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ABSTRACT. In this paper, we introduce the notions of wgu*-closed and wgu*-
open sets by using the notion of m-open sets. We generalize many concepts which is
defined in ideal topological spaces and topological spaces by using these new notions.
Also we study quasi uy- normality and characterizations of quasi - normal spaces
are obtained. Several preservation theorems for quasi py- normal spaces are given.
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1. INTRODUCTION AND PRELIMINARIES

The idea of generalized topology and hereditary classes was introduced and studied
by Csdszar [5, 6]. He generalized ideal topology on a set by using these structures.
In this paper, we introduce the notions of wgu*-closed and wgu*-open sets by using
the notion of m-open sets. We generalize many concepts which is defined in ideal
topological spaces and topological spaces by using these new notions.

Let A be a subset of a topological space X. The closure of A and the interior of
A are denoted by CI(A) and Int(A), respectively. A subset A of a topological space
(X, ) is said to be regular open [24](resp. regular closed ) if A = Int(CI(A)) (resp.
A = Cl(Int(A))). The finite union of regular open sets is said to be m-open [28] in
(X, 7). The complement of a m-open set is m-closed. A subset A of a topological
space (X, 7) said to be semi-open [12] ( resp., a-open [16], pre-open [14], b-open
[2], B-open [1])if A C Cl(Int(A)) (resp. A C Int(Cl(Int(A))), A C Int(CI(A)), A C
Int(Cl(A))U Cl(Int(A)), A C Cl(Int(Cl(A))) ). The family of all semi-open (resp. a-
open, pre-open, b-open, -open ) sets in (X, 7) is denoted by SO(X) ( resp. aO(X),
PO(X), BO(X), fO(X) ). A function f:(X,7) — (Y, 0) is said to be m-m-closed [9]
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if f(V) is m-closed in (Y, o) for every m-closed in (X, 7). A function f:(X,7) = (Y, 0)
is said m-continuous [8] if f~1(V) is m-closed in (X, 7) for every closed set in (Y, o).
An ideal topological space is a topological space (X, 7) with an ideal I on X, and
is denoted by (X, 7,I). A*(I) ={z € X |UNA ¢ Ifor each open
neighborhood U of x} is called the local function of A with respect to I and 7
[11]. When there is no chance for confusion A*(I) is denoted by A*. For every
ideal topological space (X, 7, ), there exists a topology 7*(I), finer than 7. Observe
additionally that Cl*(A) = A* U A defines a Kuratowski closure operator for 7*(I)
[27]. A subset A of an ideal topological space (X, 7,1) is said to be semi*-I-open
[10] if A C Cl(Int*(A)). The family of all semi*-I-open sets in (X, 7,I) is denoted
by S*IO(X).

Let X be a non-empty set and exp X denote the power set of X. We call a class u
C exp X a generalized topology [5] ( briefly, GT ) if § € p and the union of elements
of 1 belongs to p. And let us say that a hereditary class H [6] on X is a class () #
H C X satisfying A C B, B € H implies A € H. If pisa GT on X and A C X, x €
X then x € A} [6]iff xe M e pu=MnNA ¢H. Thereis a GT p* [6] such that
c;,(A) = A U Aj, is intersection of all y*-closed supersets of A; M € p* iff X - M =
(X - M).

If one takes H = (), then ¢,» becomes c,. If one takes 7 as GT and H = (), then
¢y becomes the usual closure operator. Similarly ¢,+ becomes scl (resp. pcl, bcl,
pel) if p* stands for SO(X) (resp. PO(X), BO(X), fO(X)). Likewise, if one takes 7
as GT and H = I, then ¢,» becomes closure operator for 7*(I). Likewise, ¢,+ becomes
s*cl if p stands for S*IO(X).

Given a topological space (X, 7) and a GT p on X, (X, 7) is said to be pg-normal
[18] if for any two disjoint closed sets A and B there exist two disjoint u-open sets
U and V such that A C Uand B C V.

2. TGU*-CLOSED SETS

Definition 1. Let u be a GT and H # 0 be a hereditary class on a topological space
(X, 7). A subset A of X is called a  generalized p*-closed set (or simply mgu*-closed
)if cux(A) C U whenever A C U and U is w-open.

The complement of a wgu*-closed set is said to be wgu*-open.

