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SOME FIXED POINT THEOREMS OF PRESIC - CIRIC TYPE

NGUYEN VAN LUONG AND NGUYEN XUAN THUAN

ABSTRACT. In this paper, we first prove a fixed point theorem for mappings in
complete metric spaces satisfying Presi¢ - Ciri¢ type which is a generalization of the
result of Ciri¢ and Pregi¢ [L. B. Ciri¢ and S. B. Presié¢, On Presi¢ type generaliza-
tion of the Banach contraction mapping principle, Acta. Math. Univ. Comenian.
LXXVI (2) (2007) 143-147]. Then we present this result in the context of ordered
metric spaces by using monotone non-decreasing mappings. We also support our
results by some examples.

2000 Mathematics Subject Classification: 47TH10, 54H25.
1.INTRODUCTION AND PRELIMINARIES

Difference equations play a prominent role in economics, biology, ecology, ge-
netics, psychology, sociology, probability theory and other disciplines. Recently,
nonlinear difference equations have been studied by many authors (see for exam-
ple, [2], [3], [5], [6], [14], [16]). Some known difference equations can be found, for
example, in [14], [16] and references therein:

e The flour beetle population model:

Tpis = ATpio + b:cne_(cz“ﬁdx"), neN

where a,b,c,d>0and c+d >0

e The generalized Beddington-Holt stock recruitment model:

bxn—l
1+ cxp_q1 +dz,

Tptl = ATy + , xg,x1 >0, neN

where a € (0,1), b€ R} and ¢,d € Ry with ¢ +d > 0.
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e The delay model of a perennial grass:
Tpy1 = axp + (b+ cxp_1)e™, neN
where a,c € (0,1) and b € R;..
These suggest considering the k-th order nonlinear difference equation:
Totk = f(@n, Tty ooy Tpik—1), mEN, (1)

with the initial values xg, x1, ...,z € X, where (X, d) is a metric space, k € N* and
f: Xk X.

The equation (1) can be studied by means of a fixed point theory in view of the
fact that * € X is a solution of (1) if and only if z* is a fixed point of f, that is,

¥ = f(z*,x", ..., x")

One of the most important results on this direction has been obtained by S. Presi¢
in [11] which is a generalization of Banach contraction mapping principle:

Theorem 1.1. ([11]) Let (X,d) be a complete metric space, k a positive integer,
oy, a9, .., 0 € Ry, Zle ai=a<1and f: X¥ = X a mapping satisfying

d(f(@o, 21, s Tk—1), f(T1, T2, ..., 71)) < crd(wo, 71) +azd(w1, 12)+... +agd(g—1, Tk

for all xg,x1, ...,z € X.
Then:
1) f has a unique fized point x* € X.
2) the sequence {xy}n>odefined by

Tnt+k = f (xn7$n+17 -~-7xn+k71) , neN (2)
converges to x* for any xg,x1,...,xx_1 € X and

limz, = f (limx,,limz,, ..., limz,).

Afterward, some generalizations of Theorem 1.1 were established ([4], [11], [13] and
references therein). An important generalization result was obtained by Ciri¢ and
Presi¢ in [4]:

Theorem 1.2. ([4]) Let (X,d) be a complete metric space, k a positive integer and
f: X* = X a mapping satisfying the following contractive type condition

d(f(x1,29, ..., xk), f(z2, 23, ..., Thr1)) < Amax{d(z;,xi41) : 1 <i <k} (3)
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where k € (0,1) is constant and x1,x2, ...,xp+1 are arbitrary elements in X. Then
there exists a point x in X such that f (x,z,...,x) = x. Moreover, if x1,x2, ..., Tp11
are arbitrary elements in X and forn € N

Ttk = [ (Tny Tng1s ooy Tntk—1)
then the sequence {xy}o° | is convergent and
limz, = f (limx,,limz,, ...,limz,)
If in addition we suppose that on diagonal A € X*,

d(f(u,u,...,u), f(v,v,...,v)) < d(u,v)

holds for all u,v € X, with u # v, then x is the unique fized point of f in X with

f(z,z,..,z)==x.

In this paper, we first prove a fixed point theorem for mappings satifying nonlinear
contraction of Presi¢ - Ciri¢ type in complete metric spaces which is a generalization
of Theorem 1.2. Then we present this result in the context of ordered metric spaces
by using monotone non-decreasing mapping.

