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ABSTRACT. In this paper we derive some subordination and superordination
results involving Hadamard product for certain normalized analytic functions in the
open unit disc. Relevant connections of the results, which are presented in this
paper, with various known results are also considered.
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1. INTRODUCTION

Let H(U) be the class of analytic functions in the open unit disc U = {z € C:
|z| < 1} and let H[a,n] denotes the subclass of the functions f € H(U) of the form

f(2) = a+anz" +anp12" +.. (e € C). (1.1)

Also, let A be the subclass of the functions f € H(U) of the form:
fe) =2+ apz" (1.2)
k=2

For f,g € H(U), we say that the function f (z)is subordinate to g(z), written
symbolically as follows:

=g or f(z)=<g(2),

if there exists a Schwarz function w(z), which (by definition) is analytic in U
with w(0) = 0 and |w(2)| < 1, (2 € U), such that f(z) = g(w(z)) for all z € U.
In particular, if the function g(z) is univalent in U, then we have the following
equivalence (cf., e.g., [14]; see also [15, p.4]):

f(z) < g (2) & f(0) < g(0) and [f(U)Cg(U).
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Supposing that p and h are two analytic functions in U, let
o(r,s,t;2) : C3 x U — C.

If p and o(p(2), 2p (), 2%p (2);2) are univalent functions in U and if p satisfies the
second-order superordination

h(z) < @(p(2), 20 (), 2P (2); 2), (1.3)

then p is called to be a solution of the differential superordination (1.3). (If f is
subordinate to F', then F' is superordination to f). An analytic function ¢ is called
a subordinant of (1.3), if ¢(z) < p(z) for all the functions p satisfying (1.3). A
univalent subordinant ¢ that satisfies ¢ < ¢ for all of the subordinants ¢ of (1.3), is
called the best subordinant (cf., e.g.,[14], see also [15]).

Recently, Miller and Mocanu [16] obtained sufficient conditions on the functions
h, g and ¢ for which the following implication holds:

k(2) < o(p(2), 2p (2), 2% (2): 2) = q(2) < p(2). (1.4)

Using the results Miller and Mocanu [16], Bulboaca [6] considered certain classes
of first-order differential superordinations as well as superordination preserving inte-
gral operators [5]. Ali et al. [1], have used the results of Bulboaca [6] and obtained
sufficient conditions for certain normalized analytic functions f(z) to satisfy

2f'(2)
f(2)

where ¢; and ¢y are given univalent functions in U with ¢;(0) = 1. Shanmugam et al.
[24] obtained sufficient conditions for normalized analytic functions f(z) to satisfy

f(z2)
2f'(2)

where g1 and g9 are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.
For functions f(z) € A, given by (1.1), and g(z) € A defined by

q1(2) < < q2(2), (1.5)

q(z) < < q2(2),

g(z) =2+ bi2*, (1.6)
k=2
then the Hadamard product ( or convolution ) of f(z) and g(z) is given by

(f*9)(z) =2+ ) arbiz® = (g% f)(2) - (1.7)
k=2
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For functions f,g € A, we define the linear operator DY : A - A (A > 0,n €
No=NU{0},N={1,2,..})by:

= (fx9)(2),18 (1)
= Da(fxg)=0=N(fxg)(z) +Az(f*g9)'(2) (A >0),

(1.9)

and (in general)
Di(f*g)(z) = DDy ' (f*g)

= 24> [+ Ak - D) apbez” (A > 0;n € Ny).
k=2
1.10 (2)

From (1.10) it is easy to verify that

A2(DR(f * 9)(2)) = DYTH(f * 9)(2) — (1 = N)DX(f * 9)(2) (A > 0;n € No). (1.11)
The operator DY (f * g)(z) was introduced by Aouf and Seoudy [3].