Remark 1. (a) Let u be a GT and H # 0 be a hereditary class on topological space
(X, 7). Then every wgu*-closed set reduces to wg-closed [8] (resp., mgs-closed [3],
mgp-closed [19], mwgb-closed [22], mwgB-closed [25] ) if w is taken to be T ( resp.,
SO(X), PO(X), BO(X), BO(X) ) and H = 0.

(b) Let p be a GT and H # 0 be a hereditary class on X. Then every mwgu*-closed
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set reduces to Irg-closed [20] ( Irgsx-closed [10]) if p* is taken to be 7™ ( S*IO(X)
) and H= L.

Theorem 1. Every g,-closed set is mgu*-closed.

Proof. 1t is obvious that every m-open set is open.

Remark 2. The following example shows that the reverse of Theorem 2.1 is not
true.

Example 1. Let X = {a,b,c,d}, 7 = {X,0,{a},{c,d},{a,c,d}}, H ={0,{c}} and
p =1{X,0,{a,c},{b,d}}. Then the set {a,d} is mgu*-closed but not g,-closed.

Remark 3. Finite intersection (union) of wgu*-closed sets need not to be mgu*-
closed by the following examples.

Example 2. Let X = {a,b,c,d}, 7 = {X,0,{a,c},{b,d}}, H = {0,{a}} and p =
{X,0,{a,b},{a,c}}. A ={b,c} and B = {c,d}. Clearly A and B are mwgu*-closed
sets but ANDB is not wgu*-closed.

Example 3. Let X = {a,b,c,d}, 7 = {X,0,{a},{b,c},{a,b,c}}, H ={0,{a}} and
p=A{X,0,{a,d}}. A ={a,c} and B = {b}. Clearly A and B are wgu*-closed sets
but AUB is not wgu*-closed.

Theorem 1. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). If A is wgu*-closed, B is w-closed and p*-closed then ANB is wgu*-closed.

Proof. Let U be m-open such that A N B C U. Then A € U U(X \ B). Since A is
ngu*-closed and B is 7-closed then c,+(A) C (U U(X \ B)). Hence ¢, (AN B) C (U
U(X \ B)) . Since B is p*-closed, ¢,«(A N B) C U. Hence A N B is mgp*-closed.

Theorem 2. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). For every A € H, A is mgu*-closed.

Proof. Let A C U where U is 7-open. Since A}, = () for every A € H, ¢;«(A) = A
U A7 = A C U. Therefore A is mgu*-closed.

Theorem 3. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). For every subset A of X, A7 is wgp*-closed.

Proof. Let Aj, C U where U is m-open. Since (A4});, C Ay, we have c,«(A}) C U .
Hence A}, is mgu*-closed.

Theorem 4. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). If A is mgu*-closed, then c,»(A) \ A does not contain any nonempty m-closed
set.
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Proof. Let F be m-closed subset of X, such that F C ¢,«(A) \ A where A is mgu*-
closed. Then ¢,+(A) C (X \ F ). Thus F C (X \ ¢u+(A) ) N ¢ux(A) and hence F =
0.

Theorem 5. Let pu be a GT and H # 0 be a hereditary class on a topological space
(X, 7) and A C B C c,=(A), where A is mgu*-closed. Then B is wgu*-closed.

Proof. Let B C U and U is m-open. Since A is mgp*-closed and B C U, then ¢+ (A)
C U. Now, A C B C ¢u«(A), cux(A) = cu«(B) and hence ¢,«(B) C U. Thus B is
wgu*-closed.

Theorem 6. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). Every m-open set is " -closed set if and only if every subset of X is wgu*-
closed.

Proof. Suppose every m-open set is p-x-closed. Let A be a subset of X. If U is m-open
such that A C U, then A} C U; C U and ¢,+(A) C U. So A is mgu*-closed.

Conversely, suppose that every subset of X is wgu*-closed. If U is m-open then
by hypothesis, U is mgu*-closed and so ¢,«(U) C U. Thus, U; C U and so U is
w*-closed.

Theorem 7. Let p be a GT and H # 0 be a hereditary class on a topological space
(X, 7). For each z € X, either {x} is m-closed or {x}° is mgu*-closed.

Proof. Suppose that {z} is not m-closed, then {z}¢ is not m-open and only 7-open
set containing {z} ¢ is set X itself. So {x}¢ is mgu*-closed.

Theorem 8. Let pu be a GT and H # ) be a hereditary class on a topological space
(X, 7). If A is wgu*-closed in X, such that A C Y C X, then A is mgu*-closed in Y.

