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LACUNARY STRONGLY ALMOST SUMMABLE SEQUENCE
SPACES DEFINED BY IDEAL AND MODULUS FUNCTION
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ABSTRACT. In the present article, we define a certain type of sequence spaces:-
w(]; [Z, plo, wg [Z,p] and wg [Z, p]oo.-Which are defined by combining the concepts of
modulus functions, lacunary sequence and Z—convergence. We also examined some
topological properties of the resulting sequence spaces. In the last section, we in-
troduce the concept of Z—lacunary almost statistical convergence and find out a
condition under which this convergence coincides with wg (Z,p].
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1. INTRODUCTION AND BACKGROUND

Let o, and C be the Banach spaces of real bounded and convergent sequences with
the usual supremum norm. In Banach [1], a linear functional £ on /., is said to be
a Banach limit if it satisfies the following conditions:

(i) £(z) > 0 when the sequence x = (z) has z; > 0 for all k, (ii) £(e) = 1,
where e = (1,1,1,--+), (iii) £(Dx) = £(x), where D is the shift operator defined
by (Dzy = xp41).

Let 9B be the set of all Banach limits on £,. A sequence x is said to be almost
convergent to a number L if £(z) = L for all £ € B. Lorentz[15] has shown that =
is almost convergent to L if and only if

:xm+xm+l+"'+xm+k
k+1

tk,, = ti,, () — L as k — oo,

uniformly to m.
Maddox[16] and Freedman et.al.[9] introduced the concept of strongly almost
convergence. Further, Das and Sahool[3| defined the sequence space

1 n
[w(p)] ={zeW: Mkzo|tkm(x —0)|P* — 0 as n — o0, }
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uniformly to m and investigated some of its properties.

The notion of statistical convergence has been introduced by Fast[8] in 1951
and has been developed extensively in different directions by Salat[22], Fridy[10],
Connor[2], Maddox[18] and many others.

A number sequence x = (xj) is said to be statistically convergent to a number
L (denoted by S — limg_,o ¢ = L) provided that for every € > 0,

lim l|{k: <n:lzy—L| >¢€} =0,

n—oo n
where the vertical bars denote the cardinality of the enclosed set. Let S denotes the
set of all statistically convergent sequences of numbers.

By a lacunary sequence, we mean an increasing sequence 6 = (k,) of positive
integers such that ky = 0 and h, = k, — k,—1 — o0 as r — o0o0. The intervals
determined by 6 will be denoted by I, = (k,_1, k,|, where the ratio kfil is denoted
by g.

Using lacunary sequence, Fridy and Orhan [11] generalized statistical conver-
gence as follows:

Let 6 = (k,) be a lacunary sequence. A sequence x = (xy) of numbers is said to
be lacunary statistically convergent to a number L (denoted by Sp—limy_,o0 2 = L)
if for each € > 0,

1
i — : —L| > = 0.
Th_1>noo W Kkel :|lzy— L >€}|=0

Let Sy denotes the set of all lacunary statistically convergent sequences of numbers.
Recently, lacunary sequence it has been studied by various authors (for instance
[12], [20] and [7]).

A family of sets Z C P(N) is called an ideal in N if and only if (i) () € Z;(ii) For
each A, B € T we have AU B € Z; (iii) For A € Z and B C A we have B € 7.

A non-empty family of sets F C P(N) is called a filter on N if and only if (i)
() ¢ F;(ii) For each A, B € F we have AN B € F;(iii) For A € F and B D A we
have B € F.

An ideal 7 is called non-trivial if Z # () and N ¢ Z.

It immediately implies that Z C P(N) is a non-trivial ideal if and only if the
class F = F(Z) = {N— A: A € I} is a filter on N. The filter F = F(Z) is called
the filter associated with the ideal Z.

A non-trivial ideal Z C P(N) is called an admissible ideal in N if and only if it
contains all singletons i.e. if it contains {{n} : n € N}. Throughout the paper, 7 is
considered as a non-trivial admissible ideal.

Using the above terminology, Kostyrko et.al.[14] defined Z—convergence as fol-
lows:
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A sequence x = (z},) in X is said to be Z—convergent to { € X if for each € > 0,
the set A(e) = {k € N: |z, —&| > €} € Z. In this case, we write Z — limy_,o0 x = €.
The detailed history and development of this convergence can be found in ([5], [6],
[13] and [4]).

The following inequality will be used throughout the paper. Let p = (px) be a
positive sequence of real numbers with 0 < p < sup,pr = H, C = max(1, 2H_1).
Then for ag, by € C, we have

lag + b |PF < C{|ag|P* + |bg[P*}, (1)

for all k € N.

