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1. Introduction

Let A(p) denote the class of functions of the form:

f(z) = zp +
∞∑

k=p+1

akz
k (p ∈ N = {1, 2, ...}), (1)

which are analytic and p-valent in the unit open disc U = {z : |z| < 1}. If f and g
are analytic functions in U , we say that f is subordinate to g, written f ≺ g if there
exists a Schwarz function w, which (by definition) is analytic in U with w(0) = 0
and |w(z)| < 1 for all z ∈ U, such that f(z) = g(w(z)), z ∈ U. Furthermore, if the
function g is univalent in U, then we have the following equivalence (see [14], [15]
and [3]):

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ⊂ g(U).

For two functions f given by (1) and g(z) = zp +
∞∑

k=p+1

bkz
k, the Hadamard

product (or convolution) is given by

(f ∗ g)(z) = zp +
∞∑

k=p+1

akbkz
k = (g ∗ f)(z).
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For any real number σ, Kumar and Taneja [11] defined the multiplier transfor-
mations Iσ

p,λ of functions f ∈ A(p) by:

Iσ
p,λf(z) = zp +

∞∑
k=p+1

(
k + λ

p+ λ

)σ

akz
k (λ > 0). (2)

Obviously, we observe that

Is
p,λ(It

p,λf(z)) = Is+t
p,λ f(z),

Specializing the parameters λ, σand p, we obtain the following special operators:
i) Iσ

p,0f(z) ≡ Dσ
p f(z) (σ ∈ N0 = N ∪ {0}, p ∈ N, see [1] and [16]);

ii) Iσ
1,0f(z) = Dσf(z) (σ ∈ N0, see [20]);

iii) Iσ
1,λf(z) = I(σ, λ) ( the multiplier transformation see [4], [5] and [8]);

iv) Iσ
1,1 ( see[22] );

v) I−1
1,λ ( see [18] );

vi) Iσ
1,1 (σ is any negative real number, see [2] and [10] ).

For 0 ≤ η < p, p ∈ N , we denote by S∗p(η), Kp(η) and Cp, the subclasses of A(p)
consisting of p-valent analytic functions which are, respectively, p-valent starlike of
order η, p-valent convex of order η and p-valent close-to-convex functions in U (see
[17], [19] and [21]).
Let S be the class of functions φ which are analytic and univalent in U and for which
φ(U) is convex with φ(0) = 1 and Re{φ(z)} > 0, z ∈ U.

Making use of the principle of subordination between analytic functions, we
introduce the subclasses S∗p(η;φ), Kp(η;φ) and Cp(η, γ;φ, ψ) of the class A(p), 0 ≤
η, γ < p (p ∈ N) and φ, ψ ∈ S, which are defined by:

S∗p(η;φ) =
{
f ∈ A(p) :

1
p− η

(
zf ′(z)
f(z)

− η

)
≺ φ(z), z ∈ U

}
;

Kp(η;φ) =
{
f ∈ A(p) :

1
p− η

(
1 +

zf ′′(z)
f ′(z)

− η

)
≺ φ(z), z ∈ U

}
and

Cp(η, γ;φ, ψ) =
{
f ∈ A(p) : ∃ g ∈ S∗p(η;φ) s.t.

1
p− γ

(
zf ′(z)
g(z)

− γ

)
≺ ψ(z), z ∈ U

}
.

From these definitions, we can obtain some well-known subclasses of A(p) by
special choices of the functions φ and ψ. For example, we have

S∗p

(
η;

1 + z

1− z

)
= S∗p(η), Kp

(
η;

1 + z

1− z

)
= Kp(η)
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and

Cp

(
0, 0;

1 + z

1− z
,
1 + z

1− z

)
= Cp.

For real or complex numbers a, b, c other than 0,−1,−2, ..., the hypergeometric
series is defined by

2F1(a, b; c; z) =
∞∑

k=0

(a)k(b)k

(c)k(1)k
zk, (3)

where

(d)k =
{

1 (k = 0; d ∈ C\{0})
d(d+ 1)...(d+ k − 1) (k ∈ N ; d ∈ C).

We note that, the series (3) converges absolutely for all z ∈ U , so that it represents
an analytic function in U.

Setting

hσ
p,λ(z) = zp +

∞∑
k=p+1

(
k + λ

p+ λ

)σ

zk (σ ∈ R;λ > 0). (4)

With the aid of the function hσ
p,λ(z) given by (4), we define the function hσ∗

p,λ(z) in
terms of the Hadamard product ( or convolution ) by:

(
hσ

p,λ ∗ hσ∗
p,λ

)
(z) = zp

2F1(a, b; c; z) = zp +
∞∑

k=p+1

(a)k−p(b)k−p

(c)k−p(1)k−p
zk (z ∈ U).

