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ABSTRACT. We define (€, € Vqy)-fuzzy KU-ideals of KU-algebras and then some
related results have been provided.
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1. INTRODUCTION

Fuzzy set theory was first introduced by Zadeh [9] in 1965. The concept of KU-
algebras was given by Prabpayak and Leerawat [6, 7] in 2009. The study of fuzzy
KU-algebras was first initiated by Mostafa et al. [4]. They also studied KU-algebras
in terms of interval-valued fuzzy sets in [5]. Akram et al. [2] introduced the con-
cept of interval valued (6, 0)-fuzzy KU-ideals of KU-algebras and Yaqoob et al. [§]
introduced the concept of cubic KU-ideals of KU-algebras.

In this article, we study the concept of (€, € Vqy)-fuzzy KU-subalgebra and
(€, € Vqy)-fuzzy KU-ideal of KU-algebras.

2. REVIEW OF LITERATURE

Now we recall some known concepts related to KU-algebra from the literature which
will be helpful in further study of this article.

Definition 1. /6] By a KU-algebra we mean an algebra with a binary operation” x”

satisfying the following conditions:
(1) : (Ixm)*x[(mx*n)x*(lxn)] =0,
(i) : 1x0=0,VIeX,
(4i7) : Oxl=1,VIeX,
(iv) : lxm=0=m=xl impliesl =m, ¥V I,m,n € X.

We call it an algebra (X, x,0) of type (2,0). In further study of this article we
denote a KU-algebra by X. We define” <7 in X as if | < m if and only if m*[ = 0.
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Definition 2. [7] A subset S of KU-algebra X is called KU-subalgebra of X if
l+m €S, wheneverl,m € S.

Definition 3. [7] A non-empty subset A of a KU-algebra X is called a KU-ideal of
X if it satisfies the following conditions:

(1) 0€ A,

(2) I« (m=xn)e A me A impliesl+«n € A, for all [,m,n € X.

Definition 4. Fuzzy point in a KU-algebra X is defined as

v ={ g G

otherwise

1s said to be a fuzzy point with support x and value t and is denoted by xy. The
notation xia) means that ¥ (x) > t and zqp means that Y () +t > 1 and
Teqp) = V¥ (x) +t + k > 1, while the notation xiyap = xrah does not hold.

3. (€,€ vqy)-Fuzzy KU-IDEALS IN KU-ALGEBRAS

In this section we study the properties of (€, € Vqy,)-fuzzy KU-ideals.

Definition 5. A fuzzy subset ¢ : X — [0,1] is said to be (€,€ Vqy)-fuzzy KU-
subalgebra of X if it satisfy the following conditions:

() [z, f]e = [0, ] € Vazo,

(M) [ac * Y, tl] €Y, [y, tQ] €Y= [.73, t1 A\ tg] € Vaqy.

Example 1. Let us consider the KU-algebra (X, *,0) in which * is defined as follows:

[es] Neoll Hen) Neo) Han) Nen]

S22 |33
olo|s (3|33

= I I”V I

ol o ~| of ~| =~

’@:SNO*

Let us define ¥ (0) = 0.9, ¥ (1) = 0.8, ¢»(m) = 0.7, ¥ (n) = 0.6, ¥ (p) = 0.5. Let
t = 0.49 and k = 0.48 then by routine calculation it is clear that 1 is an (€, € Vqq4g)-
fuzzy KU-subalgebra of X.

Definition 6. A fuzzy subset v : X — [0,1] is said to be an (€, € Vqy,)-fuzzy KU-
ideal of X if it satisfy the following conditions:

(@) [z, t}e ¥ = [0, t] € Vagi),

(ii) [x* (y*2), t1] € Y, |y, to] €Y = [x*x 2, t] Ala] € VQ.
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Theorem 1. A fuzzy subset v of X is said to be an (€, € Vqy)-fuzzy KU-ideal of
X if and only if it satisfy:

(i) ¥ (0) > min {4 (z), 155},

(7i) ¢ (x * z) > min {¢(x x (yx2)), ¥(y), %} Va,y,z € X.

