l)2

1<i<j<n
2m+1 n 2m—+1
r\2
153 DD SUAESD DD SINT/H NC?
r=n+2 i=1 r=n+21<i<j<n

On the other hand from (1) and the Gauss equation, we have

2m+1 2m+1

2

J1=K(e1,e2) E hi1has + E (h12)"
r=n+1 r=n+1

By comparing the above equality and (32), we obtain

2m—+1 2m+1

K(er,ea) = Y hijhby+ > ()
r=n-+2 r=n-+1
(5 2m+1 n 2m+1
S T D MU DI WAL DI S N
1<i<j<n r=n+2 i=1 r=n+21<i<j<n
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By simple computation, we have

)
K(e1,e2) > = 5 + f3.

By substituting ¢ in the above inequality, we get

K(ep,ea) > A+ (n—1)fs.

3) If £ be neither tangent or normal to 7 then:

we choose locale orthonormal frame {e1, ..., ea+1} such that ey, ...

n?|H|* = R+ [[A]* = n(n — 1) fi + Pfs,

Pie ¥ () + (nen)”).

1<i#j<n

in which

We set )
-2
0:=R-— ny_l)HHllQ —(n+1)(n=2)fi + Pfs,

then from (34) we have
n?|H|* = (n = 1)(IA]* + 6 = 2f1),

and substituting (3) and (4) in the above equality, we get

(33)

, en, are tangent
to M and e, 41 is parallel to H and 7 generated by {e1, e2} and for any ¢ € {1,...,n},
& # e;. Therefore from Gauss equation, similar to the proof of theorem 4.1, we have

n 2m+1 n
(Some) = -n(S0rre ¥ o Y S
i=1 1<i#j<n r=n+21i,j=1
Now set
2m+1 n
pmaoane Y 0 Y Y
1<i#j<n r=n+2ij=1
From Lemma.2.1, we have
)
Mt 2 g At ) BT
1<i<j<n
2m+1 n 2m+1
r\2
D IDILIED DD S
r=n+2 i=1 r=n+21<i<j<n

50

(34)

(35)

+6—2f1>.



F. Malek, V. Nejadakbary - Some results for anti-invariant submanifold in...

Therefore
S 2m+1 n 2m—+1
TR VL RS D WP ALTED W >
1<i<j<n r n+2 i=1 r=n+21<i<j<n

On the other hand, from gauss equation we have

2m—+1 2m—+1

fo=Klene + ((sen) + (sen) )= X niiiat 3 (10

r=n-+1 r=n+1

Then (36) becomes

9 2m—+1 2m—+1
K(61,€2)+<(77(61)> ( ) )f3— Z hi1hys + Z
r=n-+2 r=n+1
5 2m+1 n 2m—+1 n
=L MR CID I i) SUALE D DI DI UAY
1<i<j<n r=n+2 i=1 r=n+2 1<i<j<n

After simplification we have

>

Klene) 2 § - ((ven) + (en) ) o
On the other hand, for i € {1,2}
0<g(§—ei,&—ei) =9(& &) —29(& ) + g(es, e1)
= g(&e) <1
~0< (g(g,ei)>2 <1
= 0< (nen)) + (n(ex))” <2.

Therefore (37) can be rewriten as

Klenes) > 22l
2 J—
= ;{RWHHW(n+1)(n2)f1+Pf3}2‘f3|

From (31) and (33) and the above inequality, we get (26).

o1
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