2. MAIN RESULTS

Let @ denote all functions ¢ : [0, 00) — [0, 00) satisfying
(i) ¢ is continuous and non-decreasing,

(ii) > ¢! (t) < oo for all ¢ € (0, 00).
1=l

Lemma 2.1. ([8]) Suppose that ¢ : [0,00) — [0,00) is non-decreasing. Then for
every t > 0, lim,, 0™ (t) = 0 implies ¢(t) < t.

The property (ii) of ¢ implies lim,,_,~¢™ (t) = 0 for every ¢t > 0. Therefore, by
Lemma 2.1, ¢ € ® then ¢(t) < t for every t > 0.

2.1. FIXED POINT THEOREM OF PRESIC — CIRIC TYPE

In this section, we prove a fixed point theorem which is a generalization of The-
orem 1.2.
Theorem 2.2 Let (X, d) be a complete metric space, k a positive integer and map-
ping f : X* — X . Suppose that there exists p € ® such that

d(f(xl,x% ...,ﬂfk),f(l'Q,l’g, --ka-‘rl)) S (maX{d(xivxi+1) 11<e< k}) (4)
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forallxy,xg, ...,z € X. Then there exists a point x in X such that f (z,x,...,x) =
x. Moreover, if x1,x2,...,x,+1 are arbitrary elements in X and for n € N

Tytk = f (Tns Tty ooy Tnyk-1)
then the sequence {x,}5° | is convergent and
limz, = f limz,, imz,, ..., limz,)
If in addition we suppose that on diagonal A € X*,

d(f(u,u,...,u), f(v,v,...,v)) < d(u,v) (5)

holds for all u,v € X, with u # v, then x is the unique fixed point of f in X with
f(z,x,...,x)=x.

Proof. Let x1,x2, ...,z be k arbitrary points in X. We define the sequence {z,} as
follows

Tpgk = f(Tny Tngts oo Tngk—1), n=1,2,...
Set 6 = max{d(x1,x2),d(x2,23),....,d(TK,xp11)}. U1 =20 = ... =0} =2}31 =7
then z is a fixed point of f.Thus, we may assume that x1, 9, ..., T, Tr41 are not all
equal, that is, 6 > 0.
By the assumptions, we have the following estimations:

d(f(xy,x9,...,xk), f(z2, 23, ..., Tk11))
¢ (max{d(x1,x2),d(x2,23), ..., d(Tk, Tp1+1)})
p(0) <0

d($k+1, 55k+2)

VANVA

d(f(l'2,$3, ...,.’I}k+1),f($3,$4, ...,$k+2))
¢ (max{d(z2, x3), d(z3, x4), ..., d(Tk+1, Th42)})
¢ (max{0,p(0)}) = ¢ (0) <0

d(zps2, Tpys)

IN A

d (f(mk, L1y ey xzk,l), f(a,’kJrl, L2y «eey ajgk))
® (max{d(:rk, xk+1)7 d($k+1, xk+2)7 ey d(ka:fl, ka)})
¢ (max{f,¢(0),...,0(0)}) = ¢ (0) <0

d(Tok, Tok+1)

VANVAN
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d(f(@rg1, Thyo, s Tor)s [(Tht2, Thg3s oo T2kt 1))

d(xok41, Tok42)

< o (max{d(@ri1, Try2), d(Tri2, Thy3), s d(Top, Topr1)})
< (max{p(0),9(0),....0(0)}) = ©* (0) < ¢ (0)
and so on
d(xnk-l—lvxnk—i—Q) S S@”(G)’ n Z 1
or

d(tns1,2n42) < @l1)(0), n >k (6)
By the property (ii) of ¢, we have

lim d($n+1, 1’n+2) =0 (7)
n—00

For any n,p € N,n > k, we have

d(ina xn-{—p) < d(xnv xn—i—l) + d(xn—i-h xn—i—?) + ...+ d(xn—&—p—la xn—&-p)
n+p

< el10) + i) + ..+ o[ ]0) (8)

-1 -2
l:[nk ] andm:[n—kz]

