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ABSTRACT. By using subordination theorems for analytic functions we de-
rive several subordination results for certain classes of analytic functions defined
by the differential operator of fractional power introduced by Rabha W. Ibrahim
and Maslina Darus.
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1. INTRODUCTION AND PRELIMINARIES

Let H be the class of functions analytic in the open uit disk U = {z : |2| < 1}
and let for n € N and a € C, H(a,n) be the subclass of H consisting of functions of
the form f(2) = a+ apz" + app12" ™+ -+ Let

A, = {f eH, f(Z) =z+ an-&-lzn+1 + an+22n+2 +-- }

and let 4; = A.

Let S denote the class of functions in A which are univalent in the unit disk U
and normalized by the conditions f(0) = 0 and f’(0) = 1. Suppose f and g are
analytic in . We say that the function f is subordinate to g and write f < g if
there exists a Schwarz function w(z), analytic in ¢ with w(0) = 0 and |w(z)| < 1
such that f(z) = g(w(z)) for z € U. In particular, if the function g is univalent in
U, the above subordination is equivalent to f(0) = ¢(0) and f(U) C g(U).

In [5], R.W. Ibrahim and Darus introduced the class A} and A, which are
defined as follows:
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The class A} consists of normalized analytic functions F'(z) in U/ which are of the
o

form F(z) =z + Zamaz”*a*l where apo = 0, a;,1 = 1 and the class A consists

n=2
oo
of normalized analytic functions F(z) in U of the form F(z) = z — Z ana2" 7Y
n=2
. . n+m
anao > 0;n =2,3,... where o > 1 takes its values from the relation o = )
m
m € N.

Also the authors [5] introduced the differential operator D’Oi ) for f(2) € AL [5]
which is defined as follows:

oo
D[0)47AF(Z) =F(z)=z+ Zan’azn—&-a—l’ azlA<a
n=2

Do pF(z) = (A —a+1)F(2) + (a — X)zF'(z)

=z+ Z[(Oz AN (n+a—2)+ 1a, 42"
n=2

D(];AF(Z) = D(Dk—lF(z)) =z+4+ i[(a - N(n+a-2)+ 1]anyazn+a—1'
n=2

Ali et al. [1] used the results obtained by Bulboaca [3] and gave the sufficient
conditions for certain normalized analytic functions f € A to satisfy

a(2) < 2f'(2)

q1(0) = 1 and ¢2(0) = 1.
The purpose of this paper is to apply a method based on the differential subor-
dination in order to derive sufficient conditions for F € A} and F € A to satisfy

< @q2(z) where ¢; and g2 are given univalent functions in U with

147
(DZ)\F(Z))/ (DQjF(z)) <q(z) for 0 <r <1 and for every z€U.
where ¢ is a given univalent function in & with ¢(z) # 0.

In order to prove our subordination results, we make use of the following known
results.

Theorem 1. [7] Let the function q be univalent in the open unit disk U and 0
and ¢ be analytic in a domain D containing q(U) with ¢(w) # 0 when w € q(U).
Set Q(z) = 2¢'(2)P(q(2)), h(z) = 0(q(2)) + Q(z).

Suppose that
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1. Q is starlike univalent in U, and

2. Re{th/((;))} >0 forzeU.

If 0(p(2)) + 20/ (2)p(p(2)) < 0(q(2)) + 24 (2)P(q(2)), then p(z) < q(z) and q is the

best dominant.

Definition 1. [7] Denote by Q the set of all functions f that are analytic and
injective on U\E(f), where E(f) = {C € 0 U : lin%f(z) = oo} and are such that
2=

f1(¢) # 0 for ¢ € IUNE(S).
Theorem 2. [9] Let q(z) be convex univalent in the unit disk U and ¢ and

‘ 2q"(2) | ¢ ‘ .
0 CwithRql+ + = ¢ > 0. If p(2) is analytic in U and Pp(z) +0zp'(2) <
Yq(z) + 024/ (2), then p(2) < q(z) and q is the best dominant.

q(z) 0

Theorem 3. [3] Let the function q be univalent in the open unit disk U and v
and ¢ be analytic in a domain D containing q(U). Suppose that

v'(q(2))
1. §R{ 5q(2) } >0 for z €U and

2. 2q'(2)d(q(2)) is starlike univalent in U.

If p € H[q(0),1] N Q, with P(U) C D, and v(p(2)) + zp'(2)d(p(z)) is univalent in U

and v(g(2)) + 24'(2)0(a(2)) < v(p(2)) + 20/ (2)6(p(2)) then q(=) < p(z) and q is the
best subordinant.

