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CONVERGENCE OF WAVELET GALERKIN METHOD FOR
FREDHOLM INTEGRAL EQUATION OF THE FIRST KIND

K. MALEKNEJAD AND N. AGHAZADEH

ABSTRACT. In this work, we study about Fredholm integral equation of the
first kind which is one of the most important ill-posed problems. There are several
methods such as projection methods, regularization method and moment method for
solving integral equations of the first kind. In this paper, we use Galerkin method as
one of the projection methods with wavelet basis to discretize the equation. In this
process, solution of Fredholm integral equation is found by solving the generated
system of equations. Convergence of the method and a bound for condition number
of the system is also presented.
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1. INTRODUCTION

Fredholm integral equation of the first kind is one of the ill-posed problems which
is appeared in many engineering fields. Consider the following Fredholm integral
equation of the first kind:

b
/ E(s,t)f(t)dt = g(s), —oco<a<s<b<oo

where k(s,t) and g(s) are known functions and f(¢) is an unknown function to be
determined. We suppose that the equation has a solution in L?[a,b]. If we define
an operator IC as following

b
K(f(t)) :/ k(s,t)f(t)dt, K:X =Y,

where X, Y are normed spaces, then we have the following definition:
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Definition 1. Let K : X — Y be an operator from a normed space X into a normed
space Y, the equation

K(f)=g (1)
is called well posed if K is onto, one-to-one and the inverse operator K1 : Y — X
is continuous. Otherwise the equation is called ill posed [4].
According to this definition we may distinguish three type of ill posedness [3]:

1. If K is not onto, then (1) is not solvable for all g € Y. (non existence)

2. If K is not one-to-one, then (1) may have more than one solution. (non unique-
ness)

3. If K~! exist but is not continuous, then the solution f of (1) dose not depend
continuously on the data g. (instability)

Discussion on stability of solution of the Fredholm integral equation of the first kind
needs to determine the inverse of integral operator, but this is impossible in many
cases, so that we prefer to discuss on convergence of numerical methods instead of
stability of them. In this paper, we present a theorem about convergence of Galerkin
method with wavelet basis for integral equation of the first kind.

2. DISCREATIZATION BY GALERKIN METHOD

Consider the first kind Fredholm integral equation of the form
b
/ k(s,t)f(t)dt =g(s), —oo<a<s<b< oo (2)
a

For numerical solving of (2) we should choose a finite dimensional family of functions
which the exact solution can be estimated by them. Methods that use this strategy
are called projection methods, because the exact solution of equation is projected to
a finite dimensional space. One of the most famous projection methods, is Galerkin
method.

For introducing this method we write the equation (1) in the operator form

Kf=g.

We choose a sequence of finite dimensional subspaces X,, C L*[a, b] for n > 1,
with X,, having dimension d,,.
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Assume that X, has a basis {¢1, ¢2, ..., ¢4} with d = d,, for notational simplicity
and f, is a function belongs to X,,, so that we can write it as f,,(t) = Z?Zl cjo;(t).
By substituting in (2) we have

b
rals) = /1M&Uhﬁwt—ﬂ@
d

b
_ /k(s,t)chgbj(t)dt—g(s), a<s<bh

j=1
where r, is called the residual when using f = f,. In the operator form we have
rn=Kfn—g.
In Galerkin method, require r,, to satisfy
(rn, i) =0, i=1,..,d,

which (-,-) shows the inner product (z,y) = f;x(t)wdt for L?[a, b].
This yields the linear system

¢j(Koj, ¢i) = (9, ¢:), i=12,...d. (3)

d
=1

J

Now we should discuss about solution of the above system. For this result we
define orthogonal projection operator as P, f = Z?:1<f7 i) where {¢1,19, ..., 04}
is an orthonormal basis that can be create by using Gram-Schmidt process from

elementary basis {¢1, @2, ..., P4}
By using P, f we will have the following problem

£ = Pufll = min |1f =] (@

If we show that the above problem has unique solution and this solution is P, f
then the system of linear (3) have unique solution. Since P, f is an orthogonal
projection operator, so we have

