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UNIVALENCE CRITERIA FOR A FAMILY OF INTEGRAL
OPERATORS
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ABSTRACT. The purpose of the present paper is to extend the univalent
condition of some integral operators. Relevant connections of the results presented
here with various known results are briefly indicated. Further, we improve some
recent results of ([4,8,9]).
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1. INTRODUCTION

Let A denote the class of functions f of the form
f(z) :z—l—Zakzk, (1)
k=2

which are analytic in the open unit disk U = {2z : z € C and |z| < 1} and satisfy
the normalization condition f(0) = f/(0) — 1 = 0. We denote by S the subclass of
A consisting of functions which are also univalent in U. Ahlfors [1] and Becker [2]
obtained the following univalence criterion.

Lemma 1 Let ¢ be a complex number, |c| <1, ¢ # —1.

If f(z) = 2+ az2% + ... is a regular function in U and
2f"(z
|z’2) - ( )
f'(2)

for all z € U then the function f(z) is regular and univalent in U. Further, Pescar
[7] determine

C‘Z‘Z—i_(l_ S 17 (2)
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Lemma 2 Let o be a complex number Re o > 0 and ¢ a complex number, |c| <
1, ¢ # —1. Suppose also that the function f(z) given by (1) is analytic in U. If

2f"(2)
af'(z)

clz** + (1 - |2*) <1, (z€l), (3)

then the function Fo(z) defined by Fo(z) = (o [5 t*71f/(t)dt) Ve ot i analytic
and univalent in U.
Another univalence condition given by Ozaki and Nunokawa [6] as follows

Lemma 3 Let f € A satisfy the following inequality
20
[f(2)]?
Then f is univalent in U. The following celebrated result is a basic tool in our
mvestigation.

Schwarz Lemma [5] Let the analytic function f(z) be regular in the disk Up =
{z € C:|z| <R}, with |f(2)| < M, M is fized. If f(0) = 0 with multiply > m, then

1’ <1, (z€el). (4)

M m
[f)] < mmlel™, (2 € Ur), (5)
the equality (in (5) for z # 0) can hold only if f(z) = €% ]\;[%iim, where 0 is constant.

2. MAIN RESULT

In this section, we state the main univalent condition involving the general
integral operator given by
Gm7n7a(z)

1
(m+n)(a—1)+1

=4 [(m+n)(a—1)+1] /z AR B 177100l ) 1) (6)
: i

0 =1

and by specializing the parameters involved in our main result we obtain a number of
known univalent conditions. It is worthy to note that our result not only generalizes
but also improves some recent results of ([4,8,9]).

Theorem 1 Suppose that each of the functions g;(z) € A (i = 1,2,...n) satisfies
R (z)

| <

1, zeU (j=1,2,...m). Also, let M be a fixed positive real numbver and c

(2M+1)n+m (2M+1)n+m |ae—1]
M DnimiT eMDnrm—1 | cl <1 = {2M +

Dn+m}, c#—1and|gi(z)| <M (z2€U; i=1,2,...n), then the function
Gmn,a(2) defined by (6) is in the class S.

the inequality (4) and hj(z) € A, (j =1,2,...m) satisfies the ineuqality

be a complex number. If a €
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Proof. From (6), we have
Gm,n,a(z)
1/(m+n)(a—1)+1

= Km+nxa—n+1jawa111w ST
j=1

0

Let us consider the function
7L gi(t) e 0 / a—1
2) = i 1T ; IT () at. (7)
i=1 j=1

The function f is regular in U. From (7) we have

- ()N 5 a—
e =T1(*) TLese) 0

i=1 j=1

Logarithmic differentiation of (8)

T =[S (56 - 1) + S wg) -

Now, for all z € U, we have

Z|2a 4 (1 o ‘Z‘Qa)zf”(z)

af(z)
a o [a—1 SNETAE o 2hi (2)
=lc2** + (1 = [2**) < o ) — (ggl((Z)) N 1) +j§1 hj(2)
a1 [{~ (1240 [0l (12 |10
<l + = ;;(wmm2 +1>+;;<4 " ”> v

We have g;(z) =0 at z =0 and |g;(2)| < M and by the Schwarz-Lemma, We obtain

lgi(z)| < M|z|, (i=1,2,...n),using (9) we have ‘0]2\20‘ + (1= |2*) ZJ;, <]+
lo=1] reons 1 1 F M +1)n+m (2M+1)n+m
a A@M+Dn+mp. Fora €\ o5 oo G s nem =1 "

have |c| < 1—%{(2M+1)n+m} < 1 and, hence, we obtain ‘c]z\%‘ (1 — |2?) 2@ <

af’(2)
1, z € U. Finally, by applying Lemma 2, we conclude that the function G, 5 (%)
defined by (6) is in the class S. This evidently completes the proof of Theorem 1.

If we put m = 0 the operator G, n.q(2) reduces to the operator

L n 1/n(a—1)+1
Gra(2) = {[n(a -+ 1]/ H[gi(t)]o‘_l} (10)
0 =1
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studied by Breaz et al. [4], (See also [3]).
Thus from Theorem 1, we have

Corollary 2 Suppose that each of the functions g;(z) € A, (i =1,2,...n) satisfies
the inequality (4). Also, let M be a fized positive real number and c¢ be a complex

number.
(2M +1)n (2M +1)n

I R

foe (O‘E [(2M+1)n+1’ @M+ 1)n — 1

and |c| <1 — % {(2M + 1)n} where |g;(z)| < M (z € U, i =1,2,...n), then the

function Gy, o(z) defined by (10) is in the class S.

Remark 1 We easily see that the Corollary 2 improves the result of [4, Theorem
(2M+1)n (2M+1)n
2M+1)n+1° M+1)n—1
result holds only for o € [1, %} )

If we put m =0, M =n =1 in Theorem 1, we have

4] because our result holds for a € [( } whereas Breaz et al.[4]

Corollary 3 Let the function g € A satisfy the inequality (4). Also, let

3 3
aeR,(aE [4, 2]) and c € C.

3l — 1]

If lef <1-— and |g(z)| <1, (z € U) then the function G,(z) defined by

Gl = (o | Z[g(t)]aldt)l/a

Remark 2 We easily see that Corollary 3 improves corresponding result due to Pescar

s in the class S.

[8], because our result holds for a € {

3
el1,2].
@ 2

7 2] whereas Pescar result holds only for

If we put m =0, n =1 in Theorem 1, we obtain the following result due to Pescar
[9].

Corollary 4 Let the fucntion g € A satisfy (4), M be a fized positive real number
and ¢ be a complex number. If

<1-
sz onr |9

oM +1 2M +1 1
[ + i =Y onr 1), e -1
«
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and |g(2)| < M, (2 € U), then the function

Gale) = o [ latt .

is in the class S.
If we put n = 0, m = 1 in Theorem 1. We thus obtain the following interesting
consequence of Theorem 1.

f"(z)
f'(2)

and ¢ complex number, |c| <1 —

Corollary 5 Let f € A satisfy the inequality

'Sl, zeU. Also let a be a

lo—1]
a

1
27

real number, o > then the function

z 1/a
Gale) = o [ (er)*ar

0
is in the class S.
Remark 3 We easily see that Corollary 5 improves Theorem 1 of [9] because our
result holds for v > 1/2 whereas Pescar [9] result holds only for oo > 1.
Note also, related work regarding the integral operator can also be found in ([10]-
12]).
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