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1. Introduction

Let H(U) denote the class of holomorphic functions in the open unit disc U ={z ∈
C : |z| < 1} in C be complex plane. Let A be the class of analytic functions

normalized by ϕ(0)= 0 and ´ϕ(0)=1 in U of the following form

ϕ(z) = z +
∞∑
n=2

anz
n, (1)

with A1 = A, where a ∈ C and n ∈ N={1, 2, ...} , we let

H[a, n] = {ϕ ∈ H(U) : ϕ(z) = a+ anz
n + an+1z

n+1 + ...},

be the subclass of H(U) with H0 ≡ H[0, 1] and H ≡ H[1, 1].
Next, let ϕ(z) and F (z) be members of H(U). Then the function ϕ(z) is said to be
subordinate to a function F (z) or F (z) is said to be superordinate to ϕ(z), written
as

ϕ(z) ≺ F (z) or ϕ ≺ F,
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if and only if if there exists a Schwarz function w(z) holomorphic in U , with w(0) = 0
and |w(z)| < 1,(z ∈ U), such that ϕ(z)=F (w(z)).
Furthermore, if the function F is univalent in U, then we have the following equiva-
lence [3],[7],[9].

ϕ(z) ≺ F (z)⇐⇒ ϕ(0) = F (0) and ϕ(U) ⊂ F (U).

Let S denote the subclass of A consisting of functions univalent in U . If a function
ϕ ∈ A maps U onto a convex domain and ϕ is univalent, then ϕ is called a convex
function. Let

K = {ϕ ∈ A : Re(1 +
zϕ́́(z)

ϕ́(z)
> 0), z ∈ U},

denote the class of all convex functions defined in U and normalized by ϕ = 0 and
´ϕ(0) = 1.

Let φ : C3 × U → C be holomorphic in a domain D and g be univalent in U .
If h is holomorphic in U and h(0) = a with satisfies the second-order differential
subordination

φ(h(z), zh(́z), zh́́(z); z) ≺ g(z), (2)

then h is said to be solution of the differential subordination. The univalent function
p is said to be dominant of the solution of the differential subordination or more
simply dominant, if h ≺ p for all h satisfying (2). A dominant p∼ satisfying p∼ ≺ p
for all dominants (2) is said to be the best dominant of (2).

Now, we defined the new generalized studied by

Definition 1.1. [1] For ϕ ∈ A the generalized derivative operator Im,sλ,η : A → A is
defined by.

Im,sλ,η ϕ(z) = z +

∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)anz

n, (3)

where s,m ∈ N0={0, 1, ...},η ≥ λ ≥ 0 and c(s, n)= (s+1)n−1

(1)n−1
.

It can be easily seen that

I0,0λ,0ϕ(z) = I1,00,ηϕ(z) = ϕ(z),

and

I1,0λ,0ϕ(z) = I1,10,ηϕ(z) = zϕ́(z).
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Also,

Ib−1,0λ,0 ϕ(z) = I1,b−10,η ϕ(z) where b = 1, 2, 3, ....

We can verify that

(1 + s)Im,s+1
λ,η ϕ(z) = z(Im,sλ,η ϕ(z))́ + s(Im,sλ,η ϕ(z)). (4)

Definition 1.2. [13] For ϕ ∈ A, the Dziok-Srivastava operator H i
m : A → A is

defined by

H i
m(α1, α2, ..., αi;β1, β2..., βm)ϕ(z) = z +

∞∑
n=2

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
anz

n, (5)

where αi ∈ C,i=1, 2, ..., i,βj ∈ C\{0,-1,-2,...},j=1, 2, ..,m.

For complex numbers a, b and c other than 0, −1, −2,..., the Gauss hypergeo-
metric function 2F1(a, b, c; z)is defined by

2F1(a, b, c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
=

Γ(c)

Γ(a).Γ(b)

∞∑
n=0

Γ(a+ n)Γ(b+ n)

Γ(c+ n)

zn

n!
(6)

where (x)n is the Pochhammer symbol defined, in terms of the Gamma function Γ,
by

(x)n =
Γ(x+ n)

Γ(x)
=

{
x(x+ 1)(x+ 2)...(x+ n− 1) for n ∈ Nand x ∈ C,
1, if n = 0 and x ∈ C \ {0} .

In order to make the notation simple, we write

H i
m[α1]ϕ(z) = H i

m(α1, α2, ..., αi;β1, β2, βm)ϕ(z).

We can verify that

α1H
i
m[α1 + 1]ϕ(z) = z(H i

m[α1]ϕ(z))́ + (α1 − 1)H i
m[α1]ϕ(z). (7)

Here, we defined the following.

Definition 1.3. For ϕ ∈ A the operator IH i
m:A → A is defined by the Hadamard

product of the generalized operator Im,sλ,η and the Dziok-Srivastava operator H i
m.

IH i
mϕ(z) = (Im,sλ,η ∗H

i
m)ϕ(z) (z ∈ U),

and

IH i
mϕ(z) = z +

∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
a2nz

n. (8)
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Not that, the following are the special cases of operator IH i
m.

1. When Im,00,0 = 1, inclued the Dziok-Srivastava operator H i
m [5],[13].

2. When i = 2,m = 1, H2
1 which is introduced by the Gauss hypergeometric

function [2].

3. When H1
1=1, inclued the generalized derivative operator Im,sλ,η [1].

4. When s = 0,λ = 1,η = 0,Im,sλ,η reduces to Im,01,0 which is introduced by Salagean
derivative operator [8].

5. When s = 0,η = 0,Im,sλ,η reduces to Im,0λ,0 which is introduced by generalized
Salagean derivative operator introduced by Al-oboudi [11].

6. When η = 0,Im,sλ,η reduces to Im,sλ,0 which is introduced by generalized Al-Shaqsi
and Darus derivative operator [4].

7. When λ = 0,η = 0,Im,sλ,η reduces to Im,s0,0 which is introduced by Srivastava-
Attiya derivative operator [15].

8. When m = 1 or m = 0,λ = 0 or λ = λ,η = η or η = 0,Im,sλ,η reduces to I1,s0,η?I0,sλ,0
which is introduced by Ruscheweyh derivative operator [12].

9. When m = 0 or m = 1,Im,sλ,η reduces to I0,sλ,η?I
1,s
λ,η which is introduced by gener-

alized Ruscheweyh derivative operator [14].

In order to prove the results, we need the following lemmas.

Lemma 1.1. [6] If q is holomorphic, univalent and convex function in U ,let q(0) = a
and γ ∈ C∗=C \ {0} be a complex number such that Re{γ} ≥ 0 . If p ∈ H[a, n] and

p(z) +
zp(́z)

γ
≺ q(z), (9)

then

p(z) ≺ h(z) ≺ q(z),

where

h(z) =
γ

nz
γ
n

∫ z

0
q(t)t

γ
n
−1dt.

The function h is convex and it is the best (a, n)-dominant of the subordination (9).
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Lemma 1.2. [10] If r is a convex function in U with

h(z) = r(z) + nβzr(́z) (z ∈ U),

where β > 0 and n ∈ N . If

p(z) = r(0) + pnz
n + pn+1z

n+1+, (z ∈ U),

is holomorphic in U and

p(z) + βzp(́z) ≺ h(z),

then

p(z) ≺ r(z),

and this result is sharp.

2. Main Results

Theorem 2.1. If h be a convex function with h(0) = 1 with q be the following
function

q(z) = h(z) +
z

τ
h(́z), τ, i ≥ 0,m ∈ N.

If ϕ ∈ A and the following differential subordination

(
IH i

mϕ(z)

z
)τ−1(IH i

mϕ(z))́ ≺ q(z), (10)

holds true, then

(
IH i

mϕ(z)

z
)τ ≺ h(z),

Proof. If ϕ ∈ A, given by (1) therefore, we get

IHi
mϕ(z) = z +

∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
a2nz

n, (z ∈ U)

let us consider

p(z) = (
IH i

mϕ(z)

z
)τ = (

z +
∑∞

n=2
(1+λ(n−1))m

(1+η(n−1))m−1 c(s, n) (α1)n−1(α2)n−1...(αi)n−1

(β1)n−1(β2)n−1...(βm)n−1

1
(n−1)!a

2
nz

n

z
)τ

= (1 +

∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
a2nz

n−1)τ ,
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p(z) = 1 + pτz
τ + pτ+1z

τ+1 + ... .

