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1. INTRODUCTION

Let H(U) denote the class of holomorphic functions in the open unit disc U ={z €
C :|z| < 1} in C be complex plane. Let A be the class of analytic functions

’

normalized by ¢(0)= 0 and ¢(0)=1 in U of the following form

pz) =2+ an2", (1)
n=2

with A; = A, where a € C and n € N={1,2,...} , we let
Hla,n] ={p € HU) : ¢(2) = a + anz" + ans12" + ...},

be the subclass of H(U) with Hy = H[0,1] and H = H[1,1].

Next, let ¢(z) and F(z) be members of H(U). Then the function ¢(z) is said to be
subordinate to a function F'(z) or F(z) is said to be superordinate to ¢(z), written
as

©(2) < F(2) or ¢ < F,
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if and only if if there exists a Schwarz function w(z) holomorphic in U, with w(0) = 0
and |w(z)| < 1,(z € U), such that p(z)=F(w(z)).

Furthermore, if the function F is univalent in U, then we have the following equiva-
lence [3],[7],[9].

©(z) < F(z) <= ¢(0) = F(0) and ¢(U) C F(U).

Let S denote the subclass of A consisting of functions univalent in U. If a function
p € A maps U onto a convex domain and ¢ is univalent, then ¢ is called a convex
function. Let

Kz{(pEA:R@(l%—Z;O(;g>O),zEU},

denote the class of all convex functions defined in U and normalized by ¢ = 0 and
¢(0) = 1.

Let ¢ : C® x U — C be holomorphic in a domain D and g be univalent in U.
If h is holomorphic in U and h(0) = a with satisfies the second-order differential
subordination

d(h(2), zh(2), 2h(2); 2) < g(2), (2)

then h is said to be solution of the differential subordination. The univalent function
p is said to be dominant of the solution of the differential subordination or more
simply dominant, if h < p for all h satisfying (2). A dominant p™ satisfying p~ < p
for all dominants (2) is said to be the best dominant of (2).

Now, we defined the new generalized studied by

Definition 1.1. [1] For ¢ € A the generalized derivative operator I)"° : A — A is
defined by.

[e.9]

(I1+A(n—-1))™
" n?"
/\ncp z—i-z (5 nm—1)m rc(s,n)anz (3)

where s,m € No={0,1,...},n > X\ >0 and c(s,n):m.

(Dn—1

It can be easily seen that

IV0e(2) = Iye(z) = o(2),

and
1,0 1,1 ,
I ge(2) = Iy e(z) = 24(2).
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Also,
5 e(2) = Ié,’s_lcp(Z) where b=1,2,3, ....

We can verify that

’

(L4510 o(z) = 2(10570(2)) + s(17p(2))- (4)

Definition 1.2. [13] For ¢ € A, the Dziok-Srivastava operator H, : A — A is
defined by

i . . > <051)n—1(042)n—1--' i n
Hm(alaoQa ---aauBlaﬁQ-“aﬂm)@(z) =z +n§2 (Bl)n—l(BQ) anz -, (5)

where o; € Ci=1,2,...,4,8; € C\{0,-1,-2,...} ,j=1,2,..,m.

For complex numbers a, b and ¢ other than 0, —1, —2,...; the Gauss hypergeo-
metric function o F}(a, b, ¢; z)is defined by

(@)n(b)y 2™ F(c)(b) Z (a4 n)L'(b+n) 2" (6)

2Fi(a,b,62) = 3 (©n n!  T(a)T Tctn) nl

n=0

where (), is the Pochhammer symbol defined, in terms of the Gamma function T,
by

(z) :M:{ z(z+1)(x+2)...(r+n—-1) forne Nand xz € C,

I'(x) 1, if n=0and z € C'\ {0} .
In order to make the notation simple, we write
H}[on)p(2) = Hy (00, 02, - 05 1, B2, B )0 (2).
We can verify that
arHy,[on +1)(2) = 2(Hjy[on]e(2)) + (a1 — 1) Hyy [an]o(2). (7)
Here, we defined the following.

