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Abstract. In this paper, a differential operator Dm
p,µ,λ,σ(α, β)f(z) defined in the

open unit disc U = {z ∈ C : |z| < 1} is introduced. By using this operator, we intro-
duce a new subclass of analytic functions Gpn(α, β, µ, λ, γ, δ). Moreover, we discuss
coefficient inequality, Hadamand product, growth and distortion theorems, closure
theorems, radii of close-to-convexity, starlikeness, convexity and integral operators.
Furthermore, we give an application involving fractional calculus for functions in
Gpn(α, β, µ, λ, γ, δ).
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1. Introduction and preliminaries

Let Ap be the class of function f(z) of the form

f(z) = zp −
∞∑

k=p+1

akz
k (ak ≥ 0, z ∈ U, p ∈ N = 1, 2, 3, ...) (1)

which are analytic in the unit disc U = {z ∈ C : |z| < 1}. For a function f in Ap,
we define the following differential operator

D0
p,µ,λ,σ(α, β)f(z) = f(z), (2)

D1
p,µ,λ,σ(α, β)f(z) =

(
µ+ λ− (β − σ)(λ− α)

µ+ λ

)
f(z) +

(
(β − σ)(λ− α)

µ+ λ

)
zf ′(z),

(3)
and for m = 1, 2, 3, · · ·

Dm
p,µ,λ,σ(α, β)f(z) = Dp,µ,λ,σ(DM−1

p,µ,λ,σ(α, β)f(z)). (4)
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If f is given by (1), then from (4 ) we get

Dm
p,µ,λ,σ(α, β)f(z) = zp +

∞∑
k=p+1

(
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

)m
akz

k, (5)

for f ∈ Ap, σ, α ≥ 0, β, µ, λ > 0, λ 6= α , p ∈ N and k ∈ N0 = N ∪ {0}.

We observe that the generalized differential operator Dm
p,µ,λ,σ(α, β)f(z) reduces

to several other differential operators considered earlier for different choices of µ, λ, σ, α
and β:

(i)Dm
p,µ,λ,σ(α, β)f(z) when p = 1, we have the operator introduced and studied

by Amourah and Yousef [1].
(ii)Dm

1,0,1,σ(α, β)f(z), we have the operator introduced and studied by Aljarah
and Darus [2].

(iii) Dm
1−λ,λ,σ(α, β)f(z) = z +

∞∑
n=2

[1 + (n− 1)(λ− α)(β − σ)]m anz
n was intro-

duced and studied by Ramadan and Darus [4];

(iv) Dm
1−λ,λ,0(α, β)f(z) = z +

∞∑
n=2

[1 + (n− 1)(λ− α)β]m anz
n was introduced

and studied by Darus and Ibrahim [3];

(v) Dm
µ,λ,0(0, 1)f(z) = z +

∞∑
n=2

[
µ+λn
µ+λ

]m
anz

n was introduced and studied by

Swamy [7];

(vi) Dm
1−λ,λ,0(0, 1)f(z) = z +

∞∑
n=2

[1 + (n− 1)λ]m anz
n was introduced by Al-

Oboudi [8];

(vii)Dm
0,1,0(0, 1)f(z) = z +

∞∑
n=2

nmanz
n was introduced and studied by Salagean

[6].

Another differential that might be of interests can be seen in [5].

Let Gpn(α, β, µ, λ, γ, δ) denote the subclass of Ap consisting of functions f which
satisfy

Re

{
z
γz2(Dm

p,µ,λ,σ(α, β)f(z))
′′′

+ (2γ + 1)z(Dm
p,µ,λ,σ(α, β)f(z))

′′
+ (Dm

p,µ,λ,σ(α, β)f(z))
′

γz2(Dm
p,µ,λ,σ(α, β)f(z))′′ + z(Dm

p,µ,λ,σ(α, β)f(z))′

}
> δ,

(6)

where Dm
p,µ,λ,σ(α, β)f(z) is given by (5), γ(0 ≤ γ ≤ 1), δ(0 ≤ δ < 1) and for all

z ∈ U .

We note that
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(i) Gpn(α, β, 0, 0, γ, δ) was introduced by Xiao-Fei and An-Ping [9];
(ii) G1

n(α, β, 0, 0, γ, δ) was introduced by Kamali and Akbulut [10].