By take the derivative of both sides, we get

(
IH i

mϕ(z)

z
)τ−1(IH i

mϕ(z))́ = p(z) +
zp(́z)

τ
.

Thus, by aid of the relation (10) becomes

p(z) +
zp(́z)

τ
≺ q(z) = h(z) +

zh(́z)

τ
, (z ∈ U)

therefore, with Lemma 1.2 we obtain

p(z) ≺ h(z),

that is,

(
IH i

mϕ(z)

z
)τ ≺ h(z).

Theorem 2.2. If q be a holomorphic function and satisfies in the following inequal-
ity

Re{1 +
zq́́(z)

q(́z)
} > −1/2, where q(0) = 1, τ, i ≥ 0,m ∈ N,

and ϕ ∈ A satisfies in the following differential subordination

(
IH i

mϕ(z)

z
)τ−1(IH i

mϕ(z))́ ≺ q(z).

Then

(
IH i

mϕ(z)

z
)τ ≺ g(z),

where

g(z) =
τ

zτ

∫ z

0
q(t)tτ−1dt.
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Proof. Setting

p(z) = (
IH i

mϕ(z)

z
)τ = (

z +
∑∞

n=2
(1+λ(n−1))m

(1+η(n−1))m−1 c(s, n) (α1)n−1(α2)n−1...(αi)n−1

(β1)n−1(β2)n−1...(βm)n−1

1
(n−1)!a

2
nz

n

z
)τ

= (1 +
∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
a2nz

n−1)τ ,

p(z) = 1 + pτz
τ + pτ+1z

τ+1 + ... = 1 +
∞∑

n=τ+1

pnz
n−1, p ∈ H[1, τ ].

By take the derivative of both sides, we get

(
IH i

mϕ(z)

z
)τ−1(IH i

mϕ(z))́ = p(z) +
zp(́z)

τ
,

thus, by aid of the relation the relation (10) becomes

p(z) +
zp(́z)

τ
≺ q(z),

therefore, with Lemma 1.2 we obtain

p(z) ≺ g(z),

that is,

(
IH i

mϕ(z)

z
)τ ≺ g(z),

where

g(z) =
τ

zτ

∫ z

0
q(t)tτ−1dt.

The function g(z) is convex and it is the best dominant.

Corollary 2.3. If the function q defined by

q(z) =
1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

be a convex function in U , where τ, i ≥ 0,m ∈ N and ϕ ∈ A be such that

(
IH i

mϕ(z)

z
)τ−1(IH i

mϕ(z))́ ≺ q(z),
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holds , then

(
IH i

mϕ(z)

z
)τ ≺ g(z),

g(z) is given by g(z)=(2α− 1) + 2(1−α)τ
zτ

∫ z
0
tτ−1

1+t dt. The function g(z) is convex and
it is the best dominant.

Proof. Putting

p(z) = (
IH i

mϕ(z)

z
)τ ,

thus, by aid of the relation (10) becomes

p(z) +
zp(́z)

τ
≺ q(z) =

1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

therefore, with Lemma 1.1 for γ = τ , we obtain

(
IH i

mϕ(z)

z
)τ ≺ g(z) =

τ

zτ

∫ z

0
q(t)tτ−1dt =

τ

zτ

∫ z

0
tτ−1

1 + (2α− 1)t

1 + t
dt

=
τ

zτ

∫ z

0
[(2α− 1)tτ−1 + 2(1− α)

tτ−1

1 + t
]dt = (2α− 1) +

2(1− α)τ

zτ

∫ z

0

tτ−1

1 + t
dt.