We observe that the linear operator DY (f * g)(2) reduces to several interesting
many other linear operators considered earlier for different choices of n, A and the
function g (z2):

(1) For g(z) = ﬁ, we have DY (f x g)(z) = DY f(z) reduces to

o
DY f(z Z 1+ Xk ak.z:k7
k=2

where DY is the generalized Salagean operator (or Al-Oboudi operator [2]) which
yield Salagean operator D™ for A = 1 introduced and studied by Salagean [22];
(74) For n =0 and

oo

g(z) =2+ Ti(on)s* (1.12)

k=2

(ai €eCi=1,..,¢:8 € C\Zy ={0,-1,-2,...};5 =1, ...,
g<s+1;q,s€Nyp;z€U),

where
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o ()p—1(0g)r—1
Li(on) = (B k=1---(Bs)k—1(1)k—1 (1.13)
and
g _LO+v) 1 (v =0;0 € C* = C\{0}),
(), = IN()) _{ 00 —1)...0+v—1) (reN;0eC),

we have DS(f*g)(z) = (f*g)(z) = Hys (o1; B1) f(2), where the operator Hy s (a1; 51)
is the Dziok-Srivastava operator introduced and studied by Dziok and Srivastava
[8] ( see also [9] and [10]). The operator Hy s (v1;31), contains in turn many in-
teresting operators such as, Hohlov linear operator (see [11]), the Carlson-Shaffer
linear operator (see [7] and [21] ), the Ruscheweyh derivative operator (see [20]),
the Bernardi-Libera-Livingston operator ( see [4], [12] and [13]) and Owa-Srivastava
fractional derivative operator (see [19]);

(#4i) For g(z) of the form (1.12), the operator DY(f * g)(2) = DY (o, 1) f(2),
inroduced and studied by Selvaraj and Karthikeyan [23].

The main object of the present paper is to find sufficient condition for certain
normalized analytic functions f(z) in U such that (f*W)(z) # 0 and f(z) to satisfy

DR(f = ®)(2)
DYFH(f *)(z)

q(z) < < q2(2),

o0
where ¢; and g9 are given univalent functions in U and ®(z) = z + > \p2F, ¥(z) =
k=2

o0

24 3 ppz¥ are analytic functions in U with A\g > 0, pg >0 and A\g > pp (k> 2).
k=2

Also, we obtain the number of known results as their special case

2. PRELIMINARIES

In order to prove our subordination and superordination results, we make use
of the following known definition and lemmas.

Definition 1 [16]. Denote by Q the set of all functions f(z)that are analytic and
injective on U \ E(f), where

E(f)={¢:¢€dU and lg f(z) = o0}, (2.1)

and are such that f'(¢) # 0 for ¢ € U \ E(f).
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Lemma 1 [15]. Let the function q(z) be univalent in the unit disc U, and let 6 and
@ be analytic in a domain D containing q(U), with p(w) # 0 when w € q(U). Set

Q(2) = 2¢' (2)¢(q(2)), h(z) = 0(q(2)) + Q(2) and suppose that
(i) @ is a starlike function in U,

3 zh (z)
(ii) Re( 00 > >0 forzeU.
If p is analytic in U with p(0) = ¢(0), p(U) C D and
0(p(2)) + 20" (2)9(p(2)) < 0(a(2)) + 2¢'(2)¢(a(2)), (2:2)

then p(z) < ¢(z), and ¢ is the best dominant .

Lemma 2 [6]. Let q(z) be a convex univalent function in the unit disc U and let
¥ and ¢ be analytic in a domain D containing q(U). Suppose that
19/
(i) Re{ (q(z))} > 0 for z € U;
(q(2))
(ii) 2¢'(2)p(g(z)) is starlike in U.
If p e H[q(0),1] N Q with p(U) C D, and ¥(p(2)) + 2p'(2)p(p(z)) is univalent in U,
and

I(q(2)) + 24 (2)p(a(2)) < 9(p(2)) + 20" (2)p(p(2)),

then ¢(z) < p(z), and ¢ is the best subordinant.

3. SUBORDINATION AND SUPERORDINATION RESULTS

Unless otherwise mentioned we shall assume throughout the paper that A >
0,7v4 # 0,791, Y2, 73 be the complex numbers and n € Nj.

