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FROM CONFORMAL DEFORMATIONS OF THE JET
BERWALD-MOR METRIC TO SOME NON-ISOTROPIC
GEOMETRICAL EINSTEIN-LIKE EQUATIONS

MIRCEA NEAGU

ABSTRACT. In this paper we develop on the 1-jet space J'(R, M™) the Finsler-
like geometry (in the sense of distinguished (d-) connection, d-torsions, d-curvatures
and some gravitational-like and electromagnetic-like geometrical models) attached
to the (t, z)-conformal deformation of the Berwald-Modér metric.
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1.INTRODUCTION

The geometric-physical Berwald-Modr structure ([5], [11], [10]) was intensively
investigated by P.K. Rashevski [17] and further substantiated and developed by
D.G. Pavlov, G.I. Garas’ko and S.S. Kokarev ([15], [6], [16]). At the same time,
the physical studies of Asanov [1] or Garas’ko and Pavlov ([7], [14]) emphasize the
importance of the Finsler geometry characterized by the total equality in rights of
all non-isotropic directions in the theory of space-time structure, gravitation and
electromagnetism. For such a reason, one underlines the important role played by
the classical Berwald-Modr metric

F:TM — R, F(y) = Vy'y?..y™, n> 2,

whose tangent Finslerian geometry is studied by geometers as Matsumoto and Shi-
mada [8] or Balan [3]. In such a perspective, according to the recent geometric-
physical ideas proposed by Garas’ko ([6], [7]), we consider that a Finsler-like geometric-
physical study for the conformal deformations of the jet Berwald-Moér structure is
required. Consequently, we investigate on the 1-jet space J*(R, M™) the Finsler-like
geometry (together with some gravitational-like and electromagnetic-like geometri-
cal models) of the (t,z)-conformal deformation of the Berwald-Modr metrid]]

F(t,2,y) = e @V/RIL(t) - [ylyt..of] ", (1)

S|=

"We assume that we have yiy?..y? > 0. This is a domain of existence where we can y-

differentiate the Finsler-like function F(¢,x,y).
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where o(z) is a smooth non-constant function on M™, h'l(t) is the dual of a
Riemannian metric h11(t) on R, and

(t7 m? y) = (t7 x17x27 '”7xn7y%7y%’ "'?y?)

are the coordinates of the 1-jet space J!(R, M™), which transform by the rules (the
Einstein convention of summation is assumed everywhere):
oz dt

J

t=1t(t), T =7'(), P =

where i,j = 1, n, rank (0%'/027) = n and dt/dt # 0. Note that the particular jet
Finsler-like geometries (together with their corresponding jet geometrical gravita-
tional field-like theories) of the (¢, z)-conformal deformations of the Berwald-Modr
metrics of order three and four are now completely developed in the papers [12] and
[13].

Based on the geometrical ideas promoted by Miron and Anastasiei in the clas-
sical Lagrangian geometry of tangent bundles [9], together with those used by
Asanov in the geometry of 1-jet spaces [2], the differential geometry (in the sense
of d-connections, d-torsions, d-curvatures, gravitational and electromagnetic ge-
ometrical theories) produced by an arbitrary jet rheonomic Lagrangian function
L:JY(R,M") — R is now exposed in the monograph [4]. In what follows, we apply
the general jet geometrical results from book [4] to the (¢, z)-conformal deformed jet
Berwald-Moér metric .

2. THE CANONICAL NONLINEAR CONNECTION

Let us rewrite the (¢, x)-conformal deformed jet Berwald-Moér metric (|1)) in the
form
2 — eol@)  /pIl 1/n
where G, (y) = yiy?...yt. Hereinafter, the fundamental metrical d-tensor produced
by the metric (1)) is given by the formulaﬂ (see [4])

def hi1(t) O?F?

.?}i‘(ta :Evy) = . - =
! 2 oyioy]
2/n
* * 620—@) 2 Gl[n}
9:i(t,m,y) = g;;(w,y) = - (n - 5ij> yiy{ ; (3)

2Throughout this paper the Latin letters i, j, k, m, , ... take values in the set {1,2,...n}.
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where we have no sum by ¢ or j. Moreover, the matrix 5 = (52]) admits the inverse
g1 = (g7%), whose entries are

gk = 6_20(96)(2 — ndjk)Gl_[i]/ny{yf (no sum by j or k). (4)

Let us consider that the Christoffel symbol of the Riemannian metric hj;(t) on
R is
. h'tdhyy
Kn =5
where h'! = 1/hy; > 0. Then, using a general formula from [4] and taking into
account that we have
0Gim _ G

oy Y1
we find the following geometrical result:
Proposition 1.For the (t,x)-conformal deformed Berwald-Modr metric , the
energy action functional

