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ON HARMONIC UNIFORMLY STARLIKE FUNCTIONS DEFINED
BY AN INTEGRAL OPERATOR

F. MUGE SAKAR AND H. OzLEM GUNEY

ABSTRACT. Using the integral operator, we define and study a generalized family
of complex-valued harmonic functions that are univalent, sense-preserving and are
associated with uniformly harmonic functions in the unit disk. We obtain coefficient
inequalities, extreme points and distortion bounds for the functions in our class.
The results obtained for the our class reduce to the corresponding results for various
well-known classes in the literature.
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1. INTRODUCTION

A continuous complex-valued function f = u + iv defined in a complex domain D
is said to be harmonic in D if both w and v are real harmonic in D. In any simply
connected domain we can write f = h + g, where h and g are analytic in D. A
necessary and sufficient condition for f to be locally univalent and sense-preserving
in D is that |h/(z)| > |¢'(2)],z € D.

Denote by H the class of functions f = h + g that are harmonic univalent and
sense-preserving in the unit disc U= {z € C : |z] < 1} with

h(z)=z+ Zakzk,g (2) = Z bz~
k=2 k=1

The class H was defined and studied by Clunie and Sheil-Small in [1]. Let H(U) be
the space of holomorphic functions in U. We let:

Ap={fc HU),f(2) =24 an12" + ...,z € U}, with A; = A.

293



H. Ozlem Giiney, F. Miige Sakar - On harmonic uniformly starlike functions...

Let H|a,n] be denote the class of analytic functions in U of the form
f(z) :a+an2n+an+1zn+1+...,z eU.

The integral operator I™ is defined in [2] by
(@) I°f(2) = f(2);
(ii) I'f(z) / fHt Ldt;

(i43) I"f(z) = I(I"'f(2)),n € N={1,2,3,..} and f € A.

Ahuja and Jahangiri [3] defined the class H(n) (n € N) consisting of all harmonic
univalent functions f = h + g that are sense-preserving in U and h and g are of the

Z):Z+Zakzk7 g(Z):Zbk.Zk,‘bl‘ <1 (1)
k=2 k=1

For f = h + g given by (1) the integral operator I"™ of f is defined as
I"f(z) = I"h(z) + (=1")I"g(2), (2)

form

where - -
z)=z+ Z k™ "ay2* and Ig(2) = Z k=" 2E.
k=2 k=1

For0 < a<1l,neNzeUgqeNp>0,0cR,let H,,(n,a) the family of
harmonic functions f of the form (1) such that
I"f(2)
Intaf(z)

For particular cases of p and ¢, especially for p = 0 and ¢ = 1, we can write

Re{(1 + pe'?) —pet > a. (3)

Ho1(n,a) = H(n, )

which was studied by Cotirla in [4].
Let denote the subclass H) 4(n,a) consists of harmonic functions f, = h + g, in
H, 4(n,a) so that h and g, are of the form

—z—Z|ak|z gn(2) = anybm b1] < 1. (4)

In this paper, we investigate coefficient conditions, extreme points, distortion bounds
and examine convexity properties for functions in the families Hy, ,(n, o) and Hp, 4(n, o).
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2. MAIN RESULTS

We first prove sufficient coefficient conditions for harmonic functions in Hj 4(n, cv).
Theorem 2.1 Let f = h+ g be so that h and g are given by (1). If

i 1 +p -k~ (n+q)(a +p)]’ kH_Z (1 +p) - (_1)qk—(n+q)(a +p)] ’bk‘ <1

11—« l—«o
k=2 k=1

(5)
then f € Hpq(n,a).
Proof. Suppose that (5) holds. Using the fact that Rew > « if and only if
|1 — a+w| > |1+ a—wl, it suffices to show that

(1= )" f(2) + I"f(2) (1 + pe”) — pe I f(2)]
~[(L+ )" f(2) = I"f(2)(1 + pe’) + pe T f(2)] > 0. (6)
Substituting for I" f(z) and I""9f(z) in (6) yields,

=|(1-a—pe {z—i—Zk R ( ”*qZk (nta)p, 2k}

k=2 k=1
+(1 4 pe'?) {z+2k arz® + ( Zk "2k}
k=2

—|(1 4 a + pe'? {z—i—Zk (+a) g 2k 4 ( ”*qZk (nta)p, 2k}
k=2

—(1+pe® {z—i—Zk arz® + ( Zk "z}

k=2

=2—-a)z+ Z K71+ pe? + k791 — o — pe'?))ag 2

1" R4 pe®? + ETI(=1)(1 — o — pe™))by. 2P|
k=1
z) + Z k(=1 — pe®® + k791 + a + pe'?))ayzF