Theorem 1. Let &,V € A and g be conver univalent in U, with q(0) = 1. Suppose

that .,
V3, 27 2q (%)
Re +— + 1+ >0 (z€U). 3.1
{74 242 ( M)} (=€) 3.)
If f(z) € A satisfies the subordination:
CUf @, 1, X v, 72,7, 74) <+ 7202 (2) +93a(2) +yazd (2), (3:2)
where

C<f7¢7@7n7A771772a73774) =
2
Dy(f *®)(2) D(f * ) (2)
nr <D§+1(f*\1')(2)> DI (F ) (z)

D)) DEP( )| (D)) ) L
DI D] \Dp )

A
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then
D (f * ®)(z)
DY (f + 0)(2)
and ¢(z) is the best dominant of (3.2).
Proof. Define the function p(z) by

L D))
PE) = o ) (2)

<q(2) (3.4)

(z € U). (3.5)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, by making use of
(3.5), we have

2
DY(f * ®@)(2) DY(f = @)(2)

DyFY(f*@)(2)  DYP(f*¥)(2)| [ Dy(f*®)(2)
DY(f#®)(z)  DYFH(fxW)(2) | \DYTH(f*¥)(2) )
=+ 720 (2) + 73p(2) + a2 (2). (3.6)
By using (3.6) in (3.2), we have

74
A

Y1 4 720 (2) + 13p(2) + 7220 (2) < 71+ 120*(2) + v3q(2) +azq'(z) . (3.7)

By setting
0(w) = v1w*(2) + ysw and P(w) = 4,

it can be easily observed that (w) and ¢(w) are analytic in C* and that ¢(w) # 0.
Hence the result now follows by an application of Lemma 1 .

Putting A = 1 in Theorem 1, we obtain the following corollary.

Corollary 1. Let ®,¥ € A and ¢ be conver univalent in U, with ¢q(0) = 1 and
suppose that q(z) satisfy the condition (3.1). If f(z) € A satisfies the subordination:

C(f, @, 0, 0,91, 72,73, 74) < 11+ 7202(2) +13¢(2) + v42d (2),

where

C(f? (I)v \Ij7n7717’727’73774) =
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D(f#®)(z) \*, _ D"(f*®)()
e <D"+1<fw>< >> T D) (2)
D(fx®)(z)  D'P(fxU)(2)] { D'(f *P)(2)
o [ Dn(f+®)(z)  DvHL(f*U)(z )} (Dnﬂ( \I/)(z)> ;3.8 (4)

then

D"(f + ®)(2)
DrHL(f % U) (2

) =< q(2)

and ¢(z) is the best dominant.

z

By fixing ®(2) = ¥(z) = 1Z; in Theorem 1, we obtain the following corollary.

Corollary 2. Let q be conver univalent in U, with q(0) =1 and suppose that q(z)
satisfy the condition (3.1). If f(z) € A satisfies the subordination:

2
DY f(z) Dyf(z) 7y |, Dif(2)-Dyf(2)
’YlMQ(D&‘“f(z)) D) T ! (D3 £(2)]?
< M+ (2) +130(2) + nazd (2),

then
DY f(2)

W < q(2)

and ¢(z) is the best dominant.

Remark 1. (i) Putting v1 = v2 = 0,73 = 1 and v4 =« in Corollary 2, we obtain
the result obtained by Nechita [18, Theorem 5];

(ii) Putting v1 = v2 = 0,73 = 1,74 = v and X\ = 1 in Corollary 2, we obtain
the result obtained by Nechita [18, Corollary 7] and improve the result obtained by
Shanmugam et al. [24, Theorem 5.1];

(iii) Putting A = 1 and n = 0 in Theorem 1, we obtain the result obtained by
Murugusundarmoorthy and Magesh [17, Corollary 2.7];