Theorem 2.4. If h is a convex function with h(0) = 1 such that q the following
function

q(z) = h(z) +
z

τ
h(́z), (z ∈ U)

where τ, i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

z
τ + 1

τ

IHi
mϕ(z)

(IHi
m[α1 + 1]ϕ(z))2

+
z2

τ

IHi
mϕ(z)

(IHi
m[α1 + 1]ϕ(z))2

[
(IHi

mϕ(z))́

IHi
mϕ(z)

− 2
(IHi

m[α1 + 1]ϕ(z))́

IHi
mϕ(z)

] ≺ q(z), (11)

then

z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

≺ h(z).

The result is sharp.
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Proof. If ϕ ∈ A, given by (1) therefore, we get

IH i
mϕ(z) = z +

∞∑
n=2

(1 + λ(n− 1))m

(1 + η(n− 1))m−1
c(s, n)

(α1)n−1(α2)n−1...(αi)n−1
(β1)n−1(β2)n−1...(βm)n−1

1

(n− 1)!
a2nz

n,

let us consider

p(z) = z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

,

we have

p(z) +
z

τ
p(́z) =

z
τ + 1

τ

IH i
mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

+
z2

τ

IH i
mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

[
(IH i

mϕ(z))́

IH i
mϕ(z)

− 2
(IH i

m[α1 + 1]ϕ(z))́

IH i
mϕ(z)

].

Thus, by aid of the relation (11) becomes

p(z) +
z

τ
p(́z) ≺ q(z) = h(z) +

z

τ
h(́z), (z ∈ U)

therefore, with Lemma 1.2 we obtain

p(z) = z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

≺ h(z).

Theorem 2.5. For ϕ ∈ A and q be a holomorphic function and it satisfies the
inequality

Re{1 +
zq́́(z)

q(́z)
} > −1/2, with q(0) = 1, τ, i ≥ 0,m ∈ N,

and it satisfies the following differential subordination

z
τ + 1

τ

IHi
mϕ(z)

(IHi
m[α1 + 1]ϕ(z))2

+
z2

τ

IHi
mϕ(z)

(IHi
m[α1 + 1]ϕ(z))2

[
(IHi

mϕ(z))́

IHi
mϕ(z)

− 2
(IHi

m[α1 + 1]ϕ(z))́

IHi
mϕ(z)

] ≺ q(z),

then

z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

≺ g(z),

where g(z) is given by

g(z) =
τ

zτ

∫ z

0
q(t)tτ−1dt.

The function g(z) is convex and it is the best dominant.
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Proof. Putting

p(z) = z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

, p ∈ H[1, 1].

By take the derivative of both sides, we get

p(z) +
z

τ
p(́z) =

z
τ + 1

τ

IH i
mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

+
z2

τ

IH i
mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

[
(IH i

mϕ(z))́

IH i
mϕ(z)

− 2
(IH i

m[α1 + 1]ϕ(z))́

IH i
mϕ(z)

],

thus, by aid of the relation (11) becomes

p(z) +
z

τ
p(́z) ≺ q(z).

Therefore, with Lemma 1.1 we obtain

p(z) = z
IH i

mϕ(z)

(IH i
m[α1 + 1]ϕ(z))2

≺ g(z).

The function g(z) is convex and it is the best dominant.

Theorem 2.6. If h is a convex function with h(0) = 1 such that q the following
function

q(z) = h(z) +
z

τ
h(́z), (z ∈ U)

where τ ,i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

z2
τ + 2

τ

(IHi
mϕ(z))́

IHi
mϕ(z)

+
z3

τ
[
(IHi

mϕ(z))́́

IHi
mϕ(z)

− (
(IHi

mϕ(z))́

IHi
mϕ(z)

)2] ≺ q(z), (12)

then

z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

≺ h(z).

Proof. Putting

p(z) = z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

, p ∈ H[0, 1].
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By take the derivative of both sides, we get

p(z) +
z

τ
p(́z) = z2

τ + 2

τ

(IH i
mϕ(z))́

IH i
mϕ(z)

+
z3

τ
[
(IH i

mϕ(z))́́

IH i
mϕ(z)

− (
(IH i

mϕ(z))́

IH i
mϕ(z)

)2],

thus, by aid of the relation (12) becomes

p(z) +
z

τ
p(́z) ≺ q(z) = h(z) +

z

τ
h(́z). (z ∈ U)

Therefore, with Lemma 2 we obtain

p(z) = z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

≺ h(z). (z ∈ U)

The result is sharp.

