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ABSTRACT. Using the Al-Oboudi differential operator DY, we define a new
class Ry (6, h) in the open uint disk £ = {z € C: |z| < 1}. The class Ry (6, h)
generalizes the number of previously known classes. In this paper, we discuss some
inclusion results, closure property. Results due to Al-Oboudi [1], Patel [21], Sharma
[29] and Sokol [28] follows as special cases from our results.
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1. INTRODUCTION

Let H denote the class of analytic functions in the open unit disk F = {z : |z| < 1}.
Let A denote the subclass of H consisting of normalized analytic functions of the
form

f(z):z+2ajzj, z € E. (1)
=2

Let S, C and S* denote the subclasses of A consisting of functions that are univalent,
convex and starlike in F respectively. Let P () be the class of all functions of the
form

p(z)=1+ciz+cpz® +- -,

which are analytic in £ with p(0) = 1 and Re(p(2)) > 5,: 0 < f < 1 and for all
ze k.

We say that f € H is subordinate to g € ‘H in F/, written as f < g, if there exits a
Schwarz function w analytic in F, with w (0) = 0 and |w (z) | < 1 for z € E, such that
f(z) =g (w(2)), z € E.If g is univalent with f (0) = ¢ (0), then f(E) C g (E), for
details, see [9, 10, 16, 22].
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For the functions
z)zz—kZ@zJ and g(z):z—Fijzj,zeE,
j=2 j=2
the convolution (Hadamard product) is defined as
(f*+9)( —z+Zajbzﬂ (g% f)(2), z € E. (2)

The convolution has algebraic properties of ordinary multiplication.
The gamma function is denoted by I' and is defined as

oo
_ / o ldy, Re(z) > 0. (3)
0
For complex numbers a, ¢ different from 0, —1, —2, ---, the incomplete beta function

¢(a,c; z) is defined as follows

(a,c;2) Z (c) T (4)

Jj=0

For complex numbers a, b, ¢ different from 0,—1,—2,- - -, the Gaussian Hypergeo-
metric function 9 F(a, b; ¢; z) is defined as follows

o0

I'(a+7) 00+ )T ()zj
Fi(a,b; , z€ E.
2Fi(a,b;62) Z c+y T(@T®) 41 °

Jj=0

Recently, the theory of fractional calculus has found interesting applications in
the theory of analytic functions. The classical definitions of fractional operators and
their generalizations have fruitfully been applied in obtaining, for example, the char-
acterization properties, coefficient estimates, distortion inequalities and convolution
structures for various subclasses of analytic functions.

The fractional derivative of order «, 0 < v < 1 is defined in [20] as follows

D?f(z):Mi/ZMdt,0§a<1,z€E, (5)

where the function f (z) is analytic in a simply connected domain of the complex
plane containing the origin and the multiplicity of (z —¢)~ is removed by requiring
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log(z — t) € R, whenever (z —t) > 0.
Note that
D f(z) = f(2).
In 1987, Owa and Srivastava [20] introduced the operator L, : A — A as follows

Laf(z) = T(2-a)"DIf(2), 0<a <],

I(l‘f‘j)I (2—0‘) j
E ; E
z—l—j . T(1+J ) a;jz’, z € I, (6)

= 62,2 - 0a;2) % f(2),

which is known as the extension of the fractional derivative D¢ defined by (5).
It can be seen that

Lof(2) = [f(2).

Mishra and Gochhayat [17] have studied the properties of the operator L, and
introduced new class of k-uniformly convex functions. In a recent paper Ibrahim and
Darus [12] introduced the fractional differential subordination based on the operator
L,. Noor et al [18] used the operator L, to define the classses of k-uniformly star-
like and k-uniformly close to convex functions and obtain some interesting results.
Recently, Noor et al [19] used L, to define some new subclasses of analytic functions
in the conic regions.

Al-Oboudi [2, 3] defined the linear fractional differential operator of order n as
follows

(P5°F) ) = f2)
(D7) (&) = (1= NLaf(2)+ A2 (Laf(2)) , 10 AT,

0<ax<l,

(DYf) () = 'D“(Dﬁl’af) (), (7)

where L, is defined by (6).
Note that by using (1) and (3), we obtain

(DYf) (2 —Z+Z[ jtilfa) S+ 2G - 1) a2t (8)

If, we let
rG+1Hr2-a
FrG+1—-a)

aj (o, A) = (1+A(G—1)), (9)
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then

(DY f) (2) =2+ [oj (@, N)]"a;27,:0<A<1,:0< <1, z€ B (10)
7j=2

The operator defined by (8) was extensively studied by Al-Oboudi [2, 3] and Bulut
[5, 6, 7, 8].