IFI12 = 1f = Pufl? + || Pu I
(I —Py)f, Pog) =0, Vf geL*R)
If =21 = If = PufIP+ |1Puf — 2II° z€ X,

from the latest result we can conclude that (4) has a unique solution and the solution
is P, f . (See [1] for more details.)
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3. WAVELET BASIS
The basic construction of wavelet basis is based on scaling function ¢. The basis are
generated by the scaling function ¢(t) as
Giu(t) =2797¢(277t —k), teR, jkeZ
where j, k are scaling and shifting parameters, respectively. The scaling function is
satisfied the following equation

ni

G(t) = > anp(2t —n), (5)

n=ng

This equation is called refinement equation where [ng,n1] is the support of the
scaling function ¢(t). So when the scaling function has compact support then there

is a finite number of nonzero a,. Then, the mother wavelet basis of L%(R) space
defined as . ‘
ir(t) =2792p(27t — k), teR, j ke

where j, k are scaling and shifting parameters. For mother wavelet basis we have
the following refinement equation

U(t) =D (=1)"a1-n¢(2t — n)

n

where the a,s are the coefficient in (5). For every f € L?(R) there is a unique
expansion

F@&) =D (fr i) tin(®)

J,kEZ

which converges in the L?-norm (see [2] for more details).

4. CONVERGENCE OF GALERKIN METHOD BY WAVELETS

Here we introduce a theorem and a lemma to show the convergence of the method.

Theorem 1. Consider the integral equation of the first kind
b
/ k(s,t)f(t)dt =g(s), —oo<a<s<b<oo

assume that k(s,t) is continuous on the square [a,b)?,and that the solution of the
equation belong to C*[a,b] for some av > %, (C* is Holder continuous space of order
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a), also assume that the scaling function ¢ is Holder continuous of order r > a and
assume that the support of ¢ is [N1, Na] (N1, No € Z) also assume that for a positive
integer J, Sy is a set of all integers where ¢_ yi. is nonzero. Now by using projection
operator P71 (f)(t) = X pes, @1 0—uk(t) and Galerkin method we have system of
linear equation Ay X = by where

b b
A= [/a /a k<8’t)¢Jk(t)¢_Jk/(S)dtd8:|k,k’ESJ

by = [/b9(5)¢—Jk/(S)d5

a :| k'eSy
X = [ kes,
if A is invertible, then

sup
tE[a,b]

=) aime_ it ‘<02—Ja(1+2J|yAJ1|yOO).
keSy

Proof. Let f(t) ~ Py (f)(t) = > ks, @73 d—uk(t) and

= amd_(t)

keSy

Now, if we substitute the approximation of f(¢) with wavelet basis in the integral
equation, then the right hand side of integral equation is exchanged by a new function
that we denote it by §(s), such that,

b
o(s) = / (s, £) P (F)(t)dt (6)

b
i(s) = / k(s )Py (F)(0)dt. (7)

If we solve (6), we determine the {a}}, k € S;} by

(@M kes, = A" ([/abg(s)d)_m(s)ds} kESJ>

and if we solve (7); we determine the {a i, k € S;} by

(asr)res, = A" <|:/abg(8)¢_Jk(8)dS:|>k€SJ :
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Consequently we have

b
sup lagp — o™ < [|A7Y | sup / (3(5) — 9(3)) d_u(s)ds
keSy keSy a
< 147 oo sup 13(s) —g(5)]  sup  [_si(s)| - (b— a)®)

s€la,b] keSy,s€la,b)
The scaling function ¢ has compact support, so ¢ is bounded, and

sup p_gu(s)| = sup [2720(2s — k)| < 2720y,
heSys€lal keSy,selad

Now, with substituting the above bound in the (8) we have:

sup |ak — o™ < [|AG o2 *Mi(b — a) sup |g(s) — g(s)]. (9)
keSy Se[avb]

For finding a bound for sup,c( 4 [G(s) — g(s)[, we need to estimate the g(s). For this
we have g(s) = f; k(s,t)f(t)dt, so that

b b
/ k(s ) [£(t) — Py(f)()) di + / K(s, 1) Py (£) (1)t = g(s),

b b
/ K(s, 1) Py (f)(t)dt = g(s) — / K(s.) [f(t) — Py(f)(8)) dt,

then

w0
=i
T
o
—~
»
SN—
|
<
—~
V2
=
I

s | | k(s ) (F0)  PoH0)

s€la,b] s€[ab]

