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Abstract. In the light of a novel proof technique, several comprehensive re-
lations between certain complex inequalities and λ-spirallike functions of complex
order are first derived, and some useful consequences of them, which are related to
analytic and geometric function theory, are then pointed out.
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1. Introduction, Definitions And Motivation

Here and throughout this paper, let us denote U, C, R and N, the unit open disk,
the set of complex numbers, the set of real numbers and the set of natural numbers,
respectively. Also, let A denote the class of functions f(z) of the form:

f(z) = z + a2z
2 + a3z

3 + · · · + anz
n + · · ·

(
n ∈ N

)
,

which are analytic and univalent in the complex domain U = {z : z ∈ C and |z| < 1}.
The aim of this investigation to reveal some general results (dealing with the

functions f(z) belonging to the general class A) between certain complex inequalities
and λ-spirallike complex type functions of complex order and to point a number of
them which will be useful for analytic and geometric function theory (see, [6]) out,
as the consequences of the main results which will be presented in the third section.
For the proofs of all results, a novel proof technique, which is the assertion (below)
obtained by Nunokawa in [12], are also used. In the literature, there are several
theorems on which used different methods for their proofs. For those, one may focus
on certain papers which are given by the references in [1]-[7] and also [9]-[17].
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Before stating and then proving the main results given in the second section, we
need here to recall the following lemma due to Nunokawa [12].

Lemma 1. Let p(z) be analytic in U with p(0) = 1. If there exists a point z0 ∈ U
such that

<e
(
p(z)

)
> 0

(
|z| < |z0|

)
, <e

(
p(z0)

)
= 0 and p(z0) 6= 0,

then

p(z0) = ia and
zp′(z0)

p(z0)
= ik

(
a+

1

a

)
,

where a ∈ R∗ := R\{0} and k ≥ 1.

2. The Main Results

Now, with the help of the lemma above, we can prove the following result.

Theorem 1. Let f(z) ∈ A, z ∈ U, w ∈ C∗, b ∈ C∗ and also let λ ∈ R∗ with
|λ| < π/2. If f(z) satisfies any one of the cases of the following inequalities:∣∣∣∣∣<e

(
zf ′′(z)

1 + eiλ

b cosλ

(
f ′(z)− 1

))∣∣∣∣∣
{
<

cosλ|=m(bwe−iλ)|
|w|2 if =m

(
bwe−iλ

)
6= 0

6= 0 if =m
(
bwe−iλ

)
= 0

(1)

and∣∣∣∣∣=m
(

zf ′′(z)

1 + eiλ

b cosλ

(
f ′(z)− 1

))∣∣∣∣∣
{
<

cosλ|<e(bwe−iλ)|
|w|2 if <e

(
bwe−iλ

)
6= 0

6= 0 if <e
(
bwe−iλ

)
= 0

, (2)

then

<e
[(

1 +
eiλ

b cosλ

(
f ′(z)− 1

))w ]
> 0

(
z ∈ U; w, b ∈ C∗;λ ∈ R∗

(
|λ| < π/2

))
,

where the value of the power above is taken to be as its principal value.

Proof. Let us define p(z) by

p(z) =

(
1 +

eiλ

b cosλ

(
f ′(z)− 1

))w (
z ∈ U; w, b ∈ C∗; |λ| < π/2

)
.

It is clear that p(z) is an analytic function in U and also satisfies p(0) = 1, and it
follows that
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zf ′′(z)

1 + eiλ

b cosλ (f ′(z)− 1)
=
be−iλ cosλ

w
· zp

′(z)

p(z)

(
z ∈ U; w, b ∈ C∗; |λ| < π/2

)
. (3)

Suppose now that there exists a point z0 ∈ U such that

<e
(
p(z)

)
> 0

(
|z| < |z0|

)
, <e

(
p(z0)

)
= 0 and p(z0) 6= 0.