Proof. Let ¢ of X is an (€, € Vqy,)-fuzzy KU-ideal of X. Let there exist some z,y, z
in X such that

(i) ¥ (0) < min {9 (z), 55},

(i6) ¢ (z * z) < min {¢(z * (y x 2)), zp LSEL

Now consider (i) and if ¢ (z) < 5% = 1/1( ) < ¢ (z) and ¥ (0) < t < ¢ ()
for some t € (0,1) = [z, t]e but [0, t] €Y. Moreover ¥ (0) +t < 2t < 1 —
k which implies that [0, ¢]g,1. Hence [0, t] € Vg1, which contradicts the given
hypothesis. Now if 9 (x) > % then it will imply that [z, %] € 1 and then
¥ (0) < 5 = [0, 55| €. Moreover if ¢ (0) + 5% < 1 —k = [0, 5E] g
and consequently [0, %] € Vg, which contradicts the given hypothesis and thus
¥ (0) > min {¢ (z), 5%} . Now consider (ii) and if

1

min (2 (y2)), % ()} < +5 = (e 2) < min Yo (y +2), 6 ()

and for some ¢ € (0,1) we have

U (zxz) <t <min{y(z*(y*z)), ¥ )}

Which implies that [z * (y * 2),t] € ¢ and [y, t] € ¢ but [z * z,t] €. And if Y (x % 2)+
t < 2t < 1—k and thus [z * z,t] qgt. Consequently [z * z,t] € Vqg1 which is contra-
diction and if min {¢(z * (y * 2)), ¥ (y)} > % we get again [z * z, t] € Vqgt), which
again contradicts the given hypothesis and thus

oaz) 2 min {wlex e 2) v 0), 150

Conversely assume that (i) and (i7) are valid and we have to prove that ¢ of X
is (€, € vqy)-fuzzy KU-ideal of X. For this let [z, ] G ¢ for x € X and ¢t € [0,1].
Which implies that 1 (z) > t. But ¥ (0) > min {¢ (z), 5%} > min {¢, 1_k} Now
if ¢ > 1=k thenw()>%:>w()+t>1—k:>[0 t] qptp and if t > 5% then
it is obv10us that [0, t] €y, thus [0, t] € Vq,y. Hence [z, t] € = [0, ] E Vaq.
Similarly we can show that

[ (y*2),t1] € Y, [y, to] €Y = [z * 2z, t1 Ata] € V1.

This completes the proof.
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Corollary 2. A fuzzy subset 1) of X is said to be an (€, € Vqy,)-fuzzy KU-subalgebra
of X if and only if it satisfies:

(¢) ¢ (0) > min {¢ (z), %} ;

(@) ¢ (z) > min {¢ (zxy), ¥ (y), T} Va,yeX.

Proof. By putting z = 0 in the proof of the above theorem we can easily prove it.

Next we characterize (€, € Vqy)-fuzzy KU-ideal of X in terms of level sets.

Theorem 3. A fuzzy subset ¢ of X is said to be (€, € Vqy)-fuzzy KU-ideal of X if
and only if the following set U [, t] = {x € X| ¢ (x) >t} is a KU-ideal of X where
te (0,455

Proof. Assume that ¢ of X is an (€, € Vqy,)-fuzzy KU-ideal of X and let z € U [¢, {]
which implies by definition that ¢ (z) > t for some t € (0, %] But ¢ (0) >
min {1 (z), %} > min {t, %} = t, which implies that 0 € U [¢), t] . Now again let
(x*(yx2z)) € Ul,t] and y € U [¢),t] then by definition we get ¢ (z * (y*2)) > ¢
and ¥ (y) >t but

¢<m*z>2min{¢<m<y*z>>, b ), lg’“} me{t, ' H}:t,

2
which implies that x * z € U [¢),t]. Hence U [¢),t] is a KU-ideal of X where t €
(0, 55%].
Conversely let U [¢), 1] is a KU-ideal of X where t € (0, 1 ] and we show that 1

of X is an (€, € Vqy,)-fuzzy KU-ideal of X. For this let there exist some ¢t € (0, 12k]
such that ¢ (0) < ¢ < min {¥ (z), 15%} which implies that x € U [0, ] but 0€U [¢), ]
which is contradiction and hence ¢ (0) > min {¢ (), %} . Similarly we can prove
that ¢ (z * z) > min {w(x x(yx2z2)), ¥(y), %} . This completes the proof.

Example 2. Let us consider the KU-algebra (X, *,0) in which * is defined as follows
0

m
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Define a fuzzy subset ¥ of X as
Y (p) =0.65, ¥ (q) = 0.3. Then

_J X if t € (0,0.3] for k = 0.4
hb’ ] B {07 l,m, n,p} ift e (037 04} for k=102

(0

0.8, ¥ (m) = 0.75, ¢ (n) = 0.7,
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As X and {0,1,m,n,p} are KU-ideals of X, so by Theorem 3, ¢ of X is (€,€ Vaqy)-
fuzzy KU-ideal of X.

Corollary 4. A fuzzy subset ¢ of X is said to be (€, € Vaqy,)-fuzzy KU-subalgebra
of X if and only if U, t] = {x € X| ¢ (x) >t} is a KU-subalgebra of X where
t € (0, 15].

Proof. By putting z = 0 in the proof of the above theorem we can easily prove it.
Theorem 5. FEvery (€, €)-fuzzy KU-subalgebra (resp., KU-ideal) implies (€, € Vqy,)-
fuzzy KU-subalgebra (resp., KU-ideal) of X.