2. SUBORDINATION AND SUPERORDINATION BETWEEN ANALYTIC FUNCTIONS

Theorem 4. Let the function q(z) be analytic and univalent in U such that

/
2q'(2)
is

q(z)

q(z2) #0 YV z € U and let 6 be a non-zero complex number. Suppose that

starlike univalent in U and

2q"(z)  2d'(2)  a(2) cals 2, .
%{1—# 70 ) + 5 (b4 2cq(2) + 3dg~( ))}>07 b,c,d € C. (1)
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Let

14y
Paa(0:7, F)(z) = a+ (D4 1 F(2) (D’%F())

[ 14472 14413
c k 2)) < k 2)) <
#e |Phare) (ang)) ] +d [(Dh\F(2) (D,;Y’Ap(z)) ]
-Z(DQ,AF(Z’))” Z(DQ,,\F(Z))/
o, ey Y (1 ANGE )] .
If F € AL satisfies the subordination:
@’;7/\(5, v, F)(2) < a+bq(z) + cqz(z) + dq3(z) + (52325)
then for 0 <~ <1,
1+y
k ! z
(Do AF(2)) (W) < q(2) (3)

and q is the best dominant.

Proof. Let the function p be defined by

14+
Z()) , z2€U,z#0,Fe AL, DF \F(2) #0.
Z b

p(z) = (DI;,,\F(Z))/ (w

By a straight forward computation, we have,

/ 2(DF 2)) ~(DF 2))
zp (Z) (Da,)\F( )) + (1 +7) (1 . (‘Da,)\F( )) )

p(z) (wa\F(z))’ DQ,AF(Z)
)
By setting 6(w) := a + bw + cw? + dw? and ¢(w) = ke # 0 it can be verified that

6 is analytic in C and ¢ is analytic in C\{0} and ¢(w) # 0, w € C\{0}.
Also by letting

and
h(z) = 0(q(2)) + Q(z)

= a+bq(2) + cg®(2) + dg*(2) + 526],(2)

q(z)
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We find that Q(z) is starlike univalent in ¢/ and that

WY [, G ) b e, s
Re{@(zo}‘R{”q'(z) q<z>+6q“+6q“+6q“}>0'

Now

0(p(2)) + 20/ (2)$(p(2)) = a + bp(2) + ep*(2) + dp’(2) + 6L~

" 1447 2
- b(DfC,AF(Z)), ((z)) +c (DZ,\F(z)), (W) ]

DfMF

3

14
k / z

ADyAF(2)"

DR F)

Assertion (3) of the theorem follows by an application of Theorem 1.

1+ Az 1+2\"
For the choi = _——— -1<B<A<1 =
or the choices ¢(z) 11 B2 S < < 1 q(z) <1—z>’

1 # 0 and ¢(z) = e#4%, u # 0, in Theorem 4, we get the following results.

Corollary 1. Let 6 be a non-complex number. Assume that (1) holds and q is
convex univalent in U. If F € AT and

2
(6.7, F)(2) < a+ b2 c{””ﬂ

1+ Bz 1+ Bz
d 1+ A4z2]° 2(A - B)
1+ Bz (1+ Az)(1+ Bz)’

where ¢§7A(5,7,F) is defined as in (2), then for 0 <~y <1,

k ! z e 1+ Az A 1+ Az .
(DCMF(,Z)> W =< 5B -1<B<A<1 and T B 18 the best

dominant.
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Corollary 2. Let § be a non-zero complex number. Assume that (1) holds and
q is convex univalent inU. If F € A} and

1 H 1 2u
@Z}A((S,'y,F)(z) < a—i—b( +Z> +c <1ti)

1-=2
142\ 2011z
+d<1—z> +(1_22), forzeld,u#0
then -
gl
! z 1+ 2\"
DEF) s | <
( on(2) (D’Oi’/\F(z)> <1z>
1 H
and q(z) = <1 + Z> is the best dominant.
-z

Corollary 3. Assume that (1) holds and q is convex univalent inU. If F € AL
and

<I>§7/\(5, v, F)(2) < a+ bet? + ce? A% 4 de3HA? 4 15Az, for z €U, n#0
then
, . 1+~
<Dk )\F(z)) _— < ehA?
“ D} F(2)
and q(z) = e** is the best dominant.
Remark 1. Letting r = 0 and k£ = 0 in Theorem 4,
z

14~
(DQ,AF(Z)> (W

q(2), z €U, and F(z) # 0 and ¢(z) is the best dominant.

