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A SPLINE APROXIMATION OF THE FACTORS PATH IN MDF 
 

by 
Nicoleta Breaz , Daniel Breaz 

 
Abstract: It is known that the factorial index obtained by the factors path method (MDF) 
depend on the path. Beginning with some particular cases of the factors path we will propose in 
this paper a spline factors path.   
 

 
The statistical index is an indicator which measures the variation of a variable, 

variation that can be registered both in space and time. If the variable Z is depending 
on other variables nXXX ,...,, 21 , ( )nXXXfZ ,...,, 21=  we could speak about a 
single index of the integral variation and n indices of the factorial variations that are 
generated by the explicative variables iX .The variable which we are refering to in this 

paper ,is the value of a panel with n goods ∑
=

=
n

i
iiqpZ

1
where ( )npppp ,...,, 21= and 

( )nqqqq ,...,, 21= are the prices and quantities vectors coresponding to those n goods. 
In this case, we speak about an index of the prices which is  actually a factorial index 
of Z with respect to p. This index expresses the partial variation of the panel value, 
variation measured from the base situation j to the observed situation k.The cause of 
this partial variation of the value is in this case, the variation of prices. 
  

There are many methods of calculus for the factorial indices and implicitly for 
prices indices. 
  
Here we make a short presentation of four of these methods. 
 
Laspeyres method 
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Paasche method 
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Edgeworth method 
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Factors path method(MDF) 
Definition 1. 
 A factorial index of a variable ( ) ( ) ( ) ( )( )txtxtxftzz m,..., 21==    with respect 
to iX  factor and ( )kj,  time interval, given by the formula 

( )
( )( )

i
PP m

mxjk
xz dx

xxxf
xxxf

kj
i ∫=Ι

,...,
,...,exp

21

21
´

/
/   (1) 

is called the MDF index. 
In the formula (1) ( )kj PP ,  represents  the segment of arc i.e. a part of the factors path, 

which links the points jP , kP , in mR   space, ( ) ( )( )jxjxP mj ...1 , ( ) ( )( )kxkxP mk ...1  that 
symbolize the base and the observed situation. The path is given by the equations 

( ) ( )txxtxx mm == ,...11 where t is a time parameter. 
Definition 2. 
 An index given by one of next formula (2) with (2’) or (2’’)is called the prices 
index MDF. 
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Remark 3. 
 Contrary to the first methods which don’t take  into account the real data of 
prices and quantities in j and k situations, the MDF method realizes all these. The only 
inconvenient of this method is that the index depends on the path described by the 
price and quantity factors between the situations nominated by jP  and kP  . This fact, 
although well sustained by the economic reality, makes impossible the calculus of 
index whenever the path is unknown. 
 We present below some particular paths of factors.  
The linear path of the factors 
In particular cases of a linear path given by the equations 

( ) ( ) ( ) ( )[ ] ( ) iiiiii xtjxjxkxtjxtx ∆+=−+=   
[ ]1,0
,1

∈
=

t
mi  

 the index (1) becomes 
( )
( ) dt
tf

xtf ixjk
xz i

∆′
=Ι ∫

1

0
/
/ exp   (3) 

For an index of prices we use the equations 
( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )( ) ( ) [ ]1,0 ,  ,1with ∈=
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This situation can be represented in a space of 2m dimension: 
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So the index  (2) becomes 
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Examples of polygonal paths 
 
Proposition 4. 
 
The Laspeyres index ( )Ljk

pz ,/
/ •Ι is MDF index on 1∆  path,(figure no.1 ) 
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   Fig. 1 
 
 Proof: We have  ( ) ( ) ( )32/21/1

/
/ ,,, PPMDFPPMDFMDF pzpz

jk
pz Ι⋅Ι=∆Ι  

 The path P1 P2 is given by the equation ( )jqq ii =  , ( ) [ ]1,0  , ∈∆+= tptjpp iii  so the 
index ( )21/ , PPMDFpzΙ  becomes   
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The path P2 P3 is given by the equation 
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so the index 

( )32/ , PPMDFpzΙ  becomes 

Finally, we have ( ) ( ) ( )LPPMDFMDF jk
pzpz

jk
pz ,,, /

/21/1
/
/ •Ι=Ι=∆Ι . 