2. Coefficient Inequality for the Class Gpn(α, β, µ, λ, γ, δ)

We begin with our first result as follows:

Theorem 1. A function f ∈ A is in the class Gpn(α, β, µ, λ, γ, δ) if and only if

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak ≤ p(p−δ) [γp− γ + 1] .

(7)

The result (7) is sharp.

Proof. Assume that f ∈ Gpn(α, β, µ, λ, γ, δ). Then we find from (6) that

Re


p2 [γp− γ + 1]−

∞∑
k=p+1

k2 [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
akz

k−p

p [γp− γ + 1]−
∞∑

k=p+1

k [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
akzk−p

 > δ.

If we choose z to be the real and let z → 1−, we get

p2 [γp− γ + 1]−
∞∑

k=p+1

k2 [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak

≥ δp [γp− γ + 1]−
∞∑

k=p+1

δk [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak

or
∞∑

k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak ≤ p(p−δ) [γp− γ + 1] ,

which is equivalent to (7). Conversely, assume that (7) is true. Then we have∣∣∣∣∣z γz2(Dm
p,µ,λ,σ(α, β)f(z))

′′′
+ (2γ + 1)z(Dm

p,µ,λ,σ(α, β)f(z))
′′

+ (Dm
p,µ,λ,σ(α, β)f(z))

′

γz2(Dm
p,µ,λ,σ(α, β)f(z))′′ + z(Dm

p,µ,λ,σ(α, β)f(z))′ − 1

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
p(p− 1) [γp− γ + 1]−

∞∑
k=p+1

k(k − 1) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
akz

k−p

p [γp− γ + 1]−
∞∑

k=p+1

k [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
akzk−p

∣∣∣∣∣∣∣∣ ≤
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∞∑
k=p+1

k(k − 1) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
ak − p(p− 1) [γp− γ + 1]

p [γp− γ + 1]−
∞∑

k=p+1

k [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
ak

≤ 1− δ.

This implies that f ∈ Gpn(α, β, µ, λ, γ, δ). The result (7) is sharp for the function

f(z) = zp − p(p− δ) [γp− γ + 1]

k (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m zk(k ≥ p+ 1).

3. Hadamand Product

Definition 1. Let (f ∗ g)(z) denote the Hadamand product (Convolution) of two
functions

f(z) = zp −
∞∑

k=p+1

akz
k (ak ≥ 0, n, p ∈ N.)

and

g(z) = zp −
∞∑

k=p+1

bkz
k (bk ≥ 0, n, p ∈ N)

that is

(f ∗ g)(z) = zp −
∞∑

k=p+1

akbkz
k.

Theorem 2. If f(z), g(z) ∈ Gpn(α, β, µ, λ, γ, δ), then (f ∗ g)(z) ∈ Gpn(α, β, µ, λ, γ, χ)
where

χ = p

1− (p− δ)2 [γp− γ + 1]

(p+ 1) (p+ 1− δ)2 [γk − γ + 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m
− p(p− δ)2 [γp− γ + 1]

 .
(8)

Proof. From Theorem 1, we have

∞∑
k=p+1

k (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]

ak ≤ 1 (9)
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and
∞∑

k=p+1

k (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]

bk ≤ 1. (10)

We have to find the largest χ such that

∞∑
k=p+1

k (k − χ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− χ) [γp− γ + 1]

akbk ≤ 1. (11)

From (10) and by means of Cauch-Schwarz inequality, we have

∞∑
k=p+1

k (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]

√
akbk ≤ 1. (12)

Therefore (11) holds true if √
akbk ≤

(k − δ) (p− χ)

(p− δ) (k − χ)
(13)

for each k ≥ p+ 1, k, p ∈ N.
But (13) is satisfied if

p(p− δ) [γp− γ + 1]

k (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m ≤ (k − δ) (p− χ)

(p− δ) (k − χ)

or

χ ≤
kp
[
(k − δ)2 [γk − γ + 1]

[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
− (p− δ)2 [γp− γ + 1]

]
k (k − δ)2 [γk − γ + 1]

[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
− p(p− δ)2 [γp− γ + 1]

= p

1− (k − p)(p− δ)2 [γp− γ + 1]

k (k − δ)2 [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
− p(p− δ)2 [γp− γ + 1]

 .
Letting

Φ(k) = p

1− (k − p)(p− δ)2 [γp− γ + 1]

k (k − δ)2 [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
− p(p− δ)2 [γp− γ + 1]


we see that Φ(k) is increasing in k. This gives that

χ ≤ p

1− (p− δ)2 [γp− γ + 1]

(p+ 1) (p+ 1− δ)2 [γk − γ + 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m
− p(p− δ)2 [γp− γ + 1]

 .
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4. Growth and Distortion Theorems

A growth and distortion property for function f to be in the class Gpn(α, β, µ, λ, γ, δ)
is contained in the following theorem.