The notion of modulus function was introduced by Nakano[19] and now we recall
that a modulus function f is a function from [0, c0) to [0, 00) such that

(i) f(z) =0if and only if z = 0, ii) f(z +y) < f(z) + f(y) for all z,y > 0, iii)
f is increasing, iv) f is continuous from right at 0.

It follows that f must be continuous everywhere on [0, 00). A modulus function
may be bounded or unbounded. Subsequently, the notion of modulus function was
used to define sequence spaces by Ruckle[21], Maddox[17], Pehilvan and Fisher[20],
Savas[23], Et.and Gokhan[7] and many others. The following well-known lemma is
required for establishing a very important result in our article.

Let f be a modulus function and let 0 < 6 < 1. Then for each z > ¢ we have
f(l') < 2Af((;1)x.

2. MAIN RESULTS

In this section, we define a certain type of ideal convergent sequence spaces, where
w(X) denotes the space of all sequences = = (z) € X.

Definition 1. Let Z be an admissible ideal, f be a modulus function and p = (p)
be any sequence of positive real numbers. For each € > 0, we define the following
sequence spaces:

1
wg[I,p]o =czecw(X):{reN: = z:[f(|t;€n(x)|)}p’C > €} € Z,uniformly inn » ,
" kel,

Wl [Z,p) =z w(X):3 e>o,{reN:hi S Ul (2 — O > e} €T b,

" kel,
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and

1
wiZ,ploo = { # € w(X) : IK > 0 such that {r € N : " S 1tk (@) > K} Ty,
" kel

uniformly in n. We can write it as x = (x) € wg[I,p] or Ty — L(wg[I, pl)-

Remark 1. If we take particularly f(x) = x in the above definition, then we obtain
wylZ, plo, welZ,p] instead of wg[I,p]o and wg[l',p] respectively.

Remark 2. When we choose pr, = 1 for all k € N, then the spaces wg[I, plo, wg [Z, p]

and wg [Z, pleo Teduce to the spaces wg [Z]o, w(]; [Z] and wg [Z] 0o

Theorem 1. If p = (pr) be a bounded sequence and f be a modulus function, then
wg [Z, plo, wg [Z,p] and wg [Z,pleo are linear spaces over C.

Proof. We have
|lag + b [Pt < C{lag|PF + |bg[P*}, (2)

where sup,pr = H and C' = max(1,27~1). We shall prove the assertion for wg [Z, plo,

the others can be treated similarly. Let z = (zx), v = (yx) € wg [Z,plo. Then for
every € > 0, the sets

Agle) = fr €N o= S [, @D > 5, 3)
" kel,
By(e) = {reN: - S [f(n, )P > ) (@
" kel
belong to Z, uniformly in n.
Let a, 8 € C, then we have
= (o + B < o Skt @) + F15Hew, D1
" kel, el,
< a(ffa)H.hi Stk ()P + a(Kg)H.hi St P by ()
" kel, " kel

where |a| < K, and [8] < Kp.
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Then for given € > 0, we have the following inclusion relations

freN: - S [t (0 + By 2 ¢}

" kel,
1 €
C{reN: m%[f(ltkn(m)l)]” > W}
1 €
U{r e N: m’;[fﬂtkn(y)mp > W}

uniformly in n.

By using (3) and (4), the set {r € N: h% > rwer f ([tr, (e + By))|PF > €} € T.
This completes the proof.

Theorem 2. Let f' and f” are modulus functions. If

/(1)
RN

=M >0,

then wg [Z,p] C wg [Z, p].

Proof. We assume that lim sup,_, j:,,(()) = M, then there exists an integer K > 0

such that f/(t) > K.f"(t) for all t > 0.
Which implies that

o St o= ODP = (1) S o = O
" kel " kel
Then for any € > 0, we have
(re N S I (o= ODP* 2 e} € (r €N o STt (2~ D 2 e.(B)7},
" kel " kel

uniformly in n.
Since = € w(]; [Z, p], therefore by above containment it follows that x € w(]; [Z, p].

Theorem 3. If f, f' and " are modulus functions, then
(i) wy Lol Cwp Lol
(i1) wg [Z, p] ﬁwe [Z,p] C wg +f [Z,p].
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Proof. (i) We suppose that x = (xy) € w(];/ [Z,p]. Let € > 0, we choose 6 € (0,1)
such that f(t) < e for all 0 < ¢ < 4. Since z € wgl [Z,p] such that

Ap(0) ={reN: n Z (It (z = ODI* = 6} € T, (5)
kel

uniformly in n.
On the other hand, we have

= U £ (e~ ODP = 5 3 o 1 ([t (x — )P

" kel kel &[f! ([t (z=O)])]Pk <&

+hi [f o £ (It (x — O™

" kL &[f (|t ( @mpk>6

< @ +max(t, L. S o - O

kel

By using (5), we have = € wf 7 [Z, p].
(ii) The result of the theorem can be proved by using the following inequality

C

— Z (f 4+ )tk (z = ONP* < 7 Lf'(Itr,, (x = £)])]P*
" kel " kel,
+to- Z F(th, (x = O))]P*
" kel,

where sup,pr = H and C = max(1,27-1).