For different choices of the parameters n,a and A\, we obtain some well known
operators.
If a =0, then

<D”O> —z—i—Z L+ A — 1)) a2,

which is the generalized Salagean operator defined by Al-Oboudi [1].

If a =0, A =1, then
(D"Of) —Z—i—Zy a;2,

which is the Salagean differential operator deﬁned by Salagean [26]
For n =1 and A = 0, we obtain the operator L, defined by (6).

Throughout this article we assume that h is convex univalent in E with h(0) =1
and Re h(z) > 0, z € E. In this paper, we obtain some inclusion results, closure
property. Results due to Al-Oboudi [1], Patel [21], Sharma [29] and Sokol [28] follows
as special cases from our results. Now using the operator Df\b’a, we define the class
RY“ (6, h) as follows

Definition 1. A function f € A is said to be in the class Ry (8,h), if it sastifies
the following condition

(DYf) (2) 4+ 62 (DY f) (2) < h(2),
ford>0,:0<A<1,:0<a<1 and for all z € E.

We note that for different choices of convex univalent function h (z), we obtain
some well known subclasses of the class A.

Ifh(z) = iigj, —1< B < A<1and a=0, we obtain

1+ Az
ne (5,2 ) =R (5,A, B
R)\ <’1+BZ> R)\ (7 ) )a

which was introduced and study by Patel [21].
Fora:O,:6:Oandh(z):%i;1)z,:O§ﬂ<1,wehave

(012 2202) o,
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which was introduced and study by Al-Oboudi [1].
Also

1-(28-1)z

T in E, see [23]

RIAB) = {fed:f () 428" ()} =
and

R0 (0, 1—(125_;1>Z> — R"(0,8) = R* (A, ) = R (8), sce [31]

The class Ry (6, h) generalizes the number of well known functions classes, see
[1, 14, 15, 21, 23, 31].

2. MAIN RESULTS

To prove our main results we need the following Lemmas.

Lemma 1. [30]. If p(z) is analytic in E with p(0) = land Re(p(z)) > 3 (z € E)

then for any function F, analytic in E, the function (p* F')(z) takes its values in
the convex hull of F (E). That is (px F) (E) C F (E) in E.

A sequence ag, a1,a2, - -, an, - - -, of non-negetive numbers is called a convex null
sequence of a, — 0 as n — oo and

ap —aip > ay —az > - ap — apy1 > 0.

Lemma 2. [21]. Let {c;}° be a convex null sequence. Then the function
¢ > ;
p(z) = 50 —i—chzJ, z€E,
j=1

is analytic in E and Re (p(z)) > 0 in E.

149



K.I. Noor, R. Murtaza, D. Breaz — New Subclass of Analytic Functions ...

Lemma 3. [16]. For complex numbers a, b, ¢ different from 0,—1,—2,-- -, we have
1
'®r(c—
(7) /tb_l (1—t)" 1 —tz)at = LOI(c=b) oF1 (a,b;c; 2),
I'(c)
0

Re (c) > Re (b)) >0

(i) (a+1) oF1 (l,a;a+1;2) = (a+1)+
az oF (1,a+ 150+ 2; 2)

(131) oF (a,b;¢c,2) = oF) <a, c—bic; 1iz>

(iv) oIy (a,b0;¢52) = oF1(bya;¢52).

Lemma 4. [11]. Let h be a conver univalent in E with h(0) = 1. Suppose that the
function p given by

p(z)=1l+cz+c2®+- (11)

is analytic in E with p (0) = 1.

If

p(z) + va(z) < h(z),Re(y) >0, v#0 and z € E,
then
p(z) < —’);/71h (t)ydt < h(z), z € E,
2
0

and q (z) is the best dominant of h(z) .
Lemma 5. [21]. Let p defined by (11) be in the class P ().
Then

2(1-5)
1+ 2]’

The following Lemma is the generalization of a well known result due to Stankiewicz
and Stankiewicz [31].

Lemma 6. [29]. If 5; <1 (i=1,2,3,---,m), then
P (B1)* P (B2) - % P(Bm) =P (n),

Re(p(z))>(26-1)+ :0<pB<1, z€E.

where

n=1-2""1(1= 1) (L~ p2) (1~ Bm). (12)
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Now we prove our main results.

Theorem 7. For h(z) = }iﬁi,

and for all z € E

~1<B<A<1,:0<A<1,:0<ac<]l,

Ry (A, B) C RV (A, B).