 
Proposition 5. 
 
The Paasche index ( )Pjk

pz ,/
/ •Ι  is MDF index on 2∆ path,(figure no.2 ) 
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  Fig. 2 
 
 
Proof: We have ( ) ( ) ( )32/21/2
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Similary with the previous proposition we proove ( ) .1, 21/ =Ι PPMDFpz   

The path P2 P3 is given by the equation ( ) ( ) [ ]1,0,, ∈∆+== tptjppkqq iiiii  so the 
index ( )32/ , PPMDFpzΙ becomes   

( )
( ) ( )

( ) ( )
( )P

kqjp

kqkp
PPMDF jk

pzm

i
ii

m

i
ii

pz ,, /
/

1

1
32/ •Ι==Ι

∑

∑

=

=  

Proposition 6. 
The Edgeworth index ( )Ejk

pz ,/
/ •Ι  is MDF index on 3∆ path,(figure no.3 ) 
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Proof:    The path P2P3 is given by the equations  
 

( ) ( )
2

kqjqq ii
i

+
=  and ( ) [ ]1,0, ∈∆+= tptjpp iii  

so the index ( )32/ , PPMDFpzΙ  becomes 

( )
( ) ( )

( ) ( ) ( )( )

( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )E
jpkqjq

kpkqjq
kqjqptjpkqjq

dtkqjqptjpkqjq

pkqjq

dt
ptjpkqjq

pkqjq

PPMDF

jk
pzm

i
i

ii

m

i
i

ii
m

i

ii
ii

ii

m

i

ii
ii

ii

m

i
i

ii

m

i
ii

ii

m

i
i

ii

pz

,

2

2
22

ln  exp

22

2exp

2

2exp,

/
/

1

1
1

01

1

0

1

11

0

1

1
32/

•Ι=
⋅

+

+

=





 +

∆+⋅
+

=
+

∆+⋅
+

∆
+

=
∆+⋅

+

∆
+

=Ι

∑

∑
∑

∫
∑

∑
∫
∑

∑

=

=

=

=

=

=

=

Finally we have: 
( ) ( ) ( ) ( )

( ) ( )EE

PPMDFPPMDFPPMDFMDF
jk
pzpz

pzpzpz
jk
pz

⋅Ι=⋅⋅Ι⋅=

=Ι⋅Ι⋅Ι=∆Ι
/
//

43/32/21/3
/
/

11

,,,,
 

Corollary 7. The MDF price index on the path which is presented in the figure no.4 is 
a product of Laspeyres indices. 
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   Fig. 4 
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( ) ( ) ( ) ( ) ( ) ( )∏ ⋅Ι=Ι⋅Ι⋅Ι⋅Ι=Ι LMMMDFMMMDFMMMDFMMMDFMDF pzkpzpzpzjpz
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/ ,,,,  

            The problem is to determine the path that aproximate the most the empiric path 
of the           prices and quantities between j and k 
The case of a spline path 
Remark 8. 
At the beginning ,we define the factorial indices of prices MDF with respect to a 
family of parabolas. We consider the  parametric equations 

[ ]1,0,, 22 ∈′+′+′=++= ttctbaptctbaq iiiiiiii  (5) 
where ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )kppjppkqqjqq iiiiiiii ==== 1,0,1,0 that become 
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where the choice of constants ncc ii ,, ′ .could be made taking into account the new 
information for the situation  [ ]kjt ,∈  (moment of time). 
The formula (6) can be generated when in (5) we have the polynoms of  m degree, so 
the index will depend on a number of 2n(m-1) constants. 
Remark 9. 
 We suppose that we know the empiric data 
( ) ( ) ( ) ( ) ( ) [ ]kjlkqkplqlpjqjp ,,,),(,,, ∈  and we want to calculate the 

index ( )MDFjk
pz

/
/Ι . 

a)If we consider that between every two points the path is linear then from the point 
( ) ( )( )jqjp ,  to the point ( ) ( )( )kqkp ,  the path is a polygonal curve, so: 
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become ( ) 2
////

2
2

2
4
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i
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∆−∆
+

∆−∆
+=  and similarly for pi. 