Theorem 4. Let f be a modulus function. If p = (pr) be a sequence of positive real

numbers, then wy[Z,p] C wg [Z, p].

Proof. This result can be proved by using the techniques similar to those used in
theorem 3(i).

Theorem 5. Let f be a modulus function. If limsup,_, . @ =L >0, then

w)[Z,p] C welZ, pl.

Proof. We have limsup,_, ., @ = L > 0, then there exists a constant K > 0 such
that f(t) > K.t for all t > 0.

Which implies that

o Sl o= 0P = () St (= O]

" kel, " kel,
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This gives the result.

Theorem 6. If 0 < p; < g and (q’“) be bounded, then wy [I q] C g[I, D).

Proof. The proof of this theorem is omitted.

3. [Sp(Z)]—CONVERGENCE

In this section, we introduce the concept of Z—lacunary almost statistical conver-
gence and also obtain a condition under which the class [Sp(Z)] of all Z—lacunary
almost statistically convergent sequences coincides with the sequence space wg [Z,p].

Definition 2. A sequence x = (x) is said to be Z—lacunary almost statistically
convergent or [Sp(Z)]—convergent to a number £ provided that for every e > 0 and
>0

1
{7’ eN: h—\{k‘ el :|ty,(x—0)| > €} > (5} € Z, uniformly in n.

In this case, we write xy, — L([Sp(Z)]) or [Se(Z)] — limg—oo zx = €. The set of all
Z—lacunary almost statistically convergent sequences is denoted by [Syp(Z)].

Theorem 7. Let f be a modulus function and p = (pr) be a sequence of positive
real numbers. If 0 < infpr = h < pr < sup,pr = H < oo, then wg[I, p] C [Se(T)].

Proof. Suppose z € wg [Z,p] and € > 0 be given. Then we have

@00 = Y [, - 0D

" kel " kel &lty,, (z—b)|>e

b S [l - oD

" kel &lty, (z—b)|<e

1 1
. [f ([t (2 = ODI = -~
ken&ukn( 0)ze

1
Z 5 Z [F(e)T) > h*!{k € I« [ty (x — £)] > e}[-min([f(e)]", [f()]T).
I T
Then for § > 0 and uniformly in n, we have

{r eN: hi]{k €l :|ty,(x—0)| > €} > (5} C{reN: hi Z[f(]tkn(x — 0P > K.6},
" " kel
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where K = min([f(e)]", [f(¢)]").
Since x — E(wg[Z, p]) so that [Syp(Z)] — limg 00 xx = £.

Theorem 8. Let f be a bounded modulus function and 0 < infipr = h < pp <
supppr = H < 0o, then [Sy(Z)] C wg[I,p].

Proof. Using the same technique of theorem 3.3 of [7], it is easy to prove this theo-
rem.

Theorem 9. If 0 < infpr = h < pi < supppr = H < oo, then [Sp(Z)] = wg[I,p]
if and only if f is bounded.

Proof. This part is the direct consequence of theorem 7 and 8.
Conversely : Suppose f is unbounded defined by f(k) = k for all k € N and § = (2")

be a lacunary sequence. We take a fixed A € 7 and define = = (z) as follows:

k, forr¢ A, 2771+ 1<k <271+ [Vh],
zp=4 k, forreA 271 <k<2 1 4h,,
0, otherwise,

where I, = (2"71,2"] and h, = 2" — 2" 1.
Then for given € > 0, we have

1
lim —{k el : |t (x —0)| > e} <

r—oo R,

for r ¢ A and uniformly in n.
Hence for § > 0, there exists a positive integer ry such that

1
h—\{k: €l :|ty,(x—0)>e€}| <dforr¢ Aand r > rp.

Now, we have
1
{reN: h—\{k el :|ty,(x—0)>e}| >0} c{AU(,2,---r90— 1)},

uniformly in n.
Since Z be an admissible ideal, It follows that [Sp(Z)] — limg oo x = 0.

If we take pr, = 1 for all k =1,2,--- and ty, () = =, then z = () ¢ wg[I,p].
This contradicts the fact [Sp(Z)] = wg [Z,p].
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