Proof. Let U be a m-open set in Y such that A C U, then A C U = VN Y where V
is m-open in X. Since A is mgu*-closed in X, ¢,+(A) C V . Therefore ¢,y (4) C U.
Then A is wgu*-closed in Y.

Theorem 9. Let pu be a GT and H # ) be a hereditary class on a topological space
(X, 7). A subset A of X is mgu*-open if and only if F' C int,~(A) whenever F C A
and F is m-closed.

Proof. Let F C A and F be m-closed. Then (X \ A) C (X \ F) and X \ F 7-open.
Since X \ A is wgu*-closed (¢,»(X \ A)) C (X \ F) . So F C int,~(A). Conversely
suppose that F' C int,«(A) whenever F C A and F is m-closed. Let X\A C U where
U is m-open. Then X \U C A. Then by hypothesis X \U C int,«(A) and hence
¢y (X \ A) C U. Therefore A is mgu*-open.
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Theorem 10. Let p be a GT and H # 0 be a hereditary class on a topological
space (X, 7). If a subset of X is wgu*-open then U = X whenever U is m-open and
int,«(A)U (X \ A)c U.

Proof. Let U be m-open and int,«(A)U (X \ A)C U for mgp*-open A. Then X \ U
C (X \ inty+(A)) N A. Since X \ A is mgu*-closed and by the Theorem 2.5 X \ U
= (), hence X = U.

3. QUASI pg-H-NORMAL SPACES

Definition 2. Let u be a GT and H # 0 be a hereditary class on a topological space
(X, 7). A topological space is called a quasi pig-H-normal space if for every pair of
disjoint w-closed sets A and B of X, there exist disjoint u-open sets U and V such
that A\U € H and B\V € H.

Remark 4. Let u be a GT and H = {0} on a topological space (X, 7). Then every
quast f1g-H-normal space reduces to be quasi-normal [8]( resp., quasi-s-normal [4],
quasi-p-normal [26] ) space if p is taken to be T ( resp., SO(X), PO(X) ).

Theorem 11. Every pg-normal space is a quasi pig-H-normal space.
Proof. 1t is obvious by every p-open set is p*-open.
The following example shows that the reverse of Theorem 3.1 is not true.

Example 4. Observe that the Countable Extension Topological space [Example 63,
[23]] in which X is real line, and if 71 is the Fuclidean topology on X and To is
the topology of countable complements on X, we define T to be the smallest topology
generated by 71 U To. Let p={0}U{[n,00)|n € N}U{(—o0,n]ln € N} be generalized
topology on (X,7) and H ={H|H C [a,b]} be hereditary on X. Then X is a quasi
pg-H-normal space but not pig-normal space.

Theorem 12. Let o be a GT and H # () be a hereditary class on a topological space
( X, 7). Then the followings are equivalent:

(a) X is a quasi pg-H-normal space.

(b) For every m-closed set F and m-open set G containing F, there exists a p-open
set V such that F\V € H and c,»(V)\G € H.

(¢) For each pair of disjoint w-closed sets A and B, there exists an p-open set U
such that A\U € H and c,~(U)NB € H.

Proof. (a) = (b) Let F be a m-closed and G be a m-open subset of X. Since X
\G is 7m-closed and FCG, FN (X\G)=0. X is a quasi jg-H-normal space, so there

49



A. Caksu Guler and S. Sahan — m-Generalized Closed Sets

exist disjoint p-open sets U and V such that F\Ve H and (X\G)\Ue H. Then
e (V) €X\U and (X\G)Nepr (V) C(X\G)N(X\U). Hence ¢+ (V)\Ge H.

(b) = (c) Obvious by the hypothesis.

(c) = (a) Let A and B be disjoint 7-closed sets. By the hypothesis there exists a
p-open set U such that A\Ue H and ¢,»(U)NB € H. Let V= X\¢,»(U). Since V is
p-open and UNV=0, X is a quasi p,-H-normal space.

Theorem 13. Let p be a GT and H# () be a hereditary class on (X,7) topological
space. If X is a quasi pg-H- normal space then for every pair of disjoint w-closed
sets A and B of X, there exist disjoint wgu*-open sets U and V such that A\U € H
and B\V € H.

Proof. 1t is obvious by every p-open set is mgu*-open.