This function yields the following family of linear operators Iσ
p,λ(a, b; c) : A(p) →

A(p) which are given by:

Iσ
p,λ(a, b; c, z)f(z) = hσ∗

p,λ(z) ∗ f(z)

= zp +
∞∑

k=p+1

(a)k−p(b)k−p

(c)k−p(1)k−p

(
p+ λ

k + λ

)σ

akz
k (z ∈ U ;λ > 0;σ ∈ R). (5)

Specializing the parameters a, b, c and σ, we have:
i) I0

p,λ(p, 1; p)f(z) = I0
p,λ(1, 1; 1)f(z) = f(z);

ii) I0
p,λ(p+ 1, 1; p)f(z) = zf ′(z)

p ;

iii) I0
p,λ(δ + p, 1; δ + p+ 1)f(z) = Fp,δ(f)(z) = δ+p

zδ

∫ z
0 t

δ−1f(t)dt, δ > −p; p ∈ N
( the generalized Libera operator defined by (18), see [2], [12] and [18]);

iv) I0
p,λ(a, n + p; a)f(z) = Dn+p−1f(z) (n > −p) ( the Ruscheweyh derivative of

th− (n+ p− 1) order, see [9]);
v) I0

p,λ(p + 1, 1;n + p)f(z) = In+p−1f(z) (n > −p) ( Noor integral operator, see
[13] );
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vi) I0
1,λ(µ, 1; τ + 1)f(z) = Iµ,τf(z) (τ > −1) ( Choi-Saigo-Srivastava operator,

see [6]).
For simplicity, we write Iσ

p,λ(a, b; c; z) = Iσ
p,λ(a).

From equation (5), it can be eaily to verify that:

z(Iσ+1
p,λ (a)f(z))′ = (p+ λ)Iσ

p,λ(a)f(z)− λIσ+1
p,λ (a)f(z) (6)

and
z(Iσ

p,λ(a)f(z))′ = aIσ
p,λ(a+ 1)f(z)− (a− p)Iσ

p,λ(a)f(z). (7)

Using the operator Iσ
p,λ(a), we introduce the following classes of p-valent analytic

functions for φ, ψ ∈ S;σ ∈ R, λ > 0 and 0 ≤ η, δ < p, p ∈ N :

Sσ
p,λ(a; η;φ) =

{
f ∈ A(p) : Iσ

p,λ(a)f(z) ∈ S∗p(η;φ), z ∈ U
}

;

Kσ
p,λ(a; η;φ) =

{
f ∈ A(p) : Iσ

p,λ(a)f(z) ∈ Kp(η;φ), z ∈ U
}

and

Cσ
p,λ(a; η, γ;φ, ψ) =

{
f ∈ A(p) : Iσ

p,λ(a)f(z) ∈ Cp(η, δ;φ, ψ), z ∈ U
}
.

We note that

f(z) ∈ Kσ
p,λ(a; η;φ) ⇔ zf ′(z)

p
∈ Sσ

p,λ(a; η;φ). (8)

In particular, we set

Sσ
p,λ

(
a; η;

(
1 +Az

1 +Bz

)α)
= Sσ

p,λ(a; η;A,B;α) (0 < α ≤ 1;−1 ≤ B < A ≤ 1)

Kσ
p,λ

(
a; η;

(
1 +Az

1 +Bz

)α)
= Kσ

p,λ(a; η;A,B;α) (0 < α ≤ 1;−1 ≤ B < A ≤ 1).

In this paper, we obtain several inclusion properties of the classes Sσ
p,λ(a; η;φ),

Kσ
p,λ(a; η;φ) and Cσ

p,λ(a; η, γ;φ, ψ). We also obtain some applications involving of
classes of integral operators.

2. Inclusion Properties Involving the Operator Iσ
p,λ(a)

In order to prove our results, we shall make use of the following known results.
Lemma 1.[7] Let φ be a convex univalent function in U with φ(0) = 1 and
Re{βφ(z) + ν} > 0 (β, ν ∈ C). If p is analytic in U with p(0) = 1, then

p(z) +
zp′(z)

βp(z) + ν
≺ φ(z) (z ∈ U), (9)
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implies that
p(z) ≺ φ(z) (z ∈ U).