Y

*

b * b
o\xr n 2
E(t,z(t)) = F2(t,x,y)\/hudt=/ €20 [yly2 ™ p1 /byt

where y = dx/dt, produces on the 1-jet space J'(R, M™) the canonical nonlinear
connection .
= (M8, = —xhivh, N}, = nowio]) (5)

where o; = o [0z’

*
Proof. For the energy action functional E, the associated Euler-Lagrange equations
can be written in the equivalent form (see [4])

d2$i i i
<z T 2H((1))1 (t,g;k,ylf) + 2GE1))1 <tv$k,ylf) =0, (6)
where the local components
i) def 1 i
H((1))1 = _§K%1(t)y1
and . . .
(i)  def hi1g® | 82F2 . OF%  9F?
G(l)l = 4 3:6’"8 pyl - a P + ata D
Y1 2 U1
F*2 1 1,1 % r n i\2
+ P Kip(t) + 2h Kingpn| = 502‘ (Z/l)
Y1
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represent, from a geometrical point of view, a spray on the 1-jet space J'(R, M™).
Therefore, the canonical nonlinear connection associated to this spray has the
local components (see [4])

i) def i i

M((lgl = 2H((1§1 = _K%lylv
N Yol

i) def 1)1 i i

N((l)j - a(j) = noiy;0;.
L1

*
3. THE CARTAN I'-LINEAR CONNECTION. ITS D-TORSIONS AND D-CURVATURES

The nonlinear connection produces the dual adapted bases of d-vector fields
(no sum by 1)

59 4, ,0 & 0 90
{515 TR R A AL ay;} c X(E) @)

and d-covector fields (no sum by )
{dt o dat 6y§ = dyi — Khyidt + naiyidxi} C X*(E), (8)

where E = JY(R, M™). The naturalness of the geometrical adapted bases and
is coming from the fact that, via a transformation of coordinates , their ele-
ments transform as the classical tensors. Therefore, the description of all subsequent
geometrical objects on the 1-jet space J'(R, M") (e.g., the Cartan canonical linear
connection, its torsion and curvature etc.) will be given in local adapted compo-
nents. Consequently, by direct computations, we obtain the following geometrical
result: .

Proposition 2.The Cartan canonical T'-linear connection, produced by the (t,x)-
conformal deformed Berwald-Modr metric , has the following adapted local com-
ponents (no sum by i, j or k):

CT = (x}l, G =0, Ll =ndiojoi, Cl) =Ciy j1k> , (9)
y1y1
where ) )
. 9 SO+
k=t % — 8105,
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Proof. The adapted components of the Cartan canonical connection are given by
the formulas (see [4])

at, difg "™ GG
2 ot

=0,

* * *
; def 09jm | OGkm 09k o cisi
E <5ask T Sw  aam | T 0%k
o' def 3“" 99 jm 351@ _ 99k _ Eﬁagjm _ i y’i
N R T N

where we also used the equality

5g; . "

Remark 3. It is important to note that the vertical d-tensor CJZE?)

properties (see also [8], [12] and [13]):

also has the

i(1) _ ~i(1) i(1 m(1) m(1)
City = Criyr Cimyi" =0, Cly =0, Cigg, =0, (10)

with sum by m, where

I(1)
o) def OC5 (1)

r(D)rl AL 7 (1) 7r
Wl = g T it Lri = ety Ly — Cigry Ly

Proposition 4.The Cartan canonical connection of the (t,xz)-conformal deformed
Berwald-Moor metric has two effective local torsion d-tensors:
Rg;” =n ((SZ-TO'T]' - (S;O'ri) y{,

5T+ 67 + 6 r
- (5T )
n n ylyl

where opq = (0%0) / (0xPOx7) .

Proof. Generally, an h-normal T'-linear connection on the 1-jet space J'(R, M™) has
eight effective local d-tensors of torsion (for more details, see [4]). For the Cartan
canonical connection @ these reduce only to two (the other six are zero):

0 sND
ar)der Ny 0N,
(1)ig oxd dxt
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r(1) def (1)
Pigy = Cigy-

Proposition 5.The Cartan canonical connection of the (t,xz)-conformal deformed
Berwald-Moor metric has three effective local curvature d-tensors:

! l
_ 0Ly _ oLy,

l rorl rorl (1) p(r)
ik = opk " omd Lij Ly — Lig Ly + Gy By o

L) ()

Pijiry = ~Cite s

(1) (1)
1(1)(1) dif ac’z(j) _ 8CZ(k) + Cr(l)cl(l) . Cr(l)cl(l)
i(F)(k) — aylf ay{ i(3) Tr(k) i(k) ~r(4)