Proof. The proof is straightforward.

Definition 7. A fuzzy subset ¢ : X — [0,1] is said to be (€, qi)-fuzzy KU-algebra
of X if it satisfy the following conditions:

(1) [z, f]e = [0, 1] € qih,
(ZZ) [:c * Y, tl] €Y, [y, tz] eY = [QJ, t1 A tg] € qkw.

Definition 8. A fuzzy subset v : X — [0, 1] is said to be (€, qi)-fuzzy KU-ideal of
X if it satisfy the following conditions:

(i) [z, t]e ¥ = [0, t]€ qu,

(13) [z (y*2), t1] €V, [y, ta] €Y =[x * 2, t1 A to] € qu0.
Theorem 6. Every (€, qi)-fuzzy KU-subalgebra (resp., KU-ideal) implies (€, € Vqy,)-
fuzzy KU-subalgebra (resp., KU-ideal) of X.

Proof. The proof is straightforward.

Example 3. Let us consider the KU-algebra (X, *,0) in which * is defined as follows

* 0|l |m|n|p
0 |0l |m|n|p
I 10]0|lm|n|p
m |0l |0 |n|n
n|0]0lm|0|m
p |[0]0]0 |0]O
Define a fuzzy subset ¢ as

([ 0.65 ifz=0

) 074 dfx =1
(@) = 0.55 if x € {m,n}
(L 035 ifz=0p

then 1 is an (€, € Vqy,)-fuzzy KU-ideal of X for k = 0.2 but 1 is not an (€, qi) — fuzzy
KU-ideal of X because ly7 € but 097 & 1.
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Theorem 7. Let ) # A C X, the characteristic function ¥4 of A is an (€,€ Vqy)-
fuzzy KU-subalgebra (resp., KU-ideal) of X if and only if A is a KU-subalgebra
(resp., KU-ideal) of X.

Proof. Let A be a KU-ideal of X, then it is obviously an (&, €)-fuzzy KU-ideal of
X which then implies that A is an (€, € Vqy,)-fuzzy KU-ideal of X.

Conversely assume that A is an (€, € Vqy)-fuzzy KU-ideal of X and we show
that A is a KU-ideal of X. For this let z * (y * z) € A, y € A then by definition
Ya(rx(y*xz))=1and Y4 (y) =1=[(z*x(y*2)),1] € Y4 and [y, 1] € 4. But by
hypothesis

1—k

¢A($*Z)>min{wA(x*(y*z)), ba(y), 2}=min{1,1’1;k}: 1;k

and as k € [0,1) so 5% # 0 and hence 14 (z * z) > 1 = z % z € A. Moreover in the
same way 14 (0) > min {44 (z), %} =1=0¢€ A Hence A is a KU-ideal of X.
The other case can be seen in a similar way.

Theorem 8. If {¢; :1 € A} be a family of (€, € Vay)-fuzzy KU-subalgebra (resp.,
KU-ideal) of X then so is their intersection 1) = ,g\zﬂi.

Proof. Let {1; : i € A} be a family of (€, € Vqy,)-fuzzy KU-ideal of X and we have
to show that ¢ = ﬂ/\w is an (€, € Vqy)-fuzzy KU-ideal of X. For this let [z, t] €y
1€

and we have to show that [0, ¢] € Vq,1. Assume that [0, t] € Vq,y = ¢ (0) < t and
¥(0) +t < 1 — k. Which implies that ¥ (0) < 15%. Now let
Ay ={ie Al [0, t]€ vy}
and
Ay ={ie N[0, taps} N{i e A [0, t]E;}
then we have A = Ay U Ay and A1 N Ay = (). Let us suppose that if Ay = (), then

0, f]€ Vi¥i € A =155 (0) 2 8, Vi € A =16 (0) = 045(0) 21,

which contradicts the assumption and so Ay # (). Thus for each i € Ay we have
[0, t]+t > 1—k and [0, #] < ¢, it implies that t > 5% Now since [z, t] € 1 = 1 (z) >
t and we can write it as ¢(z) > ¢ > 155 Vi € A. Next assume that ¢; (0) < 52 =1
and let t; <7 < % which implies [z, 7] € ¥;, but [0, t] € Vq,1;, which contradicts
the fact that v; is given to be an (€, € Vq,,)-fuzzy KU-ideal of X. Thus ¢; (0) > %
Vi € A and hence ¥ (0) > 5% = [0, t] € vq,¢. Similarly we can show that if
[ (y*2), t1] € ¥, [y, ta] € 1), then it implies that [z * 2, t; Ats] € Vqy. Which
shows that 1 = ig\z/)i is (€, € Vqy)-fuzzy KU-ideal of X. The other case can be seen

in a similar way.
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For any fuzzy subset ¢ in X and ¢ € (0,1], we denote 1y = {z € X| [z,t] qrt}
and [¢], = {x € X| [z,t] € Vaiy} then it is clear that [¢], = U [z, t] U 4.