So, one could observe that in both cases, although the index measures the variation 
from the moment j to moment k , it also depends of the intermediar moment l. 
Therefore, we calculate ( )ϕ,/

/ MDFjk
pzΙ  where ϕ  is the curve which links the points 

j,k,l. 
 
 
Remark 10. 

If we generalize the remark (9) we obtain that the index MDF for the points j,k 
and for the empiric path between j and k which passed by the intermediar points 
coresponding  to m moments of time ktjtttt mm ==− ,and,...., 0121  can be 
calculate either as a product of m linear path indices or by reducing  the problem to 
one of Lagrange  polynomial interpolation on the nodes (0,...,m)  with 

( ) ( ) nimstpsp sii ,1,,0, === .Thus it can be determined a number of 2n Lagrange 
polynoms of m degrees at the most ( ) ( ) nipppq imiimi ,1,, =′== . 
The choosing one  method in spite of the other is a meter of comparison of the errors 
resulted in each case. 
Remark 11.  

For a better comparison of errors and taking into account that the polygonal 
line is the graphic representation of a particular spline function we define the factorial 
index of prices attached to Mj,Mk  points and the linear path ktttj MMMMM

m
,....,,

21
 

by using the spline polynomial interpolation problem. 
We use the next notions and results from the spline functions theory, the interpolation 
properties of these functions being the reason to recomand a spline path in MDF: 
Definition 12. Let ∞=−∞=∞<<<<<−∞∆ +1021  ,  ,...: NN xxxxx .The function 

RRs →: is called m degrees spline with nodes Nxxx <<< ...21  if 
a)    ( ) ( ) NixxPs iiiimi .0,,,/ 1 ==ΙΙ∈Ι +  
b)    ( )Rcs m 1−∈  
Definition 13.The function define in (12) which satisfies ( ) 1,1, ++== mNiyts ii is 
called the interpolation polynomial spline function attached to the vector{ } 1

1
++

=
Nm

iiy and 
the points 121 ... ++<<< Nmttt . 
Proposition 14. Any polynomial spline function of m degrees can be expressed 

uniquely ( ) ( ) ( ) m
m

i

N

i
i Ppxxcxpxs ∈−+= +

=
∑ 0

1
0 , . 



Nicoleta Breaz , Daniel Breaz: A spline aproximation of the factors path in MDF 
 

 

 43

Proposition 15. Let 121 ...,0 ++<<<> Nmtttm , the real numbers 1,1, ++= Nmiyi , 
and the division ∆ , with the nodes Nxxx <<< ...21  which satisfy the relations 

Nitxt miii ,1,1 =<< ++ . 
Then, a unique polynomial spline function of m degree exists so that 
( ) 1,1, ++== Nmiyts ii . 

Proposition 16. Any of odd degrees with the nodes ,...: 21 bxxxa N =<<<=∆ can 

be written as ( ) ( ) ( )
12

1
1212

−

+=
−− ∑ −+=

mN

i
iimm xxcxpxs with 

[ ]bacsRcPp m
mimm , and, 22

121212
−

−−− ∈∈∈ . 
Definition 17. The polynomial spline function of 2m-1 degree which satisfy the 
conditions ( ) Nyxs iiim ,1,12 =∀=−  
( ) ( ) ( ) ( ) 1.-...2m ,1,,012112 +=== −− mmjxsxs N

j
m

j
m ( )nm xxxxPs ><∈ −  şi  11 is called 

the natural spline function. 
Theorem 18. Any natural spline function can be written uniquely 

( ) ( ) 1...,1,0,0 where,
0

12

1

1

0
−==−+= ∑∑∑
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=
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=
mrxcxxcxaxs
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i
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ii
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i
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i
i
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i

i
i  

Theorem 19. Let mNm ≥≥  , 1 and Njy j ,1, = . Then only a natural spline function 

exists, so that ( ) Njyxs jj ,1, == . 
Remark 20.  

In the case when the degree of polynomial spline function is three then we 
speak about cubic spline function. 
Remark 21. 