F
< q(z) reduces to the result in [4] which is ZT =<

Theorem 5. Let the function q be convex univalent in the unit disk U such that

2q"(z) 1
Re<1 = 0, 0#0 4
€{+q/(z)+5>’ # (4)
14y
k ! z . . .
Suppose  that (Da’)\F(z)) <DkF(z)> is analytic in the disk U. If
A
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F € A, satisfies the subordination

, I+ I+y
k ) — k 5 = k P ' 2
%@(57 Y, F)( ) (Da,)\F( )) <D§7AF(Z)> + 0 (DQ’AF( )) (D(’;’)\F(Z)>

2(D} \F(2))" 2Dk \F(z)) /
{%F(z))’””” YD () } =< q(2) + 824 (2).

Ly
! z
k k ;
Then <Da7)\F(z)) ( P (z)) =< q(2) (2 €U, D F(z) #0) and q is the best

dominant.

Proof. Let the function p be defined by

1+v
o= (Dt F() [=—2—) | DE F(z) 20,2l
p(z) = (DEAF(:)) (D’;;AF(z)) AF(2) #0.2 €

By setting ¢ = 1, it can be observed that

14y
p(2) + 82p'(2) = (DEAF(2)) <m>

I+ k "
/ z Z(Da,)\F(Z))
+5(Phar ) (Dz,AFo:)) { ok Fy T

< q(z) + 02q'(2).
Assertion of Theorem 5 follows by an application of Theorem 2.

Corollary 4. Assume that (4) holds and q is convezr univalent inU. If F € A
and

1+ Az 6z(A—B)
1+ Bz (14 Bz)?

a7, F)(z) <

then

, 14+ 144
DF F ) __c —raE —-1<B<A<I1
( aF'(2) <D§ /\F(z)) = 14 Bz’ S8<AS

14+ Az

and q(z) = T+ Bs

1s the best dominant.
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Corollary 5. Assume that (4) holds and q is conver univalent inU. If F € A]

and I3 et
1+ 2 2poz _ (1+2\"
k F
Pax(0,7, F)(z) < <1—z) * (1—22) (1_Z)

for z €U, u+# 0 then

! z e 2\ *
(DQ,AF(Z)) (W) = sz)

m
> 1s the best dominant.

and q(z) = <1+Z

—z

Corollary 6. Assume that (4) holds and q is convezr univalent inU. If F € A

14~
/
and YF | (8,7, F)(2) < et 4-0puAzetA? forz € U, p # 0 then (Di /\F(z)> (2()> <
b b Z

k
Dy \F

et and q(z) = e*4% is the best dominant.

Remark 2. By taking £k = 0 and v = 0 in Theorem 5 we obtain the result found
in [4].

Theorem 6. Let 0 be a non-zero complex number and let ¢ be analytic and

/
univalent in U such that q(z) # 0 and zq((z):) starlike univalent in U. Further, let
q(z
us assume that ) ) o
2 3

IfFeAf,

1+y
0# (DEAF(2)) (lw) € H[a(0),1]Q

and @]; \(0,7, F) is univalent in U, then

2q'(2)

q(z)

q(z) +9 = ¢§7A(5,7’ F)

implies "
z LN 209 i —
a(2) < (D \F(2) (D(’;’AF(Z)>

and q 1s the best subordinant where <I>§,)\(5,fy,F) is defined as in (2).
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)
Proof. By setting v(w) := a + bw + cw? + dw? and ¢(w) := p it can be easily
verified that v is analytic in C, ¢ is analytic in C\{0} and ¢(w) # 0 (w € C\{0}).
By the hypothesis of Theorem 3, 2¢'(2)¢(q(2)) is starlike univalent and

R e

Then the assertion of this theorem follows by an application of Theorem 3.

Combining Theorem 4 and 6, we get the following theorem.
Theorem 7. Let § be a non-zero complex number and let g1 and g2 be univalent

/ /
in U such that qi1(z) # 0 and q2(2) # 0, ¥V z € U with 26(2) and 265(?)

q1(2) q2(2)
starlike univalent. Suppose that q1 satisfies (5) and qo satisfies (1). If F € AL,

being

14~

/

(D’O““\F(z)> (DkZF(z)> € H[q(0),1]NQ, and @’3[7/\(5,7, F) is univalent in U,
a,\

then

0zq, )
ZQI(Z) = (blgé/\((s,’y,F) < q2(z) + zq (Z)

A
aH+ Gy ()

1+~
/
implies q1(z) < (Dfx/\F(z)) (DkzF(z)> < q2(z) and g1 and g2 are the best
a,A

subordinant and the dominant respectively.
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