Set

then [ < m. From (8), we have

AT, Tnip) < O10) +¢(0) + .0 ()

k times
+HO) + T O) + .. PT(0)
k times
+...+"(0) + ™ (0) + ... ()
k times
SO .
d(@n, pip) <k Y 0" (0) (9)
i=l
By the property (ii) of ¢, we have
li ) =
fim D¢t =0
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and, in view of (9), we have d(zy, Tntp) = 0 as n — co. This means that {z,} is a
Cauchy sequence. Since X is complete, there exists € X such that

lim z, =z (10)

n—oo

We have

d(f(Tn, Tnt1s ooy Tnak—1), f(x, 2, ...i 7))

d(f(Zns Trt1s oo Tngk—1), f(Tntts oos Trgk—1, 7))
Fd(f(Tnt1s o Tnak—1, ), f(Tnt2, s Tngk—1, T, T))
+.o. +d(f(Tntk—1,2, oy ), f(z, 2, ..., T))

d(xptk, f(z, 2, ..., 7))

IN

Therefore, by (4), we have

d($n+k7f(x7x7 ,.’E)) < ¥ (max{d(mn,:cn+1), ...,d($n+k_2,$n+k_1),d($n+k_1,x)})
+¢ (max{d(zpt1, Tnt+2)s .o, d(Tpir—1,2),d(z,z)})
+... (max{d(anrkfh l'), d(l’, .T), ey d(x7 .Z')})

Taking n — oo and using (7), (10) and the property of ¢, we have d (z, f(z,z, ..., x)) <
0, i.e.,
d(z, f(z,z,...,2)) =0

That implies z = f(z, z,..,z), i.e., x is a fixed point of f.
Let us assume that there exists y € X such that y = f(y,y,...,y). Suppose that
y # x, using (5) , we have

d(x,y) = d(f(l‘,$, "'7$)7f(yaya 73/)) < d(x,y)

which is a contraction. Thus, x = y, i.e., x is the unique fixed point of f.

Remark 2.3. In Theorem 2.2, taking ¢(t) = At for all t € [0, 00) with A € (0,1) we
get the result of Ciri¢ and Presi¢ (Theorem 1.2)

2.2. FIXED POINT THEOREM OF PRESIC — CIRIC TYPE IN PARTIALLY ORDERED
METRIC SPACES

In this section, we extend Theorem 2.2 and prove a fixed point theorem for
monotone nondecreasing mappings in the context of ordered metric spaces.

Let (X, <) be a partially ordered set. Consider on X* the following partial order:
for (xla Z2, ..., l‘k‘)a (ylv Y2, -+ yk) in Xk

(1,22, 0, k) © (Y1, Y2, Uk) & @1 2 Y1, T2 2 Y2, T S Yk
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Definition 2.4. Let (X, <) be a partially ordered set and f : X* — X. f is said to
be monotone non-decreasing if for all (x1, T2, ..., x1), (Y1,Y2, .. y) in X*

(xlaan ,.’L'k) C (?ley% 7yk) = f($17$27 7$k) = f(ylay27“'7yk)

Theorem 2.5. Let (X, X) be a partially ordered set and suppose there is a metric
d on X such that (X,d) be a complete metric space, k is a positive integer and the
mapping f : X* — X . Suppose that there exists ¢ € ® such that

d(f(ylay27 "')yk)v f(y27y3a "'7yk+1)) < (max{d(yi’yi+1) 11<i< k}) (11)

for all y1,y2, .., ypr1 € X and y1 2 y2 = oo 2 Yky1-
Suppose either

(a) f is continuous or

(b) X has the property: if {x,} is a monotone non-decreasing sequence, x, — x
then x, =< x for all n.

If there exist k elements x1, o, ...,z € X such that

x1 229 2 .. Rz and g X f(x1, 29, .0 2k)

Then there exists a point x in X such that f (z,x,...,x) = x.
If in addition we suppose that on diagonal A € X*,

d(f(u,u,...,u), f(v,0,...,v)) < d(u,v)

holds for all u,v € X, with u # v, then x is the unique fized point of f in X with
f(z,z,..,z)=x.