Definition 1.3. For ¢ € A the operator IH! :A — A is defined by the Hadamard
product of the generalized operator IT%S and the Dziok-Srivastava operator HY .

[H;p(2) = (I * Hy )o(2) (2 € U),




A.R.S. Juma, R.A. Hameed, M.I. Hameed — Some Results of Second Order ...

Not that, the following are the special cases of operator H?, .
1. When Ig:”do = 1, inclued the Dziok-Srivastava operator H:, [5],[13].

2. When i = 2,m = 1, H? which is introduced by the Gauss hypergeometric
function [2].

3. When Hj=1, inclued the generalized derivative operator I3 [1].

4. When s = 0,A=1,n= O,IT;]S reduces to I} do which is introduced by Salagean
derivative operator [8].

5. When s = 0,n = 0, 7’75 reduces to I A0 0 which is introduced by generalized
Salagean derivative operator introduced by Al-oboudi [11].

6. When n = 0,1,"° reduces to I (’) which is introduced by generalized Al-Shagsi
and Darus derlvatlve operator [4].

7. When A = 0,n = O,I;n;f reduces to I(T o7 which is introduced by Srivastava-
Attiya derivative operator [15].

8. Whenm=1orm=0A=0o0r A= )\,n—norn—OI A reducesto[157IOS
which is introduced by Ruscheweyh derivative operator [12].

9. When m =0 or m =1,1}" A * reduces to Ig ,27[/\ . which is introduced by gener-
alized Ruscheweyh derivative operator [14]

In order to prove the results, we need the following lemmas.

Lemma 1.1. [6] If q is holomorphic, univalent and convez function in U ,let q(0) = a
and v € C*=C\ {0} be a complex number such that Re{~y} >0 . If p € H[a,n| and

pe)+ 2 <00, (9)
then

p(z) < h(z) < q(2),
where

h(z) = —L /0 q(t)tn~Ldt.

nzn

The function h is convex and it is the best (a,n)-dominant of the subordination (9).
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Lemma 1.2. [10] If r is a convex function in U with
h(z) = r(2) + nBzr(z) (z €U),
where >0 andn € N. If

n+1+

p(2) = 7(0) + pn2" + ppi12 , (z€U),

is holomorphic in U and
p(2) + Bzp(2) < h(2),
then

p(z) < r(2),

and this result is sharp.

2. MAIN RESULTS
Theorem 2.1. If h be a convex function with h(0) = 1 with q be the following
function

q(2) = h(z) + =h(2), 7,i > 0,m € N.
T

If o € A and the following differential subordination

e E 1 11 ()] < (), (10)
holds true, then
ey ),

Proof. If ¢ € A, given by (1) therefore, we get

; _. — (1+An—1)™ (s pyl@n-1(@2)n1.(Qi)n-1 1 5
THnelz) = +Z( el )(51)n—1(ﬁ2)n—1...(ﬁm)n—1 (n—1)"" 7 (z€U)

R 1+)\(n 1) m A1 )n (Oé )n Qi )n
IHZ (Z) T _ z + Zn 2 1+77 n— 1))31 1 C(S n) ((,811))n 11(,822)n 11 ((Bm))n 11 (n 11)'(122
p() = (A : )
1+ Z 1+ An—1))™ e(s,m) (a1)n-1(02)p—1--()p—1 1 a2 )T

(I +mn(n—1))m (Bn-1(B2)n-1---(Bm)p—-1 (n = 1)1 "
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p(2) =14 p2” +prpa2 4

By take the derivative of both sides, we get

M@y (1113, 002 = pie) + 2

(

Thus, by aid of the relation (10) becomes

zp/z 2h(z
p) + 2 <) = ne + 2 e
therefore, with Lemma 1.2 we obtain
p(z) < h(z),
that is,
IH} ()
(=P <),