—1)" SR (14 pe? — k(=1)7(1+ o+ pe))be
k=1
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2(1—a)lz| —QZk (14p) =k %a +p)l|ak||2|*

—QZkz (14 p) = (=1)% % + p)]|bk||2]*

[e.9]

= 21— o1 - Y E A g et
k=2
S Ol gy

This last expression is non-negative by hypothesis, and so the proof is complete.
The functions

= i 1 — ) rp2"
— k~(n+9) (a + p)

(1-
1

a)
"(1+4+p)—(—1)k

)q

show that the coefficient bound given by (5) is sharp where n € N;p > 0,g € N and

o0 oo
D el + )l = 1.
k=2 k=1

In the following theorem it is shown that the condition (5) is also necessary for
functions f, = h + g, where h and g, are of the form (4).
Theorem 2.2 Let f, = h+ g, be given by (4). Then f, € H}, 4(n,a). if and only

+ yrz* (7)

HM%%

—(n+q) (a —+ p)

[e.e]
k= (1 4 p) — k— (o) a+p "(1+p) — (—1)%k" "D (o +p
$ ’+Z (-1) ( )

bl <1
l—«o 11—« x| <

(8)

k=2

where a1 = 1,0<a<1l,neN,;p>0,g e N,§ € R.
Proof. Since Hy 4(n,a) C Hpq4(n, ) we only need to prove the "only if” part of
the theorem. For functions f,, of the form (4), we note that the condition

I"f,(2)
In+‘1fn(z)

Re{(1+ pew) — peie} >«
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is equivalent to

ei@ nnz_n—i—qnz eiﬁa
Re{(1+p " f, (Iiﬂjn(z)f (2)(pe” + )}

— Re {( +pe?)[z — Y5l o kT ag|2® 4 (—1)2 T S000 ) kT by |27
2= Y opeg kw4 D]y |2k 4 (1)t 3700 | B () [y 2P
(P + a)[z = 3 pty kD ay 2R 4 (—1)2Te 3R k() |y 4]
z— Yol g k=4 D|ay |2k + (1)t 300 k() [y 2P

gm0z = SR pe) — k0D e 4 )
a — Yoo kT F D) |ag |2k 4 (—1)2ntam1HRe |k (nta) by 2R
N (1)1 50 [k (1 + pe'?) — k=D (—1)9(pe? + a)]|be|2F
Z =Y g k(D] ay |2k 4 (—1)2nra—1 37 | k(a2
— Re{ (1—a) =322,k (1 + pet?) — ki(nﬂ)(p@io + a)]|ag|2F
T Sy b ag T 4 2P 3 k) oy
Z(=1)27 130 [ (1 + pet?) — k() (—1)2(pet? + )][by,|ZR ()
1= 3002 k=D ag|2h=1 4 2(—1)2nha=1 5700 | k= (n4a) [y [z 1

_l’_

> 0.

Upon choosing the values of z on the positive real axis and using Re(—e%) > —|e?| =
—1 where 0 < z = r < 1, the above inequalities reduces to

(1—a) = S (1+p) — 5D (p + )] ag |
T 3oy k) fag kT — (<) Y, b O gl

D v i CE V) [N A BN
1= 3702y k=D ag|rk=t — (=1)0 3702 k= (r ) |by[rk—t =
If the condition (8) does not hold, then the numerator (10) is negative for suf-

ficiently close to 1. Thus there exist zp = ro in (0,1) for which the quotient in

(10) is negative. This contradicts the condition for f,, € H, ,(n,a). So the proof is
complete.

Next we determine the extreme points of closed convex hulls of Hy, 4(n, @)
Theorem 2.3 Let f, be given by (4). Then f, € H,,(n,«) if and only if

Z Xihi(2) + Yign, (2)]
k=1
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where
11—«
h(z) = hi(z) =z — & k=23, ..
(2) = 2, K(2) = 2 D) T (k=2,3,...,)
1_
gni(2) = 2+ (=) - Z (k=1,2,3,...,)

k=14 p) — (—1)2k= (49D (a + p)

(e 9]
Xp > 0,7 >0,y (Xp+Y3) =1.