Lemma 2.[15] Let φ be a convex univalent function in U and w be analytic in U
with Re{w(z)} > 0. If p is analytic in U and p(0) = φ(0), then

p(z) + w(z)zp′(z) ≺ φ(z) (z ∈ U), (10)

implies that
p(z) ≺ φ(z) (z ∈ U).

Unless otherwise mentioned we shall assume that −1 ≤ B < A ≤ 1;φ, ψ ∈ S;σ ∈
R, λ > 0 and 0 ≤ η, δ < p, p ∈ N.
Theorem 1. For f(z) ∈ A(p), we have

Sσ
p,λ(a+ 1; η;φ) ⊂ Sσ

p,λ(a; η;φ) ⊂ Sσ+1
p,λ (a; η;φ) (0 ≤ η < p, p ∈ N ;φ ∈ S).

We will first of all, show that

Sσ
p,λ(a+ 1; η;φ) ⊂ Sσ

p,λ(a; η;φ).

Let f ∈ Sσ
p,λ(a+ 1; η;φ) and let

q(z) =
1

p− η

(
z(Iσ

p,λ(a)f(z))′

Iσ
p,λ(a)f(z)

− η

)
, (11)

where q(z) is analytic in U with q(0) = 1. Applying (7) in (11), we have

a
Iσ
p,λ(a+ 1)f(z)
Iσ
p,λ(a)f(z)

= (p− η)q(z) + η + (a− p). (12)

Differentiating (12) logarithmically with respect to z, we have

1
p− η

(
z(Iσ

p,λ(a+ 1)f(z))′

Iσ
p,λ(a+ 1)f(z)

− η

)
= q(z) +

zq′(z)
(p− η)q(z) + η + (a− p)

(z ∈ U). (13)

Applying Lemma 1 to (13), it follows that q ≺ φ, that is, that, f ∈ Sσ
p,λ(a; η;φ).

The proof of the second part, will follow by using arguments similar to those used
in the first part with f ∈ Sσ

p,λ(a; η;φ) and taking

h(z) =
1

p− η

(
z(Iσ+1

p,λ (a)f(z))′

Iσ+1
p,λ (a)f(z)

− η

)
,
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where h is analytic in U with h(0) = 1 and using (6). It follows that h ≺ φ in U,
which implies that f ∈ Sσ+1

p,λ (a; η;φ). This completes the proof of Theorem 1.
Theorem 2. For f(z) ∈ A(p), we have

Kσ
p,λ(a+ 1; η;φ) ⊂ Kσ

p,λ(a; η;φ) ⊂ Kσ+1
p,λ (a; η;φ) (0 ≤ η < p, p ∈ N ;φ ∈ S).

Applying (8) and using Theorem 1, we have

f(z) ∈ Kσ
p,λ(a+ 1; η;φ) ⇔ Iσ

p,λ(a+ 1)f(z) ∈ Kp(η;φ)

⇔
z(Iσ

p,λ(a+ 1)f(z))′

p
∈ S∗p(η;φ)

⇔ Iσ
p,λ(a+ 1)(

zf ′(z)
p

) ∈ S∗p(η;φ)

⇔ zf ′(z)
p

∈ Sσ
p,λ(a+ 1; η;φ)

⇒ zf ′(z)
p

∈ Sσ
p,λ(a; η;φ)

⇔ Iσ
p,λ(a)(

zf ′(z)
p

) ∈ S∗p(η;φ)

⇔
z(Iσ

p,λ(a)f(z))′

p
∈ S∗p(η;φ)

⇔ Iσ
p,λ(a)f(z) ∈ Kp(η;φ)

⇔ f(z) ∈ Kσ
p,λ(a; η;φ).

Also

f(z) ∈ Kσ
p,λ(a; η;φ) ⇔ zf ′(z)

p
∈ Sσ

p,λ(a; η;φ)

⇒ zf ′(z)
p

∈ Sσ+1
p,λ (a; η;φ)

⇔
z(Iσ+1

p,λ (a)f(z))′

p
∈ S∗p(η;φ)

⇔ Iσ+1
p,λ (a)f(z) ∈ Kp(η;φ)

⇔ f(z) ∈ Kσ+1
p,λ (a; η;φ).