Theorem 2.2. If g be a holomorphic function and satisfies in the following inequal-
ity

Re{l + zq((z))} > —1/2, where q(0) =1,7,i > 0,m € N,

q(z

and p € A satisfies in the following differential subordination

2 E 1 11 ()] < ().
Then
by o),
where
2) =~ ’ =14t
o2 = % [ ara
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Proof. Setting

(1+A(n—1))™ (a1)n—1(a2)n—1...(a;)n—1

)" =(

. 1
_ IH,;LnQO(Z) z + Zn 2 Wc(s7 n) (ﬁl)n—l(/gQ)n—l-u(ﬁm)n—l (nfl)!anz

z z

=1+ i ((1 +A(n —1))™ (a1)n—1(02)n—1..()n-1 1 )

i — 10 B0 1 (Bt Bt (0 — DI

p(2) =1+p-2" +pT+1ZT+1 +.=1+ Z pnznilap € H[1,7].

n=1t+1
By take the derivative of both sides, we get
ITH! o(2), . ; ‘ ZPEZ)
(B U0 ()) = p(e) + 22,

p(o)+ 22 <)
therefore, with Lemma 1.2 we obtain
p(z) < g(2),
that is,
MGy o00),
where

o) =% [Catrar

ZT
The function g(z) is convex and it is the best dominant.
Corollary 2.3. If the function q defined by

1+ 2a—-1)z
142

q(z) =

, (0<a<l)

be a convex function in U, where 7,4 > 0,m € N and ¢ € A be such that

(HEm2C)ye (1 o(2)5 < o(2),

z
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holds , then

(IHW(Z)

)T =< g(2),

tﬂ'fl

g(z) is given by g(z)=2a —1) + 2(12_%)7 Jo S55dt. The function g(z) is convex and
it is the best dominant.

Proof. Putting

TH} (z)
z

p(z) = ( )"

thus, by aid of the relation (10) becomes

zp(z) L qle) = 1+ (2a—1)z

< 1
T 14z  (0<a<l)

therefore, with Lemma 1.1 for v = 7, we obtain

TH! ¢(2) T/Z 1 T/Z 114+ 2a—1)t
— )T = — O™ dt = — T ———dt
Dy <y = 2 [Cra= L 2o

T [* 1 2(1 —a)r [ ¢!
= — 20 — DT L4+ 2(1 — dt = (2a — 1 / dt.
ZTO[(a ) +2( 04)1+t] (2 —1) + pos A

Theorem 2.4. If h is a convex function with h(0) = 1 such that q the following
function

q(2) = h(z) + ;h(z), (z€U)

where 7,9 > 0,m € N.If ¢ € A and satisfies the following differential subordination

T+1 1H],¢(2) 22 I1H],0(2) (IHL o)) (THE o1 +1]9(2))
PR S+ = - : - : 1 <a(2), (11)
T (IHp[ar +1]9(2)2 7 (IH[en +1]9(2)2 THi, o(2) TH}, o(2)
then
TH} o(z)

T + e <)

The result is sharp.
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Proof. 1If ¢ € A, given by (1) therefore, we get

TH! ¢ Z+ Z 1+ A(n — 1)) (5,m) (@1)n—1(a2)n-1---(0)n—1 1 2 n

T+ n(n— 1)1 (B (Bt Bt (m— DI

let us consider

_ . THue(2)
PO =2 o + 110
we have
p(2) + ;p('Z) =
Tl IHHhe(x) 2 THup() [umwu»_;nmmﬁawwi

T UHy o + 0o T 7 (TH o + ()2 THip(z) ()

Thus, by aid of the relation (11) becomes
z z .
p() + 2p(2) < a(2) = h(z) + Zh(2), (2 € V)
therefore, with Lemma 1.2 we obtain

. TH} o(z)
p(2) = (IH? [oq + 1]p(2))2

< h(z).

