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INTEGRAL OPERATORS ON THE UCD(α )-CLASS 
 

by  
Daniel Breaz 

 
Abstract. We consider the class of functions ...3

3
2

2 +++= zazazf , that are analytically 
and univalent in the unit disk. 
We consider the class of functions UCD(α ), 0≥α  with the properties 

( ) ( ) ( ) Uzzfzzf ∈∀′′≥′   Re α . 
In this paper we present some results from integrals operators at this class. 

 
1.Introduction 
 
Theorem A. [4] A sufficient condition for a function  f  of the form 
 

( ) ...3
3

2
2 +++= zazazzf    (1) 

 
so that it belongs to the ( ) 0, ≥ααUCD  class is 
 

( )[ ] 111
2

≤⋅−+∑
∞

=k
kakk α . (2) 

 
2.Main results 
 
Theorem 1. Let be ( ) ... , 3

3
2

2 +++=∈ zazazzfSf , Uz∈ . We suppose that the 
coefficients of function  f  verify the condition 
 

( )[ ] 111
2

≤⋅−+∑
∞

=k
kakk α . 

 
We consider the integral operator  
 

( ) ( )
∫=
z

dt
t
tfzF

0

, 

which is the  Alexander operator.  
In this conditions, we have  ( ) UzUCDF ∈≥∈  ,0  , αα . 
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Proof 
Let be  f  of the form  (1),  verifying the condition  (2).  
We have:  

( ) ( ) =









+++=+++=
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32

3322 zazaz ++= . 

 
Denoting   

2 , ≥= k
k
ab k

k , 

we can write, ( ) ...3
3

2
2 +++= zbzbzzF . 

 
In that following, we evaluate the relation (2), for the function F , with the 
coefficients kb . 

( )[ ] ( )[ ] ( )[ ] ≤⋅⋅−+=⋅−+=⋅−+ ∑∑∑
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∞

= k
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a
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( )[ ] ( )[ ] 11111
22

<⋅−+≤⋅−+ ∑∑
∞

=

∞

= k
k

k
k akkak αα . 

  
According to the relation  (2), from the Theorem A, we obtain: 

( ) UzUCDF ∈>∈  ,0  , αα . 
 
Theorem 2.  Let be  Af ∈ , ( ) ...3

3
2

2 +++= zazazzf , 0≥α , Uz∈ .We suppose 
that the condition  (2) is satisfied and we consider the Libera operator,  
 

( )( ) ( )∫=
z

dttf
z

zfL
0

2 . 

 
Then ( )αUCDL∈ , 0≥α , Uz∈ . 
 
Proof 
Let be  f  of the form (1) verifying  the condition (2). 
  
We have: 
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Denoting  

1
2
+

=
k

ab k
k , 

 
we can write ( )( ) ...3

3
2

2 +++= zbzbzzfL . 
We evaluate the relation  (2), for the function obtained after integration with the 
coefficients bk.. 
Since 2≥k , we have 
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 that implies  
( ) ( )αUCDfL ∈ , 0≥α , 

so, the Libera operator preserves this class. 
 
Theorem 3. Let be  Af ∈ , ( ) ...3

3
2

2 +++= zazazzf , Uz∈ . We suppose that the 
condition (2) is satisfied and we consider the Bernardi operator, 

( ) ( )∫ −⋅
+

=
z

dtttf
z

zF
0

11 γ
γ
γ , 1−≥γ .  

Then, we have  ( )αUCDF ∈ , 0≥α , Uz∈ . 
 
Proof 
Let be  f of the form (1), verifying the condition (2).  
We have  
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We evaluate the relation (2) for the function ( ) ...3
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We have: 
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γα , so: 

( )αUCDF ∈ . 
 
Theorem 4. Let  

( ) ( )∫ −⋅
+

=
z

dtttf
z

zF
0

11 γ
γ
γ . 

If  f   is of the form (1), Sf ∈ , 0>α  and ( ) ( ) ( ) Uzzfzzf ∈∀′′≥′   Re α , then 
 

( ) ( ) ( ) ( )[ ].21 FzFzzFzzF ′′′+′′+≥′′+′+ γαγ  
 

Proof 

( ) ( ) ( ) ( )∫∫ −− ⋅=
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After successive derivations, we obtain: 
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So, we have ( ) ( ) ( )zFzzFzf ′′′
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1
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If ( ) ( ) ( ) 0,  Re >∈∀′′≥′ αα Uzzfzzf , then 
( ) ( ) ( )zfzzfUCDf ′′≥′⇒∈ αα . 

In this inequality, we put the expressions of  f ′  and  f ′′ , and we obtain: 

( ) ( ) ( ) ( ) ⇔′′′
+

+′′







+
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γ 1
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( ) ( ) ( ) ( ) ( ) ( ) ⇔′′′+′′+
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γ

 

( ) ( ) ( ) ( ) ( ) ( )[ ]zFzzFzzzFzF ′′′++≥++⇔ 2"2"'1 γαγ . 

 
Remark 5.  If  f  is of the form (1), Sf ∈ , 0>α  and ( ) ( ) ( ) Uzzfzzf ∈∀′′≥′   Re α ,  
then 

( )
z

zf
α

1'log ≤ . 

Proof 
 
According to the Theorem 4 we have: 
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