This completes the proof of Theorem 2.
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Taking

φ(z) =
(

1 +Az

1 +Bz

)α

(−1 ≤ B < A ≤ 1; 0 < α ≤ 1; z ∈ U)

in Theorem 1 and Theorem 2, we have the following corollary.
Corollary 1. For f(z) ∈ A(p), we have

Sσ
p,λ(a+ 1;A,B;φ) ⊂ Sσ

p,λ(a;A,B;φ) ⊂ Sσ+1
p,λ (a;A,B;φ)

and
Kσ

p,λ(a+ 1;A,B;φ) ⊂ Kσ
p,λ(a;A,B;φ) ⊂ Kσ+1

p,λ (a;A,B;φ).

Now, using Lemma 2, we obtain similar inclusion relations for the class Cσ
p,λ(a; η, γ;φ, ψ).

Theorem 3. For f(z) ∈ A(p), a > p, p ∈ N, we have

Cσ
p,λ(a+ 1; η, γ;φ, ψ) ⊂ Cσ

p,λ(a; η, γ;φ, ψ) ⊂ Cσ+1
p,λ (a; η, γ;φ, ψ),

(0 ≤ η, γ < p, p ∈ N ;φ, ψ ∈ S).

First, we will prove that

Cσ
p,λ(a+ 1; η, γ;φ, ψ) ⊂ Cσ

p,λ(a; η, γ;φ, ψ).

Let f ∈ Cσ
p,λ(a+1; η, γ;φ, ψ). Then, from the defintion of the class Cσ

p,λ(a+1; η, γ;φ, ψ),
there exist a function g ∈ Sσ

p,λ(a+ 1; η;φ) such that

1
p− γ

(
z(Iσ

p,λ(a+ 1)f(z))′

Iσ
p,λ(a+ 1)g(z)

− γ

)
≺ ψ(z).

Now, let

q(z) =
1

p− γ

(
z(Iσ

p,λ(a)f(z))′

Iσ
p,λ(a)g(z)

− γ

)
, (14)

where q(z) is analytic in U with q(0) = 1. Applying (7) in (14), we have

[(p− γ)q(z) + γ]Iσ
p,λ(a)g(z) + (a− p)Iσ

p,λ(a)f(z) = aIσ
p,λ(a+ 1)f(z). (15)

Differentiating (15) with respect to z and multiplying by z, we have

[(p− γ)q(z) + γ]z(Iσ
p,λ(a)g(z))′ + (p− γ)zq′(z)Iσ

p,λ(a)g(z) + (a− p)z(Iσ
p,λ(a)f(z))′

= az(Iσ
p,λ(a+ 1)f(z))′. (16)

21



A. O. Mostafa and M.K.Aouf - Some Inclusion Properties for Subclasses.....

Since g ∈ Sσ
p,λ(a+ 1; η;φ), then by Theorem 1, we have g ∈ Sσ

p,λ(a; η;φ). Let

h(z) =
1

p− η

(
z(Iσ

p,λ(a)g(z))′

Iσ
p,λ(a)g(z)

− η

)
.

Applying (7) again, we have

a
Iσ
p,λ(a+ 1)g(z)
Iσ
p,λ(a)g(z)

= (p− η)h(z) + η + (a− p). (17)

From (16) and (17), we have

1
p− γ

(
z(Iσ

p,λ(a+ 1)f(z))′

Iσ
p,λ(a+ 1)g(z)

− γ

)
= q(z) +

zq′(z)
(p− η)h(z) + η + (a− p)

.

Since a > p, p ∈ N and h ≺ φ in U, then

Re{(p− η)h(z) + η + (a− p)} > 0 (z ∈ U).

Hence applying Lemma 2, we can show that p ≺ ψ, that is, that f ∈ Cσ
p,λ(a; η, γ;φ, ψ).

The second part can be proved by using similar arguments and using (6). This com-
pletes the proof of Theorem 3.

3. Inclusion Properties Involving the Integral Operator Fp,δ

Now, we consider the generalized Libera integral operator Fp,δ ( see [2], [12] and
[18]), defined by

Fp,δ(f)(z) =
δ + p

zδ

∫ z

0
tδ−1f(t)dt

= zp +
∞∑

k=p+1

δ + p

δ + k
akz

k (δ > −p). (18)

From (18), we have

z
(
Iσ
p,λ(a)Fp,δ(f)(z)

)′ = (δ + p)Iσ
p,λ(a)f(z)− δIσ

p,λ(a)Fp,δ(f)(z). (19)

Theorem 4. Let δ > −p. If f ∈ Sσ
p,λ(a; η;φ), then Fp,δ(f)(z) ∈ Sσ

p,λ(a; η;φ).
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Let f ∈ Sσ
p,λ(a; η;φ) and put

q(z) =
1

p− η

z
(
Iσ
p,λ(a)Fp,δ(f)(z)

)′
Iσ
p,λ(a)Fp,δ(f)(z)

− η)

 , (20)

where q is analytic in U with q(0) = 1. then, by using (19) and (20), we have

(δ + p)
Iσ
p,λ(a)f(z)

Iσ
p,λ(a)Fp,δ(f)(z)

= (p− η)q(z) + (η + δ). (21)

Differentiating (21) logarithmically with respect to z, we have

q(z) +
zq′(z)

(p− η)q(z) + (η + δ)
=

1
p− η

z
(
Iσ
p,λ(a)f(z)

)′
Iσ
p,λ(a)f(z)

− η

 .