With respect to the index problem we use the empiric data for m time 
moments and we interpolate them by 2m spline functions pi and qi. 
Remark 22. 

Let the time moments j and k and N-2 intermediar moments 12 ,... −Njj for 
which we know the prices and quantities.  
We consider a parameter [ ]bat ,∈ , ( )tqq ii = , ( )tpp ii =  so that ( ) ( )jqtq ii =1 , 

( ) ( ) ( ) ( ) ( ) ( )kqtqjqtqjqtq iNiNiNiii === −− ,..., 1122  and similar for p , ni ,1=∀ , 

st  being the division points bttta N =<<<=∆ ...: 21 . 
a)To determine the cubic spline function qi that satisfies the interpolation conditions 
( ) ( ) Nsjqtq sisi ,1, ==  we must have with respect to proposition (4) a number of 

N+2 conditions because there are N+2 coefficients (the interpolation conditions are 
imposed on nodes). 

There are more ways to determine the coefficients : 
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-To the interpolations conditions (in number of N) we add  ( ) 01 =′′ tqi , ( ) 0=′′ Ni tq  
and thus unique natural cubic spline functions results. 

-If we consider two nodes of the function we have four coefficients and after the 
use of this N conditions both in nodes and in points 12 ,... −Ntt , a Lagrange interpolation 
polynom it results.  

-At last, if we consider N-2 nodes 221 ... −<<< Nxxx  between the points Ntt ,...1  it 
results a function with N-2 coefficient defined on the interval ( ) ( )2321 ,,..., −− NN xxxx . 
The coefficients result from N-2 interpolation conditions in nodes and  the two 
conditions in 

21
 and jj tt  that are not nodes. 

-Generally speaking, we can determine such an interpolation cubic spline given by 
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 where ii pq  and  are polynoms of three degree at the most in the interval generated by 
nodes and [ ]baCpq ii , , 2∈  . 

We have ( ) i
ii

ijk
pz dp

qp
q

MDF ∫ ∑
∑=Ι

ϕ
ϕ exp,/

/  where ϕ  will be the spline curve that 

passes through j,k and through the intermediar points, being in fact the graphic 
representations of interpolation spline functions. 
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In each case of these integrals the spline parametrization  becomes a polynomial 
parametrization. 
In the third case mentioned above, when only  221 ... −<<< Nxxx  nodes exist we 

have ∫∫∫ ∫ ∫ −

−
+++== 2

3

3

21

2

1
... N

N

N x

x

x

x

t

t

x

xϕ
. 

b)In a similar way we use a spline function of m degree. 
If interpolation is not made in nodes but in points 121 ... ++<<< Nmttt  and we know 
the values ( ) ( ) 1,1,, ++= Nmjtptq jiji  we will consider, for example, the quantity 

iq  as a spline polynomial function of m degree with nodes Nxxx <<< ...21 choosed 
so that Nltxt mlll ,1,1 =<< ++ . 
According to proposition (15) there is only a spline polynomial function of m degree 
which solves the interpolation conditions in points jt , 1,1 ++= Nmj and it has the 
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form ( ) ( ) ( ) mi
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Then the index MDF leads to an integral of type  
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It is more practically if we use the spline natural functions. In this case we consider N 
data regarding to p and q as interpolation conditions on nodes Nttt <<< ...21 . 
In respect with proposition (19) if mNm ≥≥ ,1  and we have interpolation 
conditions in nodes there is only an interpolation spline functions. Taking to account 
the proposition (18) theorem we can  write  
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where the coefficients will be determined from the interpolation conditions( N 
conditions for every qi and pi ) plus the conditions  
 

niotcmrtc r
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( ) ( ) ( ) ( ) 12,1,,01 −+=∀== mmmjtqtq N
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j
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( ) ( ) ( ) ( ) 01 == N
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Remark 23. 
If we take  into account that the empiric data ( ) niqp ii ,1,, =  obtained for N different 
moments of time comprise errors then we speak rather of a numerical adjustment.  
Analogous, we have the spline functions ( )pfq =  respectively regression model of 
spline type ( ) ε+= pfq . 
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