Proof. Let f € Rt (A, B). Then

<Df\’+1’°‘ f)l (2) <

That is

Re [(Di\”l’af)

Note that by (10), we have

(o57+5)

/

1+ Az

1+ Bz o

o0
E [0 (v, \) nHja]zj*l.
=2

Now by using (13) and(14), we obtain

%e [14+ 3 {05 (0, )} jagzi =t | >

=2

This implies that

iRel—F(

Now

(Do) (2) =

1
Z]{O'j a)\}Hasz ! > 5 z€E.

1-A
1-B

1+ Z [0 (e, N)]" jaz !

*

=2

1+

1+

1-B

2(A— B)

Zm a N} a2

7j=2

2(A—B) X 71

1-B 2 (0; ()
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It is known [27] that the function

F(ji+1)T(2-a)

oj () = TG+1—a)

is decreasing function of j and 0 < 0; (@) < 02 () = 5=. Also it is proved in [1]

2—a”
that the function .

di=——
T4+

is a convex null sequence. This means that the sequence

j:172737"‘7

rGj+1—a)

S [F<j+1>r<2—a>] [<1+A<1j—1>>}
= aj(clx,)\)’ j=1,2,3,--

with ¢g = 1, is a convex null sequence. Therefore using Lemma 2.2, we have

1-A
1-B

24-B) &
14 ————= 127 E. 1
Re |1+ [—B JE:QCJ 1% > , 2 € (18)

Now using Lemma 2.1 with (16) and (18), we obtain

1-A

Re [(D;’af)/ (z)} >1 g *€ E.

This completes the proof.

Remark 1. Fora =0, :6 =0 and h(z) = w, :0 < B < 1, we obtain the
following result due to [1].

Corollary 8. For0 <A <1< and0< B < 1,
R™E(A, B) CR™ (A, B).

From Theorem 2.7, we have the following result.

Theorem 9. For h(z) = {342, - 1< B<A<1:0<A<1,:0<a<1,:0=0
and for all z € £
Ry (A, B) c RV (1 —2p, 1),
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where

S

+ (1 - %) (1 _B)il 211 (17 B§A31+ aj(iy,Aﬁ BBil)7
p= if B#£0, j=2,3,4,---

1+ sty if B=0, j=2,3,4,--.
This result is sharp.
Proof. Let
p(x) = (D3°f) (=), (19)

where p (z) is analytic in F with p (0) = 1.
Note that by (10), we have

z (D;wf)/ (2) = 1 ] (D;ZH’af) (z) + <1 _

04 (Oé,)\

1 )>(Lﬁﬂf)(@. (20)

04 (a, A
Differentiating (19) and using (20), we obtain
Zpl z n (0% '
p(2)+ 2 (prvieg) (o).
ZICH)

Since f € RKH’O‘ (A, B), this means that

zp (2) ~ 1—|—Azi
aen 1B

Now by using Lemma 2.4 with v = ﬁ # 0 and Re () > 0, we have

z
1 -1 L__1 (14 At
=< - _ - o:(a,) /t0~(a,k) dt
p(2) q(2) o; (a’)\)z J J T
0

p(z) +

1 U S T,
= TN [ 4o eN T (14 Af) (1 + Bt L dt. 21
oj (a, )\)Z ’ / ’ ( )( ) 2y

0
If B =0, then

1 & [ RV
= AN (A 14 At)dt
1) = ey 7 [ (L an

0
1 1
1 _ 1 Zo'j(a,)\) 29 (a,\) +1
— o (a,\)
= —  _» 9 il + A : ;
75 () e

153



K.I. Noor, R. Murtaza, D. Breaz — New Subclass of Analytic Functions ...

Therefore

4
1+0j(a,N)’
Now, if B # 0, then from (21), we have

1
1 L1 /14 As
_ oi(a,\) d
q(z) Jj(a,)\)/sj <1+Bs> S
0

1
= /301(")‘) -t 1—|—Bs)_1d8
0
A 1
1
—1—72 )/S%'(‘“) 1(1—|—Bs)_1ds.

04 (Oé,)\

Now using (7), (i¢) and (4i7) of Lemma 2.3 and after some simplification, we obtain

1 1
= LR (1 ; L -B
q(Z) 2 1(’0'j(057)\)’0—j(aa)\)+ , Z>
1 L1 .
+ Az 1 o Fy L, (o) +1 o) +32 .
75 (@, X) 0 (o, ) + 1 - b

This implies that

A A -1 1 Bz
== 1-—=)(1-B {11 1; .
a(2) B4_< B>( ) 21(”qﬂmAf+’Bz+1>
To prove ¢ (z) is best dominant, it is sufficient to show that
inf {Re (¢ (2))} = ¢ (-1).