From the Lemma 1, we then obtain that

p(z0) = ia and
zp′(z0)

p(z0)
= ik

(
a+

1

a

) (
a ∈ R∗; k ≥ 1

)
. (4)

With the help of (3) and (4), we also get that

<e

(
z0f
′′(z0)

1 + eiλ

b cosλ (f ′(z0)− 1)

)
= <e

(
be−iλ cosλ

w
· zp

′(z)

p(z)

)

= −k cosλ

2 |w|2
=m

(
bwe−iλ

)
ψ(a) (5)

and

=m

(
z0f
′′(z0)

1 + eiλ

b cosλ (f ′(z0)− 1)

)
= =m

(
be−iλ cosλ

w
· zp

′(z)

p(z)

)

=
k cosλ

2 |w|2
<e
(
bwe−iλ

)
ψ(a), (6)

where

ψ(a) = a+
1

a
(a ∈ R∗).

Since the function ψ(a) =
∣∣a+ 1

a

∣∣ has minimal value 2, the equalities in (5) and (6)
immediately yield that

∣∣∣∣∣<e
(

z0f
′′(z0)

1 + eiλ

b cosλ (f ′(z0)− 1)

)∣∣∣∣∣
{
≥ cosλ|=m(bwe−iλ)|

|w|2 if =m
(
bwe−iλ

)
6= 0

= 0 if =m
(
bwe−iλ

)
= 0

and∣∣∣∣∣=m
(

z0f
′′(z0)

1 + eiλ

b cosλ (f ′(z0)− 1)

)∣∣∣∣∣
{
≥ cosλ|<e(bwe−iλ)|

|w|2 if <e
(
bwe−iλ

)
6= 0

= 0 if <e
(
bwe−iλ

)
= 0

,
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respectively. But, the cases of these inequalities are contradictions with the cases
of the inequalities in (1) and (2), respectively. Hence, <e{p(z)} > 0 for all z ∈ U,
therefore, we have

<e
[(

1 +
eiλ

b cosλ

(
f ′(z)− 1

))w ]
> 0

(
z ∈ U;w, b ∈ C∗;λ ∈ R∗

(
|λ| < π/2

))
.

By use of the same technique that we used in the proof of the Theorem 1, the
following results, which are Theorems 2 and 3 below, can be easily proven. Therefore,
their proofs are here omitted.

Theorem 2. Let f(z) ∈ A, z ∈ U, w ∈ C∗, b ∈ C∗ and also let λ ∈ R∗ with
|λ| < π/2. If f(z) satisfies any one of the cases of the following inequalities:∣∣∣∣∣∣<e

 f ′(z)− f(z)
z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣
{
<

cosλ|=m(bwe−iλ)|
|w|2 if =m

(
bwe−iλ

)
6= 0

6= 0 if =m
(
bwe−iλ

)
= 0

and ∣∣∣∣∣∣=m
 f ′(z)− f(z)

z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣
{
<

cosλ|<e(bwe−iλ)|
|w|2 if <e

(
bwe−iλ

)
6= 0

6= 0 if <e
(
bwe−iλ

)
= 0

,

then

<e
[(

1 +
eiλ

b cosλ

(
f(z)

z
− 1

))w ]
> 0

(
z ∈ U; w, b ∈ C∗; λ ∈ R∗

(
|λ| < π/2

))
,

where the value of the complex power is chosen to be as its principal value.

Theorem 3. Let f(z) ∈ A, z ∈ U, w ∈ C∗, b ∈ C∗ and also let λ ∈ R∗ with
|λ| < π/2. Then, if the function F(z), which is defined by

F(z) = (1− µ)f(z) + µzf ′(z) (f(z) ∈ A; 0 ≤ µ ≤ 1),

satisfies any one of the cases of the following inequalities:∣∣∣∣∣∣∣<e
 z[zF ′(z)]′

F(z) −
(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣
{
<

cosλ|=m(bwe−iλ)|
|w|2 if =m

(
bwe−iλ

)
6= 0

6= 0 if =m
(
bwe−iλ

)
= 0

and∣∣∣∣∣∣∣=m
 z[zF ′(z)]′

F(z) −
(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣
{
<

cosλ|<e(bwe−iλ)|
|w|2 if <e

(
bwe−iλ

)
6= 0

6= 0 if <e
(
bwe−iλ

)
= 0

,
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then

<e
{[

1 +
eiλ

b cosλ

(
zF ′(z)
F(z)

− 1

)]w}
> 0(

0 ≤ µ ≤ 1; w, b ∈ C∗; λ ∈ R∗
(
|λ| < π/2

)
; z ∈ U

)
,

where each one of the values of the exponential forms above is considered to be as
its principal value.