Applying Lemma 1, we conclude that p ≺ φ (z ∈ U), which implies that Fp,δ(f)(z) ∈
Sσ

p,λ(a; η;φ). This completes the proof of Theorem 4.
Theorem 5. Let δ > −p, p ∈ N. If f ∈ Kσ

p,λ(a; η;φ), then Fp,δ(f)(z) ∈ Kσ
p,λ(a; η;φ).

Applying Theorem 4 and (8), we have

f(z) ∈ Kσ
p,λ(a; η;φ) ⇔ zf ′(z)

p
∈ Sσ

p,λ(a; η;φ)

⇒ Fp,δ(
zf ′

p
)(z) ∈ Sσ

p,λ(a; η;φ)

⇔ z

p
(Fp,δ(f)(z))′ ∈ Sσ

p,λ(a; η;φ)

⇔ Fp,δ(f)(z) ∈ Kσ
p,λ(a; η;φ).

This completes the proof of Theorem 5.
From Theorem 4 and Theorem 5, we have the following corollary.

Corollary 2. Let δ > −p, p ∈ N. If f ∈ Sσ
p,λ(a;A,B;φ) (or Kσ

p,λ(a;A,B;φ)), then
Fp,δ(f) ∈ Sσ

p,λ(a;A,B;φ) (or Kσ
p,λ(a;A,B;φ)).

Theorem 6. Let δ > −p, p ∈ N. If f ∈ Cσ
p,λ(a; η, γ;φ, ψ), then Fp,δ(f)(z) ∈

Kσ
p,λ(a; η, γ;φ, ψ).

Let f ∈ Cσ
p,λ(a; η, γ;φ, ψ). Then, from the defintion of the class Cσ

p,λ(a; η, γ;φ, ψ),
there exist a function g ∈ Sσ

p,λ(a; η;φ) such that

1
p− γ

(
z(Iσ

p,λ(a)(f)(z))′

Iσ
p,λ(a)g(z)

− γ

)
≺ ψ(z).
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Now, let

q(z) =
1

p− γ

(
z(Iσ

p,λ(a)Fp,δ(f)(z))′

Iσ
p,λ(a)Fp,δ(g)(z)

− γ

)
, (22)

where q(z) is analytic in U with q(0) = 1. Applying (19) in (22), we have

[(p− γ)q(z) + γ]Iσ
p,λ(a)Fp,δ(g)(z) + δIσ

p,λ(a)Fp,δ(f)(z) = (δ + p)Iσ
p,λ(a)f(z). (23)

Differentiating (23) with respect to z, we have

[(p−γ)q(z)+γ]z(Iσ
p,λ(a)Fp,δ(g)(z))′+(p−γ)zq′(z)Iσ

p,λ(a)Fp,δ(g)(z)+δz(Iσ
p,λ(a)Fp,δ(f)(z))′

= (δ + p)z(Iσ
p,λ(a)f(z))′. (24)

Since g ∈ Sσ
p,λ(a; η;φ), then by Theorem 4, we have Fp,δ(g)(z) ∈ Sσ

p,λ(a; η;φ). Let

h(z) =
1

p− η

(
z(Iσ

p,λ(a)Fp,δ(g)(z))′

Iσ
p,λ(a)Fp,δ(g)(z)

− η

)
.

Applying (19) again, we have

(δ + p)
Iσ
p,λ(a)g(z)

Iσ
p,λ(a)Fp,δ(g)(z)

= (p− η)h(z) + η + δ. (25)

From (24) and (25), we have

1
p− γ

(
z(Iσ

p,λ(a)f(z))′

Iσ
p,λ(a)g(z)

− γ

)
= p(z) +

zp′(z)
(p− η)h(z) + η + δ

.

The remaining part of the proof is similar to that of Theorem 5 and so we omit it.
Remark. Putting p = 1 in the above results, we obtain the results obtained by
Cho and Kim [4].
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