Theorem 2.5. For ¢ € A and q be a holomorphic function and it satisfies the
inequality

2q(z)
q(=

and it satisfies the following differential subordination

R{1+ ——=} > —1/2, with q(0) =1,7,4 > 0,m € N,

T+l IHLp(2) £ IHnes) (He() UH o+ 1e) 0o
T (TH [ +1e(2)? 7 (TH} o1+ 1p(2)? " THp(2) IH;,p(2) ’
then

IH;,0(2)
EACES EE A

where g(z) is given by
o) =% [ atorar
0

ZT

The function g(z) is convex and it is the best dominant.
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Proof. Putting

[H}, 0(2)
TH} [0 + 1]p(2))

p(Z)zz( S, p € H[L1].

By take the derivative of both sides, we get

p(=) + =p(z) =

T+l IHe(2) P IHnez) (THue()  (IHler + Up(2)),
T ([Hjlon+1p(2))* 7 (IHj[on +1]p(2))*" TH,p(2) IHip(z) 7

thus, by aid of the relation (11) becomes

z ’

p(2) + —p(2) < q(2)-
Therefore, with Lemma 1.1 we obtain
ITH! o(z
olz) <9(2).

P) = 21 o + 100(2)?

The function g(z) is convex and it is the best dominant.

Theorem 2.6. If h is a conver function with h(0) = 1 such that q the following
function

4(z) = h(z) + Zh(2), (z € V)
where 7,4 > 0,m € N.If ¢ € A and satisfies the following differential subordination

(IH},¢(2))

T H2IHLE) | 2 (THp())
TH;, o(2)

2 z
7 IHip(z) 7' ITHi o(2) )] < a(z), (12)

—(
then

2UHLe(2)
[Hi () ")

Proof. Putting

o (THE o(2))

(THz) P <O

p(z) =2
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By take the derivative of both sides, we get

(IH! p(2))

_ e H2(IHL(2)) | 2 (THp(2))
TH},0(2)

Z, s )],
T TH! ¢(2) T ITH! ¢(2)

p(=) + =p(2) ~

thus, by aid of the relation (12) becomes
z z
p(2)+ 2(2) < az) = hz) + 2hi2). (2 € V)
Therefore, with Lemma 2 we obtain

o (THE o(2))

(TH! o(2) < h(z). (z €U)

p(z) ==

The result is sharp.

Theorem 2.7. If ¢ be a holomorphic function and it satisfies the inequality

’

Re{l + Zq:(z)} > —1/2, with q(0) =1,
q(2)

where 7,4 > 0,m € N.If ¢ € A and satisfies the following differential subordination

LT T2 HLp(2) 2 (IHe(=)  ([Hye(2)

T Hyp(e) |7 THye(s) ez ) 1)
holds true,then
»UHp(2))
() I

where g(z) is given by

o) =% [ at

ZT
The function g(z) is convex and it is the best dominant.

Proof. Putting

p(z) = zQW, p e H[0,1]. (z € U)

(IH,p(2))
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By take the derivative of both sides, we have

(IH! p(2))
ITH} o(z)

_ e H2(IHL(2)) | 2 (THp(2))

Pe)+ Zple) = P =T+ e i)

thus, by aid of the relation (12) becomes
z z .
p(2) + 2p(2) < a(2) = h(2) + Zh(z). (= € V)
Therefore, with Lemma 1.1 we obtain

o (THE, o(2))

(A p(e)) 0 €Y

p(z) ==

where

T

9(2) = — /OZ q(t)t™ " dt.

ZT
The function g(z) is convex and it is the best dominant.

Theorem 2.8. If h is a convex function with h(0) = 1 such that q the following
function

,

q(z) = h(2) + zh(2), (z € U)
where 7,4 > 0,m € N.If ¢ € A and satisfies the following differential subordination

| THyp(2) ([ (:))
(TH} ()

< q(2), (13)

then
IH!
(Hye)
2(TH},¢(2))
The result is sharp.
Proof. Putting
(5) = L) e g
2(TH},¢(2))
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By take the derivative of both sides, we have

, [H! o(2)(TH: o(2)
2)+zp(z)=1— :
p(z) +2p(2) (THi ()]

thus, by aid of the relation (13) becomes

’ ’

p(2) + 2p(2) < q(2) = h(2) + zh(2). (z € U)
Therefore, with Lemma 1.2 we obtain

(IH;,0(2))

PO = o)

< h(z).