Theorem 9. Let ¢ : X — [0, 1] be a fuzzy subset of X then 1) is an (€, € Vqy,)-fuzzy
KU-subalgebra (resp., KU-ideal) of X if and only if [¢], is a KU-subalgebra (resp.,
KU-ideal) of X for all t € (0,1].

Proof. Let us assume that 1 is an (€, € Vqy)-fuzzy KU-ideal of X and we aim to
prove that [¢], is a KU-ideal of X for all ¢ € (0, 1]. For this let € [¢], = U [z, t]Uy,
which then implies that [z,t] € Vq = ¢ (z) > tor ¢ (z)+t>1—k. As ¢ (0) >
min {1 (z), 5%}, so we have the following cases.

(i) If ¢ (v) >t and t > 155 then ¢ (0) > 155 = 4 (0) +t > 5E 4 1ok =1 — f,
which implies that [0,¢] gzt and if ¢ < 5% then ¢ (0) > ¢ = [0,#] € . Hence
[O’t] € V.

(i) If ¢ (v)+t > 1—kand t > 155 then ) (0) > (1-k—t)ASE = ¢ (0) > 1-k—t,
which implies that [0,] qy and if ¢ < 15E then ¢ (0) > (1 — k —t) A 352 = 15E
t = [0,t] € . Hence [0,t] € Vqgt. Thus form both cases we get 0 € [¢)], .

Again let (z* (y*z2)) € [¢], and y € [¢], = [z * (y x 2), t] € Vare and [y, t| €
Vary = [zx(y*xz), t] € Y or [x*(y*2z), tjqry and [y, t] € ¢ or [y, t|qpy =
Y(rx(y*xz) >tory(zx(y*xz)+t+k>1landp(y) >tory(y)+t+k> 1. So
we discuss the following cases.

(i) If o (z* (y=2)) >t and ¥ (y) > t. So ¢ (x*2) > min{t, t, 5E} and if
> Lk = ¢ () > 155 and hence ¢ (z+2) +t > 1 — k = [vx2,t] g and if
< 15F then 1 (v 2) > t = [z % z,t] € 1. Hence [z x 2,t] € Vqyy.

Similarly from all other cases we get [z * z,t] € Vqgt. Which shows that [¢], is
a KU-ideal of X for all ¢ € (0, 1].

Conversely assume that [¢], is a KU-ideal of X for all ¢ € (0,1] and we have to
show that v is an (€, € Vqy,)-fuzzy KU-ideal of X. Suppose there exist some ¢ € (0, 1]
such that

t
t

P (0) < tgmin{w(x),lgk},@b(x*z)<t

< min{w(x*(y*z)), v (y), 1;k}=>$€U[¢7t]§[¢]t:>O€[¢]t

by hypothesis. Which then implies that ¢ (0) > ¢ or ¥ (0) + ¢t + k > 1, this is a
contradiction. Similarly

1/1(x*z)<t§min{z/;(a;*(y*z)), P (y), 1;]€}
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leads to a contradiction. Thus V z,y, z € X we have

6 0) 2 nin { (@), 55} ond v @) 2 min o) ez v, 5

which shows that 1 is an (€, € Vq;,)-fuzzy KU-ideal of X. The other case can be
seen in a similar way.

Theorem 10. Let there is an (€, € Vqy,)-fuzzy KU-subalgebra (resp., KU-ideal) of
X such that {¢ (z) | ¥ (z) < %} > 2 then 1) can be expressed as the union of two
proper non-equivalent (€, € Vqy,)-fuzzy KU-subalgebra (resp., KU-ideal) of X.

Proof. Let us define the fuzzy sets as

t1 if x € {w]tl s
taifw e [y, \[¢],,

toifze [l \[W, ..

and

Y(x) ifze Wi,

t if © t; 1=k,
o (z) = :2 | € W], \ [¥] =

o ifre ), \[W],

for [M% C W], €..C ¥, =Xand {¢(z) | (x)< LEV = {t1,to, ..., t,} for
t1 >ty > ... > t, with » > 2. Then by level cut theorem p and X are (€, € Vqy)-
fuzzy KU-ideal of X and the chain of (€, € Vq,,)-level KU-ideals 1 and A are given
by respectively as [¢], C [¢],, C ... C [¢], and W]% C [, € ... €[], - They
are non-equivalent and 1 = p U A. This completes the proof. The other case can be
seen in a similar way.
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