3. Some Consequences Of The Main Results

In this section, to center on some applications of the results produced in the
second section, we need to recall some functions classes which have important role
in analytic and geometric function theory (cf., e.g., [6]). For those, a function
f(z) ∈ A is said to be λ-spirallike function of complex order in U, denoted by Sλ(b)
if and only if

<e
{

1 +
eiλ

b cosλ

(
zf ′(z)

f(z)
− 1

)}
> 0

(
z ∈ U

)
,

for some real numbers b ∈ C∗ := C�{0} and λ ∈ R with |λ| < π/2. The class Sλ(b)
was introduced and studied by Al-Oboudi and Haidan [1]. A function f(z) ∈ A is
also said to be λ- Robertson function of complex order in U if and only if

<e
{

1 +
eiλ

b cosλ

(
zf ′′(z)

f ′(z)

)}
> 0

(
z ∈ U

)
,

for some real numbers b ∈ C∗ and and λ ∈ R with |λ| < π/2. We denote this class
by Cλ(b) (see, [2]). From the definitions just above, it is clear that

f(z) ∈ Cλ(b) ⇐⇒ zf ′(z) ∈ Sλ(b).

Let Rλ(b) denote the class of functions f(z) ∈ A such that

<e
{

1 +
eiλ

b cosλ

(
f ′(z)− 1

)}
> 0

(
z ∈ U; b ∈ C∗

)
,

also let Dλ(b) denote the class of functions f(z) ∈ A such that

<e
{

1 +
eiλ

b cosλ

(
f(z)

z
− 1

)}
> 0

(
z ∈ U; b ∈ C∗

)
.

Noting that the above functions classes include several subclasses which have
important role in the analytic and geometric function theory. From this reason, we
want to state some of them:
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- Sλ(1) =: Sλ (|λ| < π/2) is known the λ-spirallike univalent functions class
and was defined by Spacek [15], S0(b) =: S(b) (b ∈ C∗) is said to be the
starlike functions class of complex order and was studied by Nasr and Aouf
[10], Sλ(1− α) =: Sλ(α) (0 ≤ α < 1) is known the λ-spirallike functions class
of order α and was studied by Libera [9] and S0(1−α) =: S∗(α) (0 ≤ α < 1) is
said to be the starlike functions class of order α (0 ≤ α < 1) and was studied
by Robertson [13].

- Cλ(1) =: Cλ (|λ| < π/2) is known the λ-Robertson type functions class and
was first studied by Robertson [14], C0(b) =: C(b) is called the convex functions
class of complex order and was studied by Waitrowski [17], Nasr and Aouf [11],
Aouf [10] and Cλ(1− α) =: Cλ(α) (0 ≤ α < 1) is known the λ-Robertson type
functions class of order α and was studied by Chichra [5] and C0(1−α) =: C(α)
(0 ≤ α < 1) is called the starlike functions class of order α (0 ≤ α < 1) and
was studied by Robertson [13].

- R0(b) =: Rλ(b) is the close-to-convex functions class of complex order and was
studied by Abdul Halim [7] and R0(1− α) =: R(α) (0 ≤ α < 1) is said to be
close-to-convex functions class of order α (0 ≤ α < 1) (see, [16]).

- D0(1− α) =: B(α) (0 ≤ α < 1) is an analytic functions class and was studied
by Chen [5].