Proof. Let x1,xs, ...,z be k points in X such that
x1 X wo X ... R xp and vy, X f(T1, 22, .0y Tk)

Denote
Tpr1 = [ (z1, 22, ..., 2k) = X
Tht+2 = f (xg,xg, --kaJrl) t f (a:l,a:Q, ,J}k) = Tk+1

Continuing this process, we obtain the sequence {z,} with

Int+k = f (xnaxn—l-l, -'-7xn+k71) , n=1,2,..

and
12 = .. Xz, < (12)

243



N. V. Luong and N. X. Thuan - Fixed point theorems of Presi¢ - Ciri¢ type

Set 6 = max{d(z1,z2),d(x2,23),...,d(xg, xp11)}. a1 =20 = .. =2 =2p41 =
then «x is a fixed point of f. Thus, we may assume that x1,xa, ..., Tk, Tx41 are not
all equal, that is, 6 > 0.

From (12) and (11), we have the following estimations:

d(pt1,Tkt2) = d(f(z1, 22, 2k), f(T2, T3, oy Tht1))
< @ (max{d(z1,z2),d(x2,x3), ..., d(Tk, Tk+1)})
< p(0) <0

d($k+2, xk+3) = d (f($2’ L3y ey xk—&-l), f($37 Lhyeeey l‘k+2))
¢ (max{d(x2,x3),d(x3,24), ..., d(Tp11,Tr12)})
¢ (max{f,p(0)}) = ¢ (0) <0

d($2k7x2k+l) = d(f('rkvxk-‘rla"'7x2k—1)7f($k‘+1733k+27"'7x2k))
¢ (max{d(zy, Trt1), d(Tpy1, Thg2), -or d(To—1, Tok) })
¢ (max{0,p(0),....0(0)}) = ¢ (0) <0

VANVAN

d (f(xk‘—i-l, TE42y vy ka)v f($k+2, Tp+35 -+ $2k+1))
o (max{d(zgy1, Thy2), d(Tht2, Thy3), - d(T2k, Tk 11) })
@ (max{p(0), 0(0), ..., 0(0)}) = ¢* () < ¢ (6)

d(xok+1, Tok+2)

IN A

and so on
d($nk+la$nk+2) < ()0”(9)7 n > 1

d(@ni1,2ns2) < @lE1(0), n >k (13)

By the property (ii) of ¢, we have

lim d(xp41,2n42) =0 (14)

n—oo

For any n,p € N,n > k, we have

IN

d(Zn, Tny1) + d(Tpi1, Tny2) + .o+ d(linﬂvfla xnﬂ?)
n+p—2

e T1(0) + olE(0) + .. + o F(0) (15)

d(@n, Tnip)

IN
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Set

-1 -2
l:[nk ] andm:[nJrZ]

then | < m. From (15), we have

AT, Tnip) < OH0)+¢H(0) + .0 (0)

-~

k times
+HO) + T O) + . T(0)
k times
Fo @7 (0) + 9™ (0) + .. 0™ (6)
SO m
d(wn, onip) <KD 4" (0) (16)

1=l

By the property (ii) of ¢, we have

and, in view of (16), we have d(zy, Zn+p) — 0 as n — oo. This means that {z,} is
a Cauchy sequence. Since X is complete, there exists x € X such that

lim z, =z (17)

n—oo

Now, suppose that the assumption (a) holds. We have

x=lm x,1p = Um f(zn, Tni1,.r, Tnik—1)
= f(nli)rloloxnvnlgrgoxn-f—l; "'77}LI{:O‘TTL+’€71) = f(x7x7 71.)

Finally, suppose that the assumption (b) holds. Then x,, < x for all n (since x,, — x
as n — 00).
By (11), we have

d(xn—i-kv f(xv Lyeney I’)) d(f(xny L1y -0y $n+k—l)> f($> Zy..., .CU))
d(f(l’n, Lpt1s-ees xn-i-k—l)’ f($n+1a cooy Tntk—1, J?))
+d(f(l'n+1, sy Tntk—15 $)> f(xn+2a cey Iptk—1,T, :E))

+...—|—d(f(a:n+k_1,x,...,x),f(x,x,...,:n)) (18)

IN
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Therefore, by (11) and (12), we have

d($n+k7f(x7x7 7x)) S @(max{d(l‘nuxn-l-l))~-"d(xn+k—2amn+k—1))d($n+k—lax)})
+¢ (max{d(znt1, Tnt2)s .o, d(Tpik—1,2),d(z,z)})
+... + o (max{d(xpik_1,2),d(z,2),...,d(x,2)})

Taking n — oo and using (14), (17) and the property of ¢, we have d (z, f(z,z, ...,x)) <
0, i.e.,
d(z, f(z,z,..,x)) =0

That implies z = f(z,z,..,z), i.e., x is a fixed point of f.
The uniqueness of the fixed point x is shown as in the proof of Theorem 2.2.