In particular, the extreme points of H, 4(n, a) are {h;} and {gy, }.
Proof. For functions f,, of the form (5), we have

fa(2) kZQ[ b(2)+Yign, (2)] ;[ RO kZQk”(l p)— k- rd(atp) F°
+(—1)n71 i 1-a kak
= k(1 +p) - (1)~ ("D (a + p)

Then

o [E"(1+p) — kD (o 4 p)] -«

> X

2 I—a (1 + p) — E0 (a1 p)]

[ — (=1)9k—(n+9) _
S B = O ) -0 "
— l1-a k(1 +p) — (=1)2%h~ ("D (a + p)]
=> X+ Vi=1-X;<1
k=2 k=1
and so o
fn(2) € Hpq4(n, ). B
Conversely, suppose fn(2) € Hp4(n,«). Letting
X1=1- 220:2 X — 220:1 Y,
k(1 + — k*(”+Q) o+
-«
and ()
k(1 — (=1)ik—\nTd
y, = F1+p) = (1) CED ) k=1,23,.)

l—«
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we obtain the required representation, since

[e.9]

fn(z):z—Z]ak]z + (=" 1Z|bk\z

k=2

> 11—«
— 5 — X
? Z k=1 (14 p) — k= (+0) (o + p) o

k=2
_1\n—1 = 1-a Ek
ey ; Fr U p) — (D% @ rp) ¢
=2z [z — hi(2)] Xk — Z[z — gn (2)]Y5
k=2 k=1

I—ZXk—ZYkZ—l-Zthk ZYkgnk

= [ Xkhi(2) + Yign, (2))-
k=1

The following theorem gives the distortion bounds for functions in H 4(n, «)
which yields a covering results for this class.
Theorem 2.4 Let f,, € Hp4(n, ). Then for |z| = r < 1 we have

1-a D (et

[fn(2)] < (1+\b1|)7”+[2_n(1 +p) — 2D (a+p) 277(1 +p) — 2-(F) (a + p)

and

[fn(2)] = (1=|b1|)r—

[ l-—a _ (1—|—p)—(—1)q(a—|—p) |b HT,Z
277(14p) — 2=+ (a+p) 277(1+p) — 2=+ (a + p)
where ¢ is an odd positive integer.

Proof We only prove the right hand inequality. The proof for the left hand in-

equality is smilar and will be omitted. Let f, € Hp,(n,a). Taking the absolute
value of f,, we obtain

(@) < (L [Bal)r + Y (lag] + bx|)r"

k=2

< (L (o) + Y (lar] + be))r?
k=2
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o0

11—« Z2”1+p ) — 27+ (o 4 p)

< (1+]b
< Wbt S = 1 )

(i | +[bx[)r*

l—«
k=2

11—« k(1 +p) — k(0 FD (o + p)

27(1+p) — 2=+ (a + p) kZQ[

k(1 +p) = (D)% "D (atp)
T—a |bk |7

1-a (1+p) = (~1)%(a +p)
<(1+1b 1-
<@+ 1|)T+2*"(l+p)—2*(n+q)(oz—|—p)[ 1-—

1-a (49— (Dia+)
277(1+p) — 2=t (o +p)  277(1 +p) — 2=t (a + p)
The following covering result follows from the left hand inequality in Theorem 2.4.
Corollary 2.5 Let f, of the form (4) be so that f, € H, ,(n,«). Then

§ (1 + ’bl‘)T +

-« k]

+

[ba]r?

< (L oa))r + [ba]r?

27"(1+p) —27%a+p)-(1-a)
27" [(1+p) —27%a +p)]

{w : Jw| <

27"[(A+p) -2 Ya+p) - (1+p) +(=1)"(a+p)
- 271+ p) — 240+ p)] o R

Now we show that Hy 4(n, @) is closed under convex combination of its members.
Theorem 2.6 The famﬂy Hpq(n,a) is closed under convex combination.
Proof Fori=1,2,..., suppose that fi € H,,(n,a), where

—z—Z]ak]z—i- ”1Z|b

then by Theorem 2.2,

2 k(1 (n+a) ( = k(1 1)1k~ (nta)
E~™(1+p) — k a—i—p gl Z +p)—(-1)% (a+p)’b|<2
pt —« P 11—«

(11)

for 3772, ¢t = 1,0 < ¢; <1, the convex combination of f¢ may be written as

Ztiffl(z):z—z Zt\ak\z + (=1)"" 12 Zt\b
=1

k=2 i=1 k=1 i=1
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Then by (11)

00
k”1+p — k- ”+Q)a+p Z
tilag|)

11—«
k=1
2 kB — (—=1)2k~ (") (o + p)
Z 11—« th|b
k=
"(14p) — kD (a+p), ,
_Ztlz 1—a ( >|ak|
=1 k=1
© pn(1 4 p) — (1)) (g p) S
+> 1+p) (1_)a ( )|bk|]§22ti:2
k=1 =1

and therefore Y 2%, ¢ fi(2) € Hp4(n,a).
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