In view of information between these definitions above and the main results, by
selecting suitable values of the parameters in the main results, i.e., Theorems 2-4,
several useful results can be easily revealed. It is impossible to list all of them, but
we want only to present a number of the related results in the classes Rλ(b), Dλ(b),
Sλ(b), Cλ(b), R(α), Dλ(b), S∗(α), C(b) and also certain subclasses of these classes.

Firstly, by taking w := 1 in Theorems 1-3, respectively, the following corollaries
are obtained.

Corollary 1. Let f(z) ∈ A, z ∈ U, b ∈ C∗ and λ ∈ R with |λ| < π/2. If f(z)
satisfies any one of the cases of the following inequalities:∣∣∣∣∣<e

(
zf ′′(z)

1 + eiλ

b cosλ (f ′(z)− 1)

)∣∣∣∣∣
{
< cosλ

∣∣=m (be−iλ)∣∣ if =m
(
be−iλ

)
6= 0

6= 0 if =m
(
be−iλ

)
= 0

and ∣∣∣∣∣=m
(

zf ′′(z)

1 + eiλ

b cosλ (f ′(z)− 1)

)∣∣∣∣∣
{
< cosλ

∣∣<e (be−iλ)∣∣ if <e
(
be−iλ

)
6= 0

6= 0 if <e
(
be−iλ

)
= 0

,
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then f(z) ∈ Rλ(b).

Corollary 2. Let f(z) ∈ A, z ∈ U, b ∈ C∗ and λ ∈ R with |λ| < π/2. If f(z)
satisfies any one of the cases of the following inequalities:∣∣∣∣∣∣<e

 f ′(z)− f(z)
z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣
{
< cosλ

∣∣=m (be−iλ)∣∣ if =m
(
be−iλ

)
6= 0

6= 0 if =m
(
be−iλ

)
= 0

and ∣∣∣∣∣∣=m
 f ′(z)− f(z)

z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣
{
< cosλ

∣∣<e (be−iλ)∣∣ if <e
(
be−iλ

)
6= 0

6= 0 if <e
(
be−iλ

)
= 0

,

then f(z) ∈ Dλ(b).

Corollary 3. Let f(z) ∈ A, z ∈ U, b ∈ C∗, λ ∈ R (|λ| < π/2) and also let F(z) be
defined by

F(z) = (1− µ)f(z) + µzf ′(z) (0 ≤ µ ≤ 1).

If F(z) satisfies any one of the cases of the following inequalities:∣∣∣∣∣∣∣<e
 z[zF ′(z)]′

F(z) −
(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣=m (be−iλ)∣∣ if =m
(
be−iλ

)
6= 0

6= 0 if =m
(
be−iλ

)
= 0

and∣∣∣∣∣∣∣=m
 z[zF ′(z)]′

F(z) −
(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣<e (be−iλ)∣∣ if <e
(
be−iλ

)
6= 0

6= 0 if <e
(
be−iλ

)
= 0

,

then F(z) ∈ Sλ(b).

Secondly, by letting µ := 0 in Corollary 3, the following corollary is also received.

Corollary 4. Let f(z) ∈ A, z ∈ U, b ∈ C∗ and λ ∈ R with |λ| < π/2. If the function
f(z) satisfies any one of the cases of the inequalities:∣∣∣∣∣∣∣<e

 z[zf ′(z)]′

f(z) −
(
zf ′(z)
f(z)

)2
1 + eiλ

b cosλ

(
zf ′(z)
f(z) − 1

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣=m (be−iλ)∣∣ if =m
(
be−iλ

)
6= 0

6= 0 if =m
(
be−iλ

)
= 0
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and∣∣∣∣∣∣∣=m
 z[zf ′(z)]′

f(z) −
(
zf ′(z)
f(z)

)2
1 + eiλ

b cosλ

(
zf ′(z)
f(z) − 1

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣<e (be−iλ)∣∣ if <e
(
be−iλ

)
6= 0

6= 0 if <e
(
be−iλ

)
= 0

,

then f(z) ∈ Sλ(b).

Thirdly, by putting µ := 1 in Corollary 3, the following corollary is then obtained.