Corollary 2.6. Let (X, =) be a partially ordered set and suppose there is a metric
d on X such that (X,d) be a complete metric space, k is a positive integer and the
mapping f: X* — X . Suppose that there exists A € (0,1) such that

d(f(y17y27 '--7yk)7f(y2,?/37 "'7yk+1)) S )\ma‘x{d(yhyi-i-l) 01 S ) S k;} (19)

for all y1,y2, ., ykr1 € X and y1 2 ya 2 oo X Ygr1-
Suppose either

(a) f is continuous or

(b) X has the property: if {z,} is a monotone non-decreasing sequence, x,, —
then x, < x for all n.

If there exist k elements x1,xa, ...,z € X such that

x1 X we X ... R xp and v, X f(x1, 22, .0y Tk)

Then there exists a point x in X such that f (z,x,...,x) = x.
If in addition we suppose that on diagonal A € X*,

d(f(u,u,...,u), f(v,0,...,v)) <d(u,v)

holds for all u,v € X, with u # v, then x is the unique fixed point of f in X with
flz,z,...,z) =x.

Proof. In Theorem 2.5, taking ¢(t) = M for all ¢ € [0, 00), we obtain Corollary 2.6.

Example 2.7. Let X = {0,1,2} with the usual metric d(z,y) = |z — y| for all
x,y € X. Then (X,d) is a complete metric space. Consider on X the partial order:

zyyeX, z=y & z,y€{0,1} andx <y
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where < be the usual order.

Then X has the property: if {z,,} is a monotone non-decreasing sequence, z,, —
then z,, < z for all n.

Define f : X? — X as follows:

f(0,0):f(O,l):f(l,l):f(l,()):f(2,2):0
f00,2) = f(2,1) =1, f(1,2) = f(2,0) =2

Obviously, f is monotone non-decreasing. Let ¢ : [0,00) — [0,00) be given by
p=t/2 for all t € [0, 00).

If y1,92,y3 € X with y; < y2 S y3, theny1 =yo =y3 =0o0ry; =yo =yz =1 or
y1=vy2=0,y3=1ory; =0,y = y3 = 1.
In all cases, we have d(f(y1,y2), f(y2,¥3)) =0, so

d(f(y1,v2), f(y2,93)) < o (max{d(y1,y2),d(y2,3)})

Also, d(f(0,0),f(l, 1)) =0<1= d(ov 1)7 d(f(0,0),f(2,2,)) =0<2= d(07 2) and
d(f(1,1), f(2,2)) =0<1=4d(1,1).

Therefore, all the conditions of Theorem 2.5 are satisfied. Applying Theorem 2.5
we can conclude that f has a unique fixed point in X. In fact, 0 is the unique fixed
point of f.

However, the condition (4) does not hold when z; = 29 = 1,23 = 2. In fact,

¢ (max{d(1,1),d(1,2)}) = p(1) < 1 <2=4d(f(1,1), f(1,2)).

for every ¢ € ®.
Therefore, we can not apply this example to Theorem 2.2.

Example 2.8. Let X = R with the usual metric d(z,y) = |z — y| for all z,y € X.
Consider on X the usual partial order. Then (X, d) is complete and X has property:

if {x,,} is a monotone non-decreasing sequence, x,, — = then z, < x for all n.
Let f: X? — X be given by

flz,y) = %, for allz,y € X

Clearly, 0 is the unique fixed point of f. However, f is not monotone non-decreasing,
so we can not apply Theorem 2.5. For all z,y, 2z € X, we have

r—vy y—z

. y < 11rnax{d(x,y),d(lh z)}.

d(f(x,y),f(y,z)) = =3

4+4

r—y z—ﬂ
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Thus, f satisfies (11) with ¢(t) = ¢/2 for all t > 0.

Obviously, for all z # y, d(f(x,z), f(y,y)) < d(x,y). Therefore, all the conditions
of Theorem 2.2 are satisfied. Applying Theorem 2.2 we can conclude that f has a
unique fixed point in X.

Acknowledgement. The authors are very much thankful to the referees for their
valuable suggestions in preparing this manuscript.
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