(iv) Putting A\ = 1,n = 0 and ®(z) = ¥(z) in Theorem 1, we obtain the result
obtained by Murugusundarmoorthy and Magesh [17, Corollary 2.8];

(v) Putting A = 1,n = 0 and ®(z) = ¥(z) = 1= in Theorem 1, we obtain the
result obtained by Murugusundarmoorthy and Magesh [17, Corollary 2.9];

(vi) Putting A\ =1,n =0, ®(2) =¥(2) = 1%, 1 =7 =0,13=1and 74 = vy in
Theorem 1, we obtain the result obtained by Nechita [18, Corollary 8] and improve
the result obtained by Shanmugam et al. [24, Theorem 3.1].
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Taking ¢(z) = }igi (-1 < B < A<1)in Theorem 1, we obtain the following
corollary.

Corollary 3. Suppose that

v3 2y 1+ Az 1— Bz
Red — 4+ — 0.
6{74+74 1—|—Bz+<1+Bz ~

If f(z) € A satisfies the subordination

1+ Az\? 1+ Az (A—B)z
7¢7 \Dﬂ 7A7 ) ) ) _<
C(f n, A V1,572,735 V4) 71+72<1+BZ> 731+Bz+74(1+32)2
where ((f, ®, ¥, n, A\, v1,72,73,74) is given by (3.3), then

DY (f x®)(2) <1—1—Az
D[+ w)(z) 1+ Bz

1+ Az

1+ B> is the best dominant.

and

Remark 2. Putting v = 72 = 0,73 = 1,94 = 7 and ®(2) = ¥(2) = £ in
Corollary 3, we obtain the result obtained by Nechita [18, corollary 9].
o0
By fixing ®(2) = ¥(z2) = 2+ Y Tk(a1)2*, where I'x(aq) is given by (1.13),n = 0

k=2
and A = 1 in Theorem 1, we obtain the following corollary.

Corollary 4. Let q be convex univalent in U, with q(0) = 1 and suppose that q(z)
satisfy the condition (3.1). If f(z) € A satisfies the subordination:

Cf 71,725 735 74) = 71+ 1207 (2) + 739(2) + 1a2d (2),

where
C(f: Y1572, 73, 74) -

( Hq,s 041’61 f(z) )2 Hq,s(OKl;Bl
Hg s (a3 B1) f(z)) ;

Y4

—
i
o
—~
L
= 5
=
—
g

3.11 (5)
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then
Hq,s (al; ﬁl) f(Z)

2(Hgs (15 1) f(2))

and ¢(z) is the best dominant.

=<q(2)

Remark 3. Putting v1 = v2 = 0,73 =1 and v4 = v in Corollary 4, we obtain the
result obtained by Aouf and Seoudy [3, Corollary 3].

Theorem 2. Let &,V € A and q(z) be convex univalent in U with q(0) = 1.
Suppose that

2
Re {73 + 72q(z)} >0. (3.12)
V4 Y4

If f(Z) € A such that % € H [q<0)71]mQ and C(f?q)7\117n7)\771772773774)

is univalent in U and satisfies the superordination:
Y1 + 72q2(z) + 73Q(Z) + ’)/42,’(]/(2:) < C(f7 (b7 \Ilu n, )‘> V1,772,773, 74) ) (313)

where C(f? ©7 \117 n, >‘7 V1,725,735 74) is given by (33)7 then

DR(f * ®)(2)
DYFH(f #)(z)

q(z) <

and ¢(z) is the best subordinant.
Proof. Let p(z) be given by (3.5). Simple computations from (3.5), we get,
C(f: q’: \IJ7 n, )‘a V1572573, 74) =M+ 72p2(z) + ’)/3p(2) + 74Zp/(z)7

then

Y1+ 72¢%(2) +73q(2) + 742¢ (2) < 71 + Y2p?(2) + v3p(2) + V42D (2).