Corollary 5. Let f(z) ∈ A, z ∈ U, b ∈ C∗ and λ ∈ R with |λ| < π/2 . If the
function f(z) satisfies any one of the cases of the following inequalities:∣∣∣∣∣∣∣<e

 z(zf ′(z))′′+(zf ′(z))′

f ′(z) −
(
zf ′′(z)
f ′(z) + 1

)2
1 + eiλ

b cosλ

(
zf ′′(z)
f ′(z)

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣=m (be−iλ)∣∣ if =m
(
be−iλ

)
6= 0

6= 0 if =m
(
be−iλ

)
= 0

and∣∣∣∣∣∣∣=m
 z(zf ′(z))′′+(zf ′(z))′

f ′(z) −
(
zf ′′(z)
f ′(z) + 1

)2
1 + eiλ

b cosλ

(
zf ′′(z)
f ′(z)

)

∣∣∣∣∣∣∣
{
< cosλ

∣∣<e (be−iλ)∣∣ if <e
(
be−iλ

)
6= 0

6= 0 if <e
(
be−iλ

)
= 0

,

then f(z) ∈ Cλ(b).

Lastly, by setting w := b in Theorems 1-3, respectively, the following corollaries
are also obtained.

Corollary 6. Let f(z) ∈ A, z ∈ U and b ∈ C∗. If the function f(z) satisfies any
one of the following inequalities:∣∣∣∣∣<e

(
zf ′′(z)

1 + eiλ

b cosλ (f ′(z)− 1)

)∣∣∣∣∣ < 1

2
sin(2λ)

(
|λ| < π/2; λ 6= 0

)
and ∣∣∣∣∣=m

(
zf ′′(z)

1 + eiλ

b cosλ (f ′(z)− 1)

)∣∣∣∣∣ < cos2 λ
(
|λ| < π/2

)
then

<e

[(
1 +

eiλ

b cosλ

(
f ′(z)− 1

))b]
> 0

(
z ∈ U

)
,

where the values of the exponential form above is considered to be as its principal
value.
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Corollary 7. Let f(z) ∈ A, z ∈ U and b ∈ C∗. If the function f(z) satisfies any
one of the following inequalities:∣∣∣∣∣∣<e

 f ′(z)− f(z)
z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣ < 1

2
sin(2λ)

(
|λ| < π/2; λ 6= 0

)
and ∣∣∣∣∣∣=m

 f ′(z)− f(z)
z

1 + eiλ

b cosλ

(
f(z)
z − 1

)
∣∣∣∣∣∣ < cos2 λ

(
|λ| < π/2

)
then

<e

[(
1 +

eiλ

b cosλ

(
f(z)

z
− 1

))b]
> 0

(
z ∈ U

)
,

where the value of the exponential term above is chosen to be as its principal value.

Corollary 8. Let f(z) ∈ A, z ∈ U, b ∈ C∗ and let F(z), defined by F(z) =
(1− µ)f(z) + µzf ′(z) (0 ≤ µ ≤ 1), be satisfy any one of the following inequalities:∣∣∣∣∣∣∣<e

 z[zF ′(z)]′
F(z) −

(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣ <

1

2
sin(2λ)

(
|λ| < π/2; λ 6= 0

)

and ∣∣∣∣∣∣∣=m
 z[zF ′(z)]′

F(z) −
(
zF ′(z)
F(z)

)2
1 + eiλ

b cosλ

(
zF ′(z)
F(z) − 1

)

∣∣∣∣∣∣∣ < cos2 λ

(
|λ| < π/2

)
.

Then,

<e

[(
1 +

eiλ

b cosλ

(
zF ′(z)
F(z)

− 1

))b]
> 0

(
z ∈ U

)
,

where each one of the values of the powers above is taken to be as its principal value.

Remark. For the special cases of certain parameters of all theorems, for example,
by taking b − 1 = λ = 0 in Theorems 1-3, Theorems 2-4 in [8] are received. In
addition, by letting α = 0 in all corollaries of the related theorems, some of the
Corollaries 5-8 in [8] are also obtained.
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