It is known [16] that for |z| <7 < 1, Re (iig'z) > 1=4r,
Let

1+ Atz

dp (t) L aem g
= —F1 7'
1+ Btz ¥ ’

G(t,z) = o5 (@)

which is positive measure on [0,1].
Therefore

1
M@z/cw@ww
0

154



K.I. Noor, R. Murtaza, D. Breaz — New Subclass of Analytic Functions ...

and
1

Re(q(2) > [ gdn(® =a(-0), | <<

0

Letting r — —1, we obtain inf {Re (¢ (2))} = ¢ (—1). This shows that the result is
best possible bacause ¢ is the best dominant.

Remark 2. For a =0, we obtain a known result in [21].
Our next result is the generalization of the result given in [29].

Theorem 10. Let for eachi=1,2,3,---,m, fi € Aand 6 =0. If f; € RV (A;, B;)
for eachi=1,2,3,---,m and

®(z) = [DYY(fix fax- - * fm)] (2),

then
® (2) < h(z) inE,
where
m ) . ) J
hiz)=1 { —1)! (B? —AZ»B?_1>} = 29
@ =1+ 3 [TI{v (B -am™)}| 5 (22)
7j=1 Li=1
18 convex univalent in F.
Proof. Let f; € RV (A;, B;) for each i =1,2,3,-- -, m.
Then 144
n,a ' i< .
(D)\’ fl) (z) < =¢; (2) in E. (23)

1+ B;z
Note that by using Lemma 2.6, we have

(DX ()% (DR o) (@)oo (DR fm) (2) < a1 (2) 2 ()5 (2) - (24)

Now
q1(2)xqo(2) % xqm(2) =1+ i ﬁ {(—1)j (Bz] - AiBg_l) }] 2.
j=1 Li=1

We note that the function
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belongs to the class C and for f € A

z

(Fem)@ =2 [ rie)ar

0

Therefore the function
ho(z) =14+hi(z), z€E,

being the translation of h; is convex univalent in E and for p € P

z

(pxha)(z)=—-1+ % /p(t) dt. (25)

0

Now applying a result of Stankiewicz and Stankiewicz [31], to (24), (m-1) times with
ho < ho in E, we obtain

(D3 f1) (D3 fa) %5 (DY fn) % hoxho x5 hy

(m—1) times

< Lk k- kG x ho % hg % -+ % ho.

~~

(m—1) times
This implies that
(D) o] (DR f2) o] o (DR fraa) 5 o

* (DY fn)
< (q1*h2) % (g2 *ha)*- % (gm-1* h2) * ¢m. (26)

Now using the series expansion of D{*® fi’s and ¢;’s in view of (25), we can write(26)

as follows
D D D - ,
( A f1>*< A f2)**<)‘ / 1>*(D§’afm)

z z z
z

< 1/q1(t)dt*i/(p(t)dt*-..*i/qm_l(t)dt*qm(z)

20 0 0
o [m o a S
_ 1+; g{(—l)J<B§—A¢BZJ 1)} o
= h(z), z€E. (27)
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The left hand side of (27) is
(DY frs DY fase- -« DV frn) (2) = [DYY(frxfox--* fm)] (2)
= @' (2), z€E. (28)
Note that by using (27) and (28), we obtain @ (z) < h(z) in E.

Remark 3. If we replace B; = —1 and A; = 1 — 20; for each i = 1,2,3,- - -, m,
:0 < B <1, then h(z) defined by (22) can be written as

h(z)=1+2"(1~p1)(1~P2) - 1—5m12]+1 (29)
J=1

Form=0,:a=0,:A=0,:d=0,B;=-1, 4, =1-23;,: 0< 3; < 1, and h(2)
defined by (29), we have the following known result in [29].

Corollary 11. Let for eachi=1,2,3,---m, fi€ Aand 0< B; < 1. If f; € P (B;)
for eachi=1,2,3,---,m and

O (2) = (fr* fox- - fm) (2),

then
® (2) <h(z) inE.

As h (z) defined by (22) is convex univalent function with real coefficient therefore
we may easily get the following result from Theorem 2.12.

Corollary 12. Let for eachi=1,2,3,---,m, fi € A and 6 = 0. If f; € R\'™ (A;, B;)
for eachi=1,2,3,---,m and

©(2) = [DY (fr* far oo * f)] (2),

then

h(-1) <% (@ () <R (1),
where h(z) is defined by (22).
Remark 4. Note that from (22), we have

w [ 11 (Bf —AiBf_1>

_1):1+Z; =1 G
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and
o [ 1T~ (B - 4B
=2 At <§+i>m !