Proof. If ¢ be a holomorphic function and it satisfies the inequality

Re{l + M} > —1/2, with q(0) =1,
q(2)

where 7,4 > 0,m € N.If p € A and satisfies the following differential subordination

| () [ H ()]
(I Hio(2))]

<q(z), (z€U)

holds true,then

where g(z) is given by

The function g(z) is convex and it is the best dominant.

Putting
IH}
p(e) = LHnfE) ¢ o ). (e )
2(IH},0(2))
By take the derivative of both sides, we get
7  IHp(2)(THpp(2))

z zp(z) =1 -
P ) (THy(2))?
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thus, by aid of the relation (12) becomes

’ ’

p(2) + 2p(z) < q(z) = h(z) + zh(2). (z € U)
Therefore, with Lemma 1 we obtain

o= Hue@) ooy ev
P =y <9 D)

where

The function g(z) is convex and it is the best dominant.
Theorem 2.9. If the function q defined by

14+ (R2a—1)z
N 14z

q(2) , (0<a<)

is a convex function in U, wherei > 0,m € N.If ¢ € A and the following differential
subordination

IH, s0(=) (TH}, 50(2))
(TH, 50(2))]?

< q(2), (14)

holds true, then

(Ianﬁcp(z)) =

RTTEE) R

where

9(z) = 2a—-1)+2(1 - Q)M.

z

The function g(z) is convex and it is the best dominant.

Proof. Putting

_ (IH, 50(2))
2(TH!, 50(2))
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thus, by aid of the relation (14) becomes

p(:) +2pl) <a() = T 0 cac

therefore, with Lemma 1.1 for v=1, we get

IH! z z z o —
([Hy, g( ))/{g@:l/o q(t)dtzl/o L+ (20 -1)t

2(1H], 50(2)) z z 1+¢
_ 1 [# 2(1 — «) _ In(1+ z
—Z/O[(Qoé—l)Jrm]dt_(Qa—l)Jrz(l_a) —.

Theorem 2.10. If h is a convex function with h(0) = 1 such that q the following
function

’

qa(z) = h(z) + zh(2), (z € U)
where i > 0,m € N.If p € A and satisfies the following differential subordination
(THL@(2)) + TH () (TH},0(2)) < q(2), (15)
then

(IH} (=) U HEp(2))

< h(z).
Proof. Putting

(IH! p(2))(IH] p(2))

p(z) = , p€ HIO,1].

By take the derivative of both sides, we have
p(2) + 2p(2) = [(TH},(2))]” + TH;0(2) (TH,, 0(2)),

thus, by aid of the relation (15) becomes

’ ’

p(2) + 2p(2) < q(2) = h(2) + zh(2). (z € U)

Therefore, with Lemma 2 we get

(IH} (=) U HEo(2))

p(z) =

The result is sharp.

< h(z).
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Theorem 2.11. If ¢ be a holomorphic function and it satisfies the inequality

’

Zq:(Z)
q(2)

Re{l + } > —1/2, with q(0) =1,

where i > 0,m € N.If o € A and satisfies the following differential subordination
(TH}p () + TH,o(2)(TH,0(2)) < a(2), (2 € U)

holds true,then

where g(z) is given by

The function g(z) is convex and it is the best dominant.