Theorem 2.7. If q be a holomorphic function and it satisfies the inequality

Re{1 +
zq́́(z)

q(́z)
} > −1/2, with q(0) = 1,

where τ ,i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

z2
τ + 2

τ

(IH i
mϕ(z))́

IH i
mϕ(z)

+
z3

τ
[
(IH i

mϕ(z))́́

IH i
mϕ(z)

− (
(IH i

mϕ(z))́

IH i
mϕ(z)

)2] ≺ q(z),

holds true,then

z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

≺ g(z),

where g(z) is given by

g(z) =
τ

zτ

∫ z

0
q(t)tτ−1dt.

The function g(z) is convex and it is the best dominant.

Proof. Putting

p(z) = z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

, p ∈ H[0, 1]. (z ∈ U)
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By take the derivative of both sides, we have

p(z) +
z

τ
p(́z) = z2

τ + 2

τ

(IH i
mϕ(z))́

IH i
mϕ(z)

+
z3

τ
[
(IH i

mϕ(z))́́

IH i
mϕ(z)

− (
(IH i

mϕ(z))́

IH i
mϕ(z)

)2],

thus, by aid of the relation (12) becomes

p(z) +
z

τ
p(́z) ≺ q(z) = h(z) +

z

τ
h(́z). (z ∈ U)

Therefore, with Lemma 1.1 we obtain

p(z) = z2
(IH i

mϕ(z))́

(IH i
mϕ(z))

≺ g(z), (z ∈ U)

where

g(z) =
τ

zτ

∫ z

0
q(t)tτ−1dt.

The function g(z) is convex and it is the best dominant.

Theorem 2.8. If h is a convex function with h(0) = 1 such that q the following
function

q(z) = h(z) + zh(́z), (z ∈ U)

where τ ,i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

1− IH i
mϕ(z)(IH i

mϕ(z))́́

[(IH i
mϕ(z))́]2

≺ q(z), (13)

then

(IH i
mϕ(z))

z(IH i
mϕ(z))́

≺ h(z).

The result is sharp.

Proof. Putting

p(z) =
(IH i

mϕ(z))

z(IH i
mϕ(z))́

, p ∈ H[1, 1].
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By take the derivative of both sides, we have

p(z) + zp(́z) = 1− IH i
mϕ(z)(IH i

mϕ(z))́́

[(IH i
mϕ(z))́]2

,

thus, by aid of the relation (13) becomes

p(z) + zp(́z) ≺ q(z) = h(z) + zh(́z). (z ∈ U)

Therefore, with Lemma 1.2 we obtain

p(z) =
(IH i

mϕ(z))

z(IH i
mϕ(z))́

≺ h(z).

Proof. If q be a holomorphic function and it satisfies the inequality

Re{1 +
zq́́(z)

q(́z)
} > −1/2, with q(0) = 1,

where τ ,i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

1− IH i
mϕ(z)(IH i

mϕ(z))́́

[(IH i
mϕ(z))́]2

≺ q(z), (z ∈ U)

holds true,then

(IH i
mϕ(z))

z(IH i
mϕ(z))́

≺ g(z).

where g(z) is given by

g(z) =
1

z

∫ z

0
q(t)dt.

The function g(z) is convex and it is the best dominant.
Putting

p(z) =
(IH i

mϕ(z))

z(IH i
mϕ(z))́

, p ∈ H[0, 1]. (z ∈ U)

By take the derivative of both sides, we get

p(z) + zp(́z) = 1− IH i
mϕ(z)(IH i

mϕ(z))́́

[(IH i
mϕ(z))́]2

,
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thus, by aid of the relation (12) becomes

p(z) + zp(́z) ≺ q(z) = h(z) + zh(́z). (z ∈ U)

Therefore, with Lemma 1 we obtain

p(z) =
(IH i

mϕ(z))

z(IH i
mϕ(z))́

≺ g(z), (z ∈ U)

where

g(z) =
1

z

∫ z

0
q(t)dt.