Corollary 13. Let for eachi=1,2,3,---,m, f; € Aand 6 = 0. If f; € R\'® (A;, B;)
for eachi=1,2,3,---,m and

©(2) = [DY" (frx fax oo * f)] (2),

then

[(1-2™) ¢ m—1)— 1

[1(5 - a)

=1

Re <<I>’ (z)> > 1 +i

Jj=1

and

me( )<1+Z

where ( is the well known zeta function, see [16].

[1(5 - a0)

i=

[¢(m—1)—=1],

Remark 5. Tokingn=0,a=0,A=0,0=0,B,=—-1, A; =1-25;,0< 5; <1 in
Corollary 2.15 and Corollary 2.17, we obtain some well known results due to [29].

Form =0m=3,a=0\X=00=0,B8B,=-1, 4, =1-26,0< 3, <1
(1 =1,2,3) and writing ¢ (2) = %2, in Corollary 2.15 we obtain a result in [28].

Theorem 14. Let —1 < B; < A; < 1,4 =1,2,3,---m. If f; € RV (6, Ai, B;) ,0 > 0,
then the function g € A defined by

z

(Do) (z):/{(Df\“aﬁ)/*(Dz’afz)/*.--*(D;’o‘fm)/] (tydt,  (30)

0

belongs to the class Ry (6,1 —2x,—1),

where
m—1 [ (A1—B1)(A3—B3)-(Am—Bm
1 o 2 ' |:( 1(l_é)l()(f_B;))'”((l_Bm) ):|
X = [1-3m (LL1+43)], 6>0

m—1 [ (A1—B1)(A2—B2)-(Am—Bum _
1ot | 0=0.
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Proof. Let § > 0 and let

na gy’ na " 14+ A;z
hi(z) = (DA fz-) (z) + 0z (D/\ fi) (z) < Ty (31)
forallt=1,2,3,---,mand z € F.
That is
1—A; ‘
Re (h; (2)) > T = i=1,2,3,---,m. (32)
This implies that
hi € P(~;) foralli=1,2,3,--- m.
Now using Lemma 2.6, we have
(hl*hg**hm) 677(5),
where
E=1-2""11=m)(1=7) (1 =vm).
By using (32), we obtain
_ Al_Bl)(AQ_BQ)"'(Am_Bm)]
‘ Al e )

Note that from (30), we can write
(D32g) (2) = [(D3 ) » (D32 12) == (D32 )] (2).

Also by using (31), we have

(D37g) () = | / Gy ()| + | 1273 / £~ hy (¢) dt
0
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This means that

where
hO (Z) — (Di\lyag)’ (Z) + 5z (D;,ag)// (Z)
1
1 14
= Z [ t5 N (hyshys-- xhy)(t)dt (34)
5 0/

Using (33) and after some simplifications, we have

Re (ho (2)) > 1- gm—1 {(Al — By) (A2 — Bg) -+ - (A, — Bm)]

(1-B1)(1—DBs)---(1 - Bp)

_ | _om-1 {(Al _Bl)(AQ_BZ)”'(Am_Bm)]
B (1-=B1)(1—Ba)---(1—Bp)

1 1
1—=oF(1,1;:14+ —;
{ 5 2 1<,, +5vz>:|

This shows that g € Ry (6,1 — 2x, —1) . For the case § = 0, the proof is simple
so we ommit the details.

= x, z€kFE.

Now we prove that the class R\'® (0, h) is closed under convex convolution.

Theorem 15. The class RY'™ (6, h) is closed under convex convolution. That is, if
feRYY(6,h) and ¥ € C, then (f + V) € Ry (6, h).
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Proof. Let ¥ € C. Then it is well known [16] that PRe [@} > 1 in E.
Let

1

M (2) = (D¥f) (2) + 62 (D f)" (2)

and

where both M and N are analytic in F with M (0) = N (0) = 1.
Now consider

~

(1=8) [P (F+ )] () +0 2 (D3 (f+ w) ] (2)

= (DPO(f W) (2) + 62 (D (F W) (2)
= |(DYf) (=) + W} o [(ngaf)’ () *

z

= [y )« N @] +a[= (03 ()« N ()]

= (@) @)+ 0s (D7) ()] <N (o).

This implies that

4

(D3 (f ) (2) + 82 (DY (f+ 9)) " (2) = (M % N) ().

Since
1

M (2) = (D3f) (2) + 62 (DYf) " (2) < h(2) in E

and

04 1
Re (N (2)) = Re [ iz)} >3, z€E.
Therefore by using Lemma 2.1, we obtain

(M * N)(E) C M (E).

Hence
(f*T) e RY(6,h), z€E.
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