< (-a) sw ([k(s,t)]-1f(t) = PA()(E)

s,t€la,b]

).

and from [5] we have |f(t) — P;(f)(t)] < cf2772, then

Let M = SUPs tela,b] ‘k(s7t)

sup [§(s) — g(s)| < Mcy(b—a)2™7® = Ma(b—a)277%,
s,t€a,b]

and with substituting this bound in the inequality (9), we have

sup gy, — ™) < (| A oo My My (b — a)?2(1/2=)
€5y
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Also we need to determine a bound for |Py(f)(t) — P7*"(f)(t)|, hence we have:

[Pr()(E) = PP (@] = | D (k= ali™)d—i(t)

k‘ESJ
< ok — i loo sup Y |6 n(?)]
te[a,b] keS,
< ok — @502 sup Y |p(27t — k),
t€la,b] kES,

= lam — a3 27/?(Ny — Ny + 1) M,
Now, with using this inequalities the result of the theorem can be determined. So

1£(t) = P (f)(0)ll oo 1£(t) = Ps(f)Dlloo + 12s(£) (@) = PF™(£)(#)lloo
277 4 || AT oo MEM (b — a)?27 @ D(Ny — Ny 4 1).

VARVAN

Then
I176) = PP ()l < 277 (ef + MEMa(b — a) (N — Ny + 127 47" )

where C' = max{cy, MfMa(b — a)?(N2 — N1 + 1)}. Hence || f(t) — PP (f)(t)]loo <
027791 + 27||A7"||} and the proof is completed.

The only weak point of this theorem is that the error bound of the scheme
contains || A" ||o, hence, in the following lemma by using an extra condition we will
found a bound for ||A;" | and condition number of A;.

Lemma 2. Consider the previous theorem and assume that there exists J' > J such
that
l2~7 Ay Is, || = My < 1
where || - || is the mazimum norm of rows and Ig, is an identity matriz of order |Sy|.
~1 2-7
< 277
Then [|A; 7] < =31, ond also

aay) < 277
cond(Ay) < v

Proof. First we determine a bound for || A}, let

Byl =277 Ay — Is,|| = My <1,
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from geometric series theorem (see e.g. [1]) we have

1
I(I+ By) | < —5—
1—[|By|
and from
I(Zs, + Bo) Ml = (s, +277 Ay = Is,) 7|
= 274"
1
S -
L— Byl
we have
1 2=/
AT < .
14371 < 157

Now, we need a bound for ||A||.

b b
sl = ax 7| [ [ ks t00- n()0- ()i
keSy a a
b b % b % b %
- ( I |k<s,t>|2dsdt> max ( / |¢_ka<t>|2dt> 3 ( / |¢_Jk<s>|2ds> (10)
a a J a keS, a

Since k(s,t) is continuous on the square [a,b]?, then

M, = (/ab /abyk(s,t)y2dsdt> . (11)

is finite. Consequently,

b 1/2 1/2
max </ |¢_Jk/(t)|2dt> < (b—a)'/?| sup (\2‘1/%(2%%')}2)
k'eSy a te(a,b]
< (b—a) 222 sup [o(1)?)"*
t€[a,b]
< 272, (12)
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Z </ab|¢_‘]k(s)‘2d$>l/2 = Z ((b_“)1/2< sup |¢—Jk(8)|2)1/2)

keSs keSy s€lat)
1/2
— (b—a)1/2 Z { sup (‘2‘7/2¢(2J3—k)‘2)} /
kes, S€lad]
1/2
= (b- )22 (N, = Ny + 1) sup [6(5)])
s€la,b]
— 272, (13)

with substituting (11),(12) and (13) in (10), we have
|A|| < 27 My MyMs =27 M,

hence,
o(J=J")

-1
cond(Ay) = [ Asll - |47 < M— A

and the proof is completed.

5. CONCLUSION

In this paper, first we presented Galerkin method, then by using wavelet basis which
were satisfied in the conditions of Theorem 1 we convert the integral equation of
the first kind to a linear system of equation. From Theorem 1 the convergence of
this method was granted and condition number of system of linear equations was
estimated by Lemma 1.
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