The function g(z) is convex and it is the best dominant.

Theorem 2.9. If the function q defined by

q(z) =
1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

is a convex function in U , where i ≥ 0,m ∈ N .If ϕ ∈ A and the following differential
subordination

1−
IH i

m,βϕ(z)(IH i
m,βϕ(z))́́

[(IH i
m,βϕ(z))́]2

≺ q(z), (14)

holds true, then

(IH i
m,βϕ(z))

z(IH i
m,βϕ(z))́

≺ g(z),

where

g(z) = (2α− 1) + 2(1− α)
ln(1 + z)

z
.

The function g(z) is convex and it is the best dominant.

Proof. Putting

p(z) =
(IH i

m,βϕ(z))

z(IH i
m,βϕ(z))́

,
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thus, by aid of the relation (14) becomes

p(z) + zp(́z) ≺ q(z) =
1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

therefore, with Lemma 1.1 for γ=1, we get

(IH i
m,βϕ(z))

z(IH i
m,βϕ(z))́

≺ g(z) =
1

z

∫ z

0
q(t)dt =

1

z

∫ z

0

1 + (2α− 1)t

1 + t
dt

=
1

z

∫ z

0
[(2α− 1) +

2(1− α)

1 + t
]dt = (2α− 1) + 2(1− α)

ln(1 + z

z
.

Theorem 2.10. If h is a convex function with h(0) = 1 such that q the following
function

q(z) = h(z) + zh(́z), (z ∈ U)

where i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

[(IH i
mϕ(z))́]2 + IH i

mϕ(z)(IH i
mϕ(z))́́ ≺ q(z), (15)

then

(IH i
mϕ(z))(IH i

mϕ(z))́

z
≺ h(z).

Proof. Putting

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
, p ∈ H[0, 1].

By take the derivative of both sides, we have

p(z) + zp(́z) = [(IH i
mϕ(z))́]2 + IH i

mϕ(z)(IH i
mϕ(z))́́,

thus, by aid of the relation (15) becomes

p(z) + zp(́z) ≺ q(z) = h(z) + zh(́z). (z ∈ U)

Therefore, with Lemma 2 we get

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
≺ h(z).

The result is sharp.
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Theorem 2.11. If q be a holomorphic function and it satisfies the inequality

Re{1 +
zq́́(z)

q(́z)
} > −1/2, with q(0) = 1,

where i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential subordination

[(IH i
mϕ(z))́]2 + IH i

mϕ(z)(IH i
mϕ(z))́́ ≺ q(z), (z ∈ U)

holds true,then

(IH i
mϕ(z))(IH i

mϕ(z))́

z
≺ g(z).

where g(z) is given by

g(z) =
1

z

∫ z

0
q(t)dt.

The function g(z) is convex and it is the best dominant.

Proof. Putting

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
, p ∈ H[0, 1]. (z ∈ U)

By take the derivative of both sides, we have

p(z) + zp(́z) = [(IH i
mϕ(z))́]2 + IH i

mϕ(z)(IH i
mϕ(z))́́,

thus, by aid of the relation (15) becomes

p(z) + zp(́z) ≺ q(z) = h(z) + zh(́z). (z ∈ U)

Therefore, with Lemma 1.1 we obtain

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
≺ g(z), (z ∈ U)

where

g(z) =
1

z

∫ z

0
q(t)dt.

The function g(z) is convex and it is the best dominant.
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Theorem 2.12. If the function q defined by

q(z) =
1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

is a convex function in U , where i ≥ 0,m ∈ N .If ϕ ∈ A and the following differential
subordination

[(IH i
mϕ(z))́]2 + IH i

mϕ(z)(IH i
mϕ(z))́́,≺ q(z),

holds true, then

(IH i
mϕ(z))(IH i

mϕ(z))́

z
≺ g(z),

where

g(z) = (2α− 1) + 2(1− α)
ln(1 + z)

z
.