Theorem 3. If the function f defined by (1) is in the class Gpn(α, β, µ, λ, γ, δ), then
for |z| = r < 1, we have

r − |p(p− δ) [γp− γ + 1]|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m r2 ≤ |f(z)| ≤

r +
|p(p− δ) [γp− γ + 1]|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m r2

and

1− (p+ 1) |b|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m r ≤ ∣∣∣f ′(z)∣∣∣ ≤
1 +

(p+ 1) |b|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m r.
Proof. Since f ∈ Gpn(α, β, µ, λ, γ, δ), from Theorem 1 readily yields the inequality

∞∑
k=p+1

ak ≤
|p(p− δ) [γp− γ + 1]|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m . (14)

Thus, for |z| = r < 1, and making use of (14) we have

|f(z)| ≤ |z|+
∞∑

k=p+1

ak

∣∣∣zk∣∣∣ ≤ r+r2 ∞∑
k=p+1

ak ≤ r+
|p(p− δ) [γp− γ + 1]|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m r2
and

|f(z)| ≥ |z|−
∞∑

k=p+1

ak

∣∣∣zk∣∣∣ ≥ r−r2 ∞∑
k=p+1

ak ≥ r−
|p(p− δ) [γp− γ + 1]|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m r2.
Also from Theorem 1, it follows that

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p+ 1

∞∑
k=p+1

kak ≤

∞∑
k=p+1

k (k − δ) [γk − γ + 1]]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak ≤ |b| .
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Hence∣∣∣f ′
(z)
∣∣∣ ≤ 1+

∞∑
k=p+1

kak

∣∣∣zk∣∣∣ ≤ 1+r

∞∑
k=p+1

kak ≤ 1+
(p+ 1) |b|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m r
and∣∣∣f ′
(z)
∣∣∣ ≥ 1−

∞∑
k=p+1

kak

∣∣∣zk∣∣∣ ≥ 1−r
∞∑

k=p+1

kak ≥ 1− (p+ 1) |b|

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m r.
This completes the proof of Theorem 3.

5. Closure Theorem

Let the functions fj(z), j = 1, 2, · · · , I be defined by

fj(z) = z −
∞∑

k=p+1

ak,jz
k, ak,j ≥ 0 (15)

for z ∈ U.

Closure theorems for the class Gpn(α, β, µ, λ, γ, δ) are given by the following:

Theorem 4. Let the functions fj(z) defined by (15) be in the class Gpn(α, β, µ, λ, γ, δ),
α, σ ≥ 0, β, λ, µ > 0, λ 6= α and m ∈ N0, for every j = 1, 2, · · · , I. Then the function
G(z) defined by

G(z) = z −
∞∑

k=p+1

pkz
k, pk ≥ 0 (16)

is a member of the class Gpn(α, β, µ, λ, γ, δ), where

pk =
1

I

I∑
j=1

ak,j (k ≥ 2).

Proof. Since fj(z) ∈ Gpn(α, β, µ, λ, γ, δ), it follows from Theorem 1 that

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak,j ≤ p(p−δ) [γp− γ + 1]

for every j = 1, 2, · · · , I.

19



M. Aljarrah, A. Aljarah, M. Darus – Fractional derivative operator . . .

Hence,

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
pk

=

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m1

I

I∑
j=1

ak,j


=

1

I

I∑
j=1

 ∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak,j


≤ 1

I

I∑
j=1

|p(p− δ) [γp− γ + 1]| = |p(p− δ) [γp− γ + 1]|

which implies that G(z) ∈ Gpn(α, β, µ, λ, γ, δ).

Theorem 5. The class Gpn(α, β, µ, λ, γ, δ) is closed under convex linear combination,
where α, σ ≥ 0, β, λ, µ > 0, λ 6= α and m ∈ N0 .

Proof. Suppose that the functions fj(z) (j = 1, 2) defined by (15) are in the class
Gpn(α, β, µ, λ, γ, δ). It is suffices to prove that the function

H(z) = ϕf1(z) + (1− ϕ)f2(z) (0 ≤ ϕ ≤ 1) (17)

is also in the class Gpn(α, β, µ, λ, γ, δ).

Since, for 0 ≤ ϕ ≤ 1,

H(z) = z +
∞∑

k=p+1

{ϕak,1 + (1− ϕ)ak,2} zk,

we observe that
∞∑

k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
{ϕak,1 + (1− ϕ)ak,2}

= ϕ
∞∑

k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak,1

+ (1− ϕ)

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak,2

≤ ϕ |b|+ (1− ϕ) |p(p− δ) [γp− γ + 1]| = |p(p− δ) [γp− γ + 1]| .

Hence H(z) ∈ Gpn(α, β, µ, λ, γ, δ). This completes the proof of Theorem 5.
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6. Radii of Close-To-Convexity, Starlikeness and Convexity

A function f(z) ∈ A is said to be close-to-convex of order η if it satisfies

Re
{
f
′
(z)
}
> η (18)

for some η(0 ≤ η ≤ 1) and for all z ∈ U . Also a function f(z) ∈ A is said to be
starlike of order η if it satisfies

Re

{
zf
′
(z)

f(z)

}
> η (19)

for some η(0 ≤ η ≤ 1) and for all z ∈ U . Further, a function f(z) ∈ A is said to be
convex of order η, if and only if zf

′
(z) is starlike of order η, that is if

Re

{
1 +

zf
′′
(z)

f ′(z)

}
> η (20)

for some η(0 ≤ η ≤ 1) and for all z ∈ U.

Theorem 6. If f(z) ∈ Gpn(α, β, µ, λ, γ, δ), then f(z) is close-to-convex of order η
in |z| < h1(p, γ, δ, η), where

h1(p, γ, δ, η) = inf
k

(p− η) (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]


1
k

(k, p ∈ N).

Proof. It is suffices to show that∣∣∣∣∣f
′
(z)

zk
− p

∣∣∣∣∣ ≤
∞∑

k=p+1

kak |z|k < p− η (21)

and

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak ≤ p(p−δ) [γp− γ + 1] .

observe that (21) is true if

k |z|k

p− η
≤
k (k − δ) [γk − γ + 1]

[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]

. (22)
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Solving (22) for |z|, we obtain

|z| ≤

(p− η) (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p− δ) [γp− γ + 1]


1
k

, (k, p ∈ N).

Theorem 7. If f(z) ∈ Gpn(α, β, µ, λ, γ, δ), then f(z) is starlike of order η in |z| <
h2(p, γ, δ, η), where

h2(p, γ, δ, η) = inf
k

k (p− η) (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(k − η)(p− δ) [γp− γ + 1]


1
k

(k, p ∈ N).

Proof. We must show that

∣∣∣∣ zf ′ (z)f(z) − p
∣∣∣∣ < p− η for |z| < h2(p, γ, δ, η). Since

∣∣∣∣∣zf
′
(z)

f(z)
− p

∣∣∣∣∣ ≤
∞∑

k=p+1

(k − p)ak |z|k

1−
∞∑

k=p+1

ak |z|k

if (k−η)|z|k
p−η ≤

k(k−δ)[γk−γ+1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(p−δ)[γp−γ+1] , f(z) is starlike of order η.

Corollary 8. If f(z) ∈ Gpn(α, β, µ, λ, γ, δ), then f(z) is convex of order η in |z| <
h3(p, γ, δ, η),

where

h3(p, γ, δ, η) = inf
k

(p− η) (k − δ) [γk − γ + 1]
[
µ+λ+(k−p)(β−σ)(λ−α)

µ+λ

]m
p(k − η)(p− δ) [γp− γ + 1]


1
k

(k, p ∈ N).

7. Integral Operators

In this section, we consider integral transforms of functions f in the classGp∗n (α, β, µ, λ, γ, δ).
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Theorem 9. If the function f defined by (1) is in the class Gp∗n (α, β, µ, λ, γ, δ),
where α, σ ≥ 0, β, λ, µ > 0, λ 6= α, m ∈ N0. Then the function F (z) defined by

F (z) =
c+ 1

zc

z∫
0

tc−1f(t)dt, (c > −1) (23)

also belongs to the class Gp∗n (α, β, µ, λ, γ, δ).