Proof. Generally, an h-normal T'-linear connection on the 1-jet space J'(R, M™) has
five effective local d-tensors of curvature (for more details, see [4]). For the Cartan
canonical connection @ these reduce only to three (the other two are zero); these
are

| def 5L§j LY,

=J rrl _rrogl 1(1) p(r)
ik T Spk S + LijLog — Lig Loy + Gy B i

l
vy def OLi; 1) p() (1) _ (1)
Bty = ggp ~ G T G Fsw) = ~Cuaw

I(1) I(1)
g des 9% 0G0 e i) e ity
O® = gk T gy TG0 G~ G oy

where we used the equality

")
@ def Ny,
Witk = gyr Lok

4.GRAVITATIONAL-LIKE GEOMETRICAL MODEL ASSOCIATED TO THE
(T,X)-CONFORMAL DEFORMATION OF THE BERWALD-MOOR METRIC

The (t,z)-conformal deformed Berwald-Modr metric produces on the 1-jet
space J1(R, M™) the adapted metrical d-tensor (sum by i and j)

G = hyydt @ dt + g;;da’ @ da? + h'' g0y} © oy, (11)
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where 51‘3‘ is given by , and we have
Syi = dyt — K}yyidt +noyida’ (no sum by i).

From an abstract physical point of view, the metrical d-tensor may be
regarded as a “non-isotropic gravitational potential”. In our geometric-physical ap-
proach, one postulates that the non-isotropic gravitational potential G is governed
by the following geometrical Einstein-like equations:

Ric (CT) — SC(QCF)G:ICT, (12)

where

*
¢ Ric (CT) is the Ricci d-tensor associated to the Cartan canonical linear con-
nection @D;

¢ Sc (CT) is the scalar curvature;

¢ K is the Einstein constant and 7T is the intrinsic non-isotropic stress-energy
d-tensor of matter.

Therefore, using the adapted basis of vector fields , we can locally describe
the global geometrical Einstein-like equations . Consequently, some direct com-
putations lead to:

Lemma 6.The Ricci tensor of the Cartan canonical connection CT of the (t,x)-
conformal deformed Berwald-Moor metric has the following two effective local
Ricci d-tensors (no sum by i, j, k or 1):

n it
—0i = 2 Ujm?7 i F
m=1
Ryj = i
0, i=j, (13)
oo _[2 1 _ 25| L
S60) = [nz 0t (1 n) %) i
19

Proof. Generally, the Ricci tensor of the Cartan canonical connection CT' produced
by an arbitrary jet Lagrangian function is determined by siz effective local Ricci
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d-tensors (for more details, see [4]). For our particular Cartan canonical connection
@ these reduce only to the following two (the other four are zero):

.. dif mo 8L;Jn aL;nm rTrm r m m(1) (r)
Rij = Biin = ggm ~ i+ Lirlim = Lim g + Cigy "B

ac™V  gom)

W) def mm) _ %G Cim) | r() m)  r(1) ()
Sow = Sipm T gym o +Cigy Crmy ~ Cim Cri)” =
m(1)
_ %G g
gy~ Cim G

with sum by r and m.

Lemma 7.The scalar curvature of the Cartan canonical connection CT' of the (t,x)-
conformal deformed Berwald-Modr metric has the value

Sc (Cf‘) = —e_QUGl_[Z]/n [47”LY11 + (n2 —3n+ 2) hn} ,
where .
Y1 = Zapqylljytll'

p,q=1
p<q

Proof. The scalar curvature of the Cartan canonical connection @D is given by the

formula (for more details, see [4]): Sc (Cf‘) = ngpq + hnépqs((;)) ((;))

The local description in the adapted basis of vector fields of the global geo-
metrical Einstein-like equations is given by (for more details, see [4]):
Proposition 8.The geometrical Einstein-like equations of the (t,x)-conformal de-
formed Berwald-Moor metric are locally described by

n?—3n+2
2

n2—3n+2 *
]

e_ZJGl_[i]/n [QnYH +

hn} h11 = KT
9 9i5 = KT

n2—3n+2
2

Rij + e_QUG;[Z]/n |:2’rl§/11 +

14)
Q) | 202/ by kT
Sy T e G [2TLY11 + hll] Wgi; = KT )

0=Ti, 0=Ta, 0=T%)

P U T 0
0="T» 0=Tqgy» 0=Tw;
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Corollary 9.The non-isotropic stress-energy d-temnsor of matter T satisfies the fol-
lowing geometrical conservation laws (sum by m):

(1)
( T+ T+ T | my =0
1 (m _ mm
7;/1 + 7;| + T | Ez|m
2e—20 (1 2/n
1(1) (m)(1)(1) _ 1[n] ovu  Yu
T+ T o+ T lomy = — [“ o 2y

where (sum by r):

e - 2 —3n+2
7L = AT =K1 *QUGl[Q{ [QnYH TR 2n—|— hn} ;