The function g(z) is convex and it is the best dominant.

Proof. Let

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
,

thus, by aid of the relation (15) becomes

p(z) + zp(́z) ≺ q(z) =
1 + (2α− 1)z

1 + z
, (0 ≤ α < 1)

therefore, with Lemma 1.1 for γ = 1, we obtain

p(z) =
(IH i

mϕ(z))(IH i
mϕ(z))́

z
≺ g(z) =

1

z

∫ z

0
q(t)dt =

1

z

∫ z

0

1 + (2α− 1)t

1 + t
dt

=
1

z

∫ z

0
[(2α− 1) +

2(1− α)

1 + t
]dt = (2α− 1) + 2(1− α)

ln(1 + z

z
.

Theorem 2.13. If h is a convex function with h(0) = 1 such that q the following
function

q(z) = h(z) +
z

1− τ
h(́z), (z ∈ U)
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where τ ∈ (0, 1) ,i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential
subordination

(
z

IH i
mϕ(z)

)τ
IH i

m[α1 + 1]ϕ(z)

1− τ
[
(IH i

m[α1 + 1]ϕ(z))́

IH i
m[α1 + 1]ϕ(z)

− τ (IH i
mϕ(z))́

IH i
mϕ(z)

] ≺ q(z), (16)

then

(IH i
m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ ≺ h(z).

Proof. Putting

p(z) =
(IH i

m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ , p ∈ H[1, 1].

By take the derivative of both sides, we have

p(z) +
z

1− τ
p(́z) = (

z

IH i
mϕ(z)

)τ
IH i

m[α1 + 1]ϕ(z)

1− τ
[
(IH i

m[α1 + 1]ϕ(z))́

IH i
m[α1 + 1]ϕ(z)

− τ (IH i
mϕ(z))́

IH i
mϕ(z)

],

thus, by aid of the relation (16) becomes

p(z) +
z

1− τ
p(́z) ≺ q(z) = h(z) +

z

1− τ
h(́z). (z ∈ U)

Therefore, with Lemma 1.2 we obtain

p(z) =
(IH i

m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ ≺ h(z).

The result is sharp.

Theorem 2.14. If q be a holomorphic function and it satisfies the inequality

Re{1 +
zq́́(z)

q(́z)
} > −1/2, with q(0) = 1,

where τ ∈ (0, 1), i ≥ 0,m ∈ N .If ϕ ∈ A and satisfies the following differential
subordination

(
z

IH i
mϕ(z)

)τ
IH i

m[α1 + 1]ϕ(z)

1− τ
[
(IH i

m[α1 + 1]ϕ(z))́

IH i
m[α1 + 1]ϕ(z)

− τ (IH i
mϕ(z))́

IH i
mϕ(z)

] ≺ q(z), (z ∈ U)

holds true,then

(IH i
m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ ≺ g(z),
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where g(z) is given by

g(z) =
1− τ
z1−τ

∫ z

0
q(t)t−τdt.

The function g(z) is convex and it is the best dominant.

Proof. Putting

p(z) =
(IH i

m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ , p ∈ H[0, 1]. (z ∈ U)

By take the derivative of both sides, we have

p(z) +
z

1− τ
p(́z) = (

z

IH i
mϕ(z)

)τ
IH i

m[α1 + 1]ϕ(z)

1− τ
[
(IH i

m[α1 + 1]ϕ(z))́

IH i
m[α1 + 1]ϕ(z)

− τ (IH i
mϕ(z))́

IH i
mϕ(z)

],

thus, by aid of the relation (16) becomes

p(z) +
z

1− τ
p(́z) ≺ q(z) = h(z) +

z

1− τ
h(́z). (z ∈ U)

Therefore, with Lemma 1 we obtain

p(z) =
(IH i

m[α1 + 1]ϕ(z)

z
(

z

IH i
mϕ(z)

)τ ≺ g(z), (z ∈ U)

where

g(z) =
1− τ
z1−τ

∫ z

0
q(t)t−τdt.

The function g(z) is convex and it is the best dominant
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