Proof. From (23), it follows that F (z) = z −
∞∑

k=p+1

rkz
n, where rk =

(
c+1
c+k

)
ak.

Therefore

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
rk

=

∞∑
k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m(
c+ 1

c+ k

)
ak

≤
∞∑

k=p+1

k (k − δ) [γk − γ + 1]

[
µ+ λ+ (k − p)(β − σ)(λ− α)

µ+ λ

]m
ak = |p(p− δ) [γp− γ + 1]| ,

since f(z) ∈ Gp∗n (α, β, µ, λ, γ, δ). Hence by Theorem 1, F (z) ∈ Gp∗n (α, β, µ, λ, γ, δ).

8. Application in the Fractional Calculus

Owa [11] gave the following definitions for the fractional calculus. For other difini-
tions, see([12],[13],[14]).

Definition 2. The fractional integral of order ϑ is defined by

D−ϑz f(z) =
1

Γ(ϑ)

∫ z

0

f(t)

(z − t)1−ϑdt

where ϑ > 0. f(z) is analytic function in a simply connected region of the z−plane
containing the origin and multiplicity of (z− t)ϑ−1 is remove by requiring log(z− t)
to be real when (z − t) > 0.
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Theorem 10. Let the function f(z) be in the class Gn(µ, δ, b). Then∣∣∣D−ϑz f(z)
∣∣∣ ≤ p!

Γ(p+ ϑ+ 1)
|z|p+ϑ (24)1 +

p(p− δ) [γp− γ + 1] Γ(p+ 2)Γ(p+ ϑ+ 1)

Γ(p+ 1)Γ(p+ ϑ+ 2) (p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m |z|k

(25)

and∣∣∣D−ϑz f(z)
∣∣∣ ≥ p!

Γ(p+ ϑ+ 1)
|z|p+ϑ (26)1− p(p− δ) [γp− γ + 1] Γ(p+ 2)Γ(p+ ϑ+ 1)

Γ(p+ 1)Γ(p+ ϑ+ 2) (p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m |z|k
 .
(27)

Proof. Using Theorem 1 we have

∞∑
k=p+1

ak ≤
p(p− δ) [γp− γ + 1]

(p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m . (28)

From Definition 2 we get

D−ϑz f(z)Γ(p+ ϑ+ 1)

p!
= zp −

∞∑
k=p+1

k!Γ(p+ ϑ+ 1)

p!Γ(k + ϑ+ 1)
akz

k

and

D−ϑz f(z)Γ(p+ ϑ+ 1)

p!
= zp −

∞∑
k=p+1

Γ(k + 1)Γ(p+ ϑ+ 1)

Γ(p+ 1)Γ(k + ϑ+ 1)
akz

k (29)

= zp −
∞∑

k=p+1

Ψ(k)akz
k (30)

where Ψ(k) = Γ(k+1)Γ(p+ϑ+1)
Γ(p+1)Γ(k+ϑ+1) .

We know that Ψ(k) is a decreasing function of k and 0 < Ψ(k) ≤ Ψ(p + 1) =
Γ(p+2)Γ(p+ϑ+1)
Γ(p+1)Γ(p+ϑ+2) . Using (28) and (29) we have∣∣∣∣Γ(p+ ϑ+ 1)z−ϑD−ϑz f(z)

p!

∣∣∣∣ ≤ |z|p + Ψ(p+ 1) |z|p+1
∞∑

k=p+1

ak ≤
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|z|p +
p(p− δ) [γp− γ + 1] Γ(p+ 2)Γ(p+ ϑ+ 1)

Γ(p+ 1)Γ(p+ ϑ+ 2) (p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m |z|k ,
which gives (2). We also have∣∣∣∣Γ(p+ ϑ+ 1)z−ϑD−ϑz f(z)

p!

∣∣∣∣ ≥ |z|p −Ψ(p+ 1) |z|p+k
∞∑

k=p+1

ak ≥

|z|p − p(p− δ) [γp− γ + 1] Γ(p+ 2)Γ(p+ ϑ+ 1)

Γ(p+ 1)Γ(p+ ϑ+ 2) (p+ 1) (p+ 1− δ) [γp+ 1]
[
µ+λ+(β−σ)(λ−α)

µ+λ

]m |z|k
which gives (10).
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