Proof. Putting

(IH} (=) T Hip(2))

p(z) = , p€ H[0,1]. (2 € V)

By take the derivative of both sides, we have
p(2) + 2p(2) = (TH; ()] + THy(2) (T Hy0(2)),

thus, by aid of the relation (15) becomes

’ ’

p(z) + 2p(z) < q(2) = h(z) + zh(z). (z € U)

Therefore, with Lemma 1.1 we obtain

(IH (=) I Hip(2))

p(z) = <9(2), (z€U)

where

The function g(z) is convex and it is the best dominant.
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Theorem 2.12. If the function q defined by

14+ (2a—-1)z
B 1+ 2

q(z)

, (0<a<l)

is a convex function in U, where i > 0,m € N.If p € A and the following differential
subordination

[(TH 0 (2))] + THL, o(2) (THL 0(2)), < a(2),

holds true, then

(IH} (=) U HE(2))

< 9(2),

where

9(z2) = 2a—1)+2(1 — a)m(l;_Z).

The function g(z) is convex and it is the best dominant.

Proof. Let
TH! o(2))(THE o(2))
M@:( o(2))( MD’
z
thus, by aid of the relation (15) becomes
, 1 200 — 1
p(e) + () < az) = T2 <<
142
therefore, with Lemma 1.1 for v = 1, we obtain
(IHi () (IHip(2)) 1 / 1 / 1+ (20— 1)t
= == tdt == | ———— Lt
e . <o) = [ athar = [

L e -1+ 2= — (90 - gyl
_ZAKQ )+ S 2ldt = (20— 1) +2(1— ) 1

Theorem 2.13. If h is a convex function with h(0) = 1 such that q the following
function

z

——h(2), (z€U)

q(z) = h(z2) +
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where 7 € (0,1) ;i > 0,m € N.If p € A and satisfies the following differential
subordination

z IHJor +1)p(z) (TH o1 + 1]p(2))  (IHE0(2))

Mo 1-r UHpla+Ue) | IHyez) ) 1 09
then
(IHp oo +1]p(z), z
s e (M
Proof. Putting
ple) = T B 2 e may

By take the derivative of both sides, we have

(IH}[o1 +1]p(2))  (IHE0(2))

z TIHﬁn[al + 1]90(2)[ _r ]
-7 TH,Jon + 1)p(2) IHjp(z) 7

p2) = (7o)

p(z) + 17—

thus, by aid of the relation (16) becomes
. z

p(x) + 1——p(2) < a(x) = h(z) +

hz). (z € U)

1—7
Therefore, with Lemma 1.2 we obtain

(T Hjplon + 1]o(2) z

(

z TH}, p(2)

p(z) = )" < h(z).

The result is sharp.

Theorem 2.14. If g be a holomorphic function and it satisfies the inequality

Re{1+ 243y o /9 with g(0) = 1,
q(z)
where 7 € (0,1),i > 0,m € N.If ¢ € A and satisfies the following differential
subordination

(IH}[o1 +1]p(2))  (IHLo(2))

z  ITH! g+ 1]s0(2)[ .
1-71 TH: [0 + 1](2) IH},p(2)

T )
holds true,then

I <q(2), (z€U)

(1H;, a1 +1]p(2) z

z (IH}'ngo
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where g(z) is given by

1—7 [~ .,
g(z) = kT/q@tdt
z 0

The function g(z) is convex and it is the best dominant.
Proof. Putting

(Ifﬁék%14—ll¢(2)( z

- IHW(z))T , pe H[0,1]. (2 € U)

p(z) =

By take the derivative of both sides, we have

z z JTHE [og + 1)p(z IH,ian—i-lapz, IHfﬁcpz/
b+ E gl = (o 7y Ml Uple) (Mfes + () (Higle)))
1—7 ITH! o(z) 1—71 ITH! [aq + 1)p(z) ITH! o(z)
thus, by aid of the relation (16) becomes
. z

p(2) + 7=—p(2) < 4(z) = h(z) + T—h(2). (z € U)

Therefore, with Lemma 1 we obtain

)" <9(2), (z€U)

where

1—71 [* .
g(z) = - / GO dt.
z 0

The function g(z) is convex and it is the best dominant
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