By setting 9(w) = v1 + yew? + y3w and ¢(w) = 74, it is easily observed that
Y(w) is analytic in C. Also, ¢(w) is analytic in C* and that ¢(w) # 0.
Since ¢(z) is convex univalent function, it follows that

Re { Gy} = el a0} >0 e

Now Theorem 2 follows by applying Lemma 2.
Putting A = 1 in Theorem 2, we obtain the following corollary.
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Corollary 5. Let &,V € A, q be convex univalent in U, with q(0) = 1 and sup-
pose that q(z) satisfy the condition (3.12). If f(z) € A such that % €
H[q(0),1]NQ and ¢(f,®,V,n,v1,72,73,74) i univalent in U and satisfies the su-
perordination:

M+ 7263 (2) + 130(2) + 7a2¢ (2) < C(f, @00, 71,92, 73, 74)
where ((f, ®, ¥, n,v1,7v2,73,74) is given by (3.8), then

D™ (f * ®)(2)

1) D ()

and ¢(z) is the best subordinant.
By fixing ®(z) = ¥(z) = 1% in Theorem 2, we obtain the following corollary.

z

Corollary 6. Let q be conver univalent in U, with q(0) =1 and suppose that q(z)

satisfy the condition (3.12). If f(z) € A such that #ﬁ% € H[q(0),1]NnQ and
A

2
DY f(2) DYf(2) |~ D f(2).DY2 f(2)
Y+ 72 (A ) + A + 4 [1 - /\[D;L+1f/\(z)]2 ]

DY) A

Dy f(2)

is univalent in U and satisfies the superordination:

Y1+ 120%(2) + V3q(2) + 112¢ (2)

2
DY f(2) Dif(z) | m |, Dif(z).Dy*%f(2)
< M+ (D;\H'lf(z)) +73D§\L+1f(z) + \ !1 [DTrlf(z)]Q ] )
then
DY f(2)
R ErTE

and ¢(z) is the best subordinant.

Remark 4. (i) Putting A = 1,n=0,7; =2 = 0,73 = 1 and v4 = v in Corollary
6, we obtain a result which improves the result obtained by Shanmugam et al. [24,
Theorem 5.2];

(ii) Putting A = 1 and n = 0 in Theorem 2, we obtain the result obtained by
Murugusundarmoorthy and Magesh [17, Corollary 2.14];
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(iii) Putting A = 1,n =0 and ®(z) = ¥(2) in Theorem 2, we obtain the result
obtained by Murugusundarmoorthy and Magesh [17, Corollary 2.15];

(iv) Putting X = 1,n =0 and ®(z) = ¥(z) = = in Theorem 2, we obtain the
result obtained by Murugusundarmoorthy and Magesh [17, Corollary 2.16];

(v) Putting A\=1,n=0, ®(2) =¥(2) = 5,1 =72=0,3=1and v4 =7 in
Theorem 2, we obtain a result which improves the result obtained by Shanmugam et
al. [24, Theorem 3.2].

Taking ¢(z) = }igz (-1 < B < A<1)in Theorem 2, we obtain the following
corollary.

Corollary 7. Suppose that

9y 1+ A
Re{%er + Z}>0
Y4 4 1+ Bz

If f(Z) € A such that % € H [q(0)7 1] mQ and C(f?q)7\:[17n7)\771772773774)

is univalent in U and satisfies the superordination:

1—|—Az>2 1+ Az (A—B)z

D, U, n, A\
1+ Bz '731+Bz+/7 <<(fa , W, T, 771”727’737’74),

7+ 72 < 4(1 B

where <(fa q)a \Ija n, )‘a Y1 725,73, 74) is given by (33)? then

L+4:  Di(f*@)(2)
L+ Bz  DYtH(f*W)(2)

1+ Az
1+ Bz

By fixing ®(2) = ¥(2) = 2+ Y Tx(a1)2*, where I'y(aq) is given by (1.13),n = 0
k=2

and is the best subordinant.

and A = 1 in Theorem 2, we obtain the following corollary.