Theorem 14. Let i be a GT and H={0} be a hereditary class on a (X,T) topological
space. Then the following are equivalent.

(a) X is a quasi pig-H-normal space

(b) If for every pair of disjoint m-closed sets A and B of X, there exist disjoint
mgp*-open sets U and V such that A\U € H and B\V € H.

Proof. (a) = (b) It is obvious by the previous theorem.

(b) = (a) Let A and B be disjoint m-closed. By the hypothesis there exist U and V
are disjoint wgu*-open subsets of X such that A \U=0 B \V=0. Then A C U. Since
U is mgp*-open, A C int,+(U) by Theorem 2.10. Similarly B C int,+(V). Finally,
since int,~(U) and int,« (V') are p-open sets and H= {0}, X is a quasi p14-H- normal
space.

Definition 3 ( [13]). Let (X,u) and (Y,\) be GTSs, then a function f: X — Y is
called (u,\)-open if f(G) € X for each G € p.

Lemma 1. If H# () is a hereditary class on X and f: X — Y is a function, then
f(H) = {f(H)|H € H} is a hereditary class on Y.

Theorem 15. Let p be a GT and H# O be a hereditary class on a (X,7),\ be a GT
on (Y,0) and f:X—Y is a bijection, w-continuous and (u, \)-open. If X is a quasi
pg-H- normal space, then Y is a quasi Ag-f(H)-normal space.

Proof. Let A and B be disjoint 7-closed subsets of Y, since f is w-continuous function
f71(A), f~1(B) are m-closed subsets of X. Since X is quasi yi,-H- normal space, there
exist disjoint p-open sets U and V in X such that f~1(A)\ U € H and f~1(B)\V
€ H. Then f(f"1(A)\ U)e f(H) and f(f~' (A)) \ f(U)e f(H). Because of the
hereditary of #, A \ f(U)e f(H). Similarly, B \ f(U)ef(#). Since f(U) and f(V) are
disjoint A\-open subsets of Y, it follows that Y is a quasi A\y-f(#)- normal space.
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Definition 4 ( [5]). Let (X,u) and (Y,\) be GTSs, then a function f: X — Y is
called (u,\)-continuous if f1(G) € u for each G € \.

Lemma 2. If H # () is a hereditary class on Y and f: X — Y is a function, then f
“Y(H) = {f~1(H)|H € H} is a hereditary class on X.

Theorem 16. Let i be a GT and H # 0 be a hereditary class on (X,7),\ be a GT
on (Y,0) and f:X — Y is an injection, m-w-closed and (u,\)-continuous. If Y is a
quast A\g-H-normal space, then X is a quasi ,ug-f_l(”H)-normal space.

Proof. Let A and B be disjoint 7m-closed subsets of X, since f is m-7-closed injection,
f(A) and f(B) are disjoint m-closed subset of Y. Since Y is quasi Ay- normal space,
there exist disjoint Ad-open U and V such in Y that f(A) \U € H and f(B) \V €
H. Then £ (((A)\U) € f~1(H) and £ (§(A))\f~1(U) € £~1(H)).Then A \f"}(U)e
f=1(#)). Similarly, B\f~1(V)e f~1(#)). Since f is (u,)\)-continuous, f~*(U) and
f=1(V) are disjoint p-open subsets of X. It follows that X is a quasi u,-f~1(H)-
normal space.

Lemma 3. If H+# () is a hereditary class on X and Y is a subset of X, then Hy =
{YNH|H € H}={H € H|H C Y} is a hereditary class on Y.

Theorem 17. Let pn be a GT and H # 0 be a hereditary class on a (X,7) topological
space. If X is a quasi pg-H- normal space and YCX is mw-closed, then Y is a quasi
pg-Hy - normal space.

Proof. Let A and B be disjoint m-closed subsets of Y. Since Y is w-closed A and
B are disjoint m-closed subsets of X. By hypothesis, there exist disjoint open sets
U and V such that A\Ue H and B\V € H. If A\U = He H and B\V=G € H,
then ACUUH and BCVUG. Since ACY, ACYN(UUH) and so AC(YN H)u(YNU).
Therefore A\(YNU)C(YNH )€ Hy. Similarly, B\(YNV)C(YN G)e Hy. IfU;=YNU
and V1=YNV, then U; and V; are disjoint py-open sets such that A\U; € Hy and
B\Vi € Hy. Hence Y is a quasi pg-Hy- normal space.
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