Tm L ;}mTﬁl — 0, 7'((17;11) def hllgmrr]-(%)l =0, T! def BT =0,

efQUG_Q/” n—29 m
T def e (1) 1 [ U
L) G0 K Yy
2 _
+ <2nY11 + nzmih11> 5{”] )

and we also have (summation by m and r, but no sum by i)

(57-1 m def oTm rTm
7-1/1 W’ 1m — Sxm . +T er?
(m) (m)
()| 1) def 971 P70 Oy
(1)1 1(m) ayl T ) ay'{n ’
1 def 5T o 57;1 1
T = 5 TG = 5t i K115
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def 6T;" OE™
TP, = B, =

m
im Sxm ™m

[
oy —nkjo;,

om) (m)
_pmert Ty —myori)

6

; 0T,
T e T 6

()i I( a m )i r(m) Dr “i(m) — ay{n 1)r ~i(m)>
) e T 1) w aer TG 0
1(1 Le ] i 1(1) 1 m(1 e r(1
Ton = —5 - 2Tk TS o+ 70 = T L
7' 87' (1)
T(m)(1)|(1) def 1)(% +7— m(1) _ pm) 1) or() _
(W) (m) oyt (i) 7"(m) (D)(r) ~i(m) ayl :

Proof. The local Einstein-like equations , together with some direct computa-
tions, lead us to what we were looking for. Also note that we have (summation by
m and r)

(m)(1) r(1)
Tayewy Cigmy = 0-

5.ELECTROMAGNETIC-LIKE GEOMETRICAL MODEL ASSOCIATED TO THE
(T,X)-CONFORMAL DEFORMATION OF THE BERWALD-MOOR METRIC

In book [4], a geometrical theory for electromagnetism was also created, using
only a given Lagrangian function L on the 1-jet space J (R, M"). In the background
of the jet single-time (one-parameter) Lagrange geometry from [4], one works with
the non-isotropic electromagnetic distinguished 2-form (sum by i and j)

1 i j
F = F((i);ﬁyl A dx?,

where (sum by m and r)

11
W _h e m) 2 m) (% e % o \om
F(i)j = [gij(l),- - gimN(l)j + (girij - gerz‘m> U1 } .

This is characterized by some natural geometrical Mazwell-like equations (for more
details, see [9] and [4]).

Remark 10. The Lagrangian function that governs the movement law of a particle
of mass m # 0 and electric charge e, which is displaced concomitantly into an
environment endowed both with a gravitational field and an electromagnetic one, is
given by

i g, 2€ i
L(t,a*,yb) = meh™ () i (a*) vyl + —AG) (t,2") v, (15)

where
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e the semi-Riemannian metric ¢;;(z) represents the isotropic gravitational po-
tential;

° Agil))(t, x) are the components of a d-tensor on the 1-jet space J!(R, M™) rep-
resenting the electromagnetic potential.

Note that the jet Lagrangian function is a natural extension of the La-
grangian (defined on the tangent bundle) used in electrodynamics by Miron and
Anastasiei [9]. In our jet geometrical formalism applied to Lagrangian , the
electromagnetic-like components become classical ones (see [4]):

CPNEY
po _ e [94g 94y

@i~ 2m | Oxi Ozt

Moreover, the second set of geometrical Maxwell-like equations reduce to the classical
ones too (for more details, see [9], [4]):

where @
orY

o _%oi L) s m

Fayite = gk~ Fom ik = FaymVik-

Also, the geometrical Einstein-like equations attached to the Lagrangian (15]) (see [9],
[4]) are the same with the famous classical ones (associated to the semi-Riemannian
metric ¢;;(z)). In author’s opinion, these facts suggest some kind of naturalness
for the present abstract Lagrangian non-isotropic electromagnetic and gravitational
geometrical theories.

Via some direct calculations, we easily deduce that the (¢, x)-conformal deformed
Berwald-Moér metric (1) produces null non-isotropic electromagnetic components:

1
Floy =0

It follows that our conformal deformed Berwald-Modr geometrical electromagnetic-
like theory is trivial. This fact probably suggests that the (¢, x)-conformal deformed
Berwald-Mooér geometrical structure has rather gravitational connotations than
electromagnetic ones.

As a conclusion, it is possible for the recent Voicu-Siparov approach of the elec-
tromagnetism in spaces with anisotropic metrics (that electromagnetic approach is
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different from the electromagnetic theory exposed above, and it is developed in the
paper [18]) to give other interesting electromagnetic-geometrical results for spaces
endowed with the Berwald-Moor geometrical structure.

Open problem. The author of this paper believes the finding of some possible
real physical interpretations for the present non-isotropic Berwald-Moér geometrical
approach of gravity and electromagnetism may be an open problem for physicists.
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