Corollary 8. Let q be convexr univalent in U, with q(0) = 1 and suppose that q(z)

; 1 Hg,s(a1381)f(2)
satisfy the condition (3.12). If f(z) € A such that (oA ) € H[q(0),1]nQ

and C(f,v1,72,73,74) s univalent in U and satisfies the superordination:

Y1 4 72¢%(2) + 73q(2) +742¢'(2) < C(f71, 72,73 74)

where C(f,71,72,73:74) is given by (3.11), then

Hy s (15 81) f(2)
2(Hgs (a1; B1) f(2))

q(z) <
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and ¢(z) is the best subordinant.

Remark 5. Putting v1 = v2 = 0,73 = 1 and v4 = v in Corollary 8, we obtain the
result obtained by Aouf and Seoudy [3, Corollary 8].

4. SANDWICH RESULTS

We conclude this paper by stating the following sandwich results.
Combining Theorem 1 and Theorem 2, we get the following sandawich theorem.

Theorem 3. Let q1,q2 be convexr in U. Suppose q satisfies (3.1) and qo satisfies

(8.12). If J(=) € A such that 5005 € H [q(0),110Q and ¢(f.®,¥,n, A, 71, 72.73,74)
A

18 univalent in U and satisfies

71 + 72(]%(2) + 73(]1(2) + '74qu1 (Z) = C(fv q)v \Ija n, )\7 Y1572, 73, ’74)
<71+ 7265 (2) + 1302(2) + 1azds(2),
A1 (6)
where C(fv ‘I)’ \Ija n, )\7 V1572573, 74) is given by (33)7 then

DR (f * ®)(2)
DY (f+0)(2)

q1(2) < < q2(2)

and ¢1(z) and ¢a(z) are, respectively, the best subordinant and best dominant.

Remark 6. By taking q1(z) = ﬁ‘gi (-1 < By <A; <1)and g(z) = %ig;i (-1<
By < A3 < 1), A =1 and n = 0 in Theorem 3, we obtain the result obtained by

Murugusundarmoorthy and Magesh [17, Corollary 3.2].
Combining Corollary 2 and Corollary 6, we obtain the following corollary.

Corollary 9. Let q1,q2 be convex in U. Suppose q satisfies (3.1) and qo satisfies

(3.12). If f(z) € A such that DD;LX{;Z&) € H[q(0),1]NnQ and

2
Dy f(z) Dyf(2) - Dy f(2).Dy 2 f(2)
71 + 72 (D;\L—"_lf(Z)) 73 Df\L-‘rlf(Z) >\ [D;\L—f—lf(z)]Q

1s univalent in U and satisfies
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" + 7247 (2) + 13q1(2) + Y421 (2)
Dyf(2) ) oy DA [y DRSE)DI(E)
Dy f(z) Dy f(z) A (D3 £ ()]

<@ (2) + v3a2(2) + Yazdh(2),

= ’Y1+72<

then
DY f(z)

Dy f(2)

and ¢1(z) and ¢2(z) ar, respectively, the best subordinant and best dominant

q1(2) < < q2(z2)

Remark 7. Putting A=1,71 =2 = 0,73 =1 and v4 = v in Theorem 3, we obtain
a result which improves the result obtained by Shanmugam et al. [24, Theorem 5.3].

Combining Corollary 4 and Corollary 8, we get the following corollary.

Corollary 10. Let q1,q2 be convex in U. Suppose qi satisfies (3.1) and go

. Hq,s(aﬂﬁl)f(z)
satisfies (3.12). If f(z) € A such that T Heaarp ) € H[q(0),1] N @ and

C(fyv1,72:73,74) is univalent in U and satisfies

T+ 7201 (2) + Y301 (2) +1a2q1(z) < (i1, 72,73, 74)
< M+ 7265(2) + 13q2(2) + Yazdh(2),

where ((f,71,72,73,74) is given by (3.11), then

Hq,s (al; Bl) f(Z)
Z(Hq,s (CVIQ Bl) f(z)

and ¢1(z) and ¢2(z) ar, respectively, the best subordinant and best dominant.

q1(2) < i < q2(z2)
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