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Abstract. In this note we define new Poisson-type integral in the unit ball
and unit polyball and we extend a known classical maximal theorem related with
it. Related results for such type integrals will be given.
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1. Introduction

In this short note we extend the notion of classical Poisson integral in a simple
natural way in the unit ball and extend some well known estimates related with
it, in particular an extension of a known maximal theorem will be provided in the
unit ball. Such type results probably can be proved in context of more general
pseudoconvex domains with smooth boundary.

Poisson type integrals on product domains considered recently also in papers [1]
and [3].

In this short note, also, in particular, we provide an extension of a known result
concerning estimate from below of Poisson kernel (see [7]).

Let Bn = {z ∈ Cn : |z| < 1} be the unit ball and let Sn = {z ∈ Cn : |z| = 1} be
the unit sphere.

Let ξ ∈ Sn, r > 0, Qr(ξ) = {z ∈ Bn, d(z, ξ) < r}, d(z, w) = |1− < z,w > |
1
2 ,

z, w ∈ Bn.
We recall Qr(ξ) is Carleson tube at ξ. Let Mα(f)(ξ) = supz∈Dα(ξ) |f(z)|, where

Dα(ξ) = {z ∈ Bn : |1− < z, ξ > | < α

2
(1− |z|2), α > 1}

where ξ ∈ Sn.
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Let

P [µ](z) =

∫
Sn

(1− |z|)ndµ(ξ)

|1− ξz|2n
, z ∈ Bn,

(Mµ)(ξ) = sup
δ>0

1

σ(Q(ξ, δ))

∫
Q(ξ,δ)

dµ(ξ̃),

where Q(ξ, δ) = {η ∈ Sn : d(ξ, η) < δ}, δ > 0, ξ ∈ Sn, z ∈ Bn.
We denote, as usual, by c1, c2, etc various positive constants in estimates in this

paper which depend on various parameters.
For a function f we denote by P [f ], Mf similar new expressions using standard

changes (see [2], [7]).

Theorem A. (a maximal theorem in the ball, see [2], [7]) Let α > 1, then

Iµ(ξ) = (MαP [µ])(ξ) ≤ c̄Mµ(ξ), ξ ∈ Sn,

and ‖If (ξ)‖Lp(Sn) ≤ c̃‖f‖Lp , p > 1 for a µ positive complex finite Borel measure on
Bn.

This maximal theorem result has many applications (see, for example, [2], [7]).

2. A maximal theorem in the unit ball related with the Poisson type
integral

Let further

P−→α (−→z , ξ) =
(1− |z|)n∏m

j=1 |1− zjξ|αj
,

where ξ ∈ Sn, zj ∈ Bn, |zj | = |z|, αj > 0, j = 1, . . . ,m.

Theorem 1. Let

P~α[µ](~z) =

∫
Sn

(1− |z|)ndµ(ξ)∏m
j=1 |1− zjξ|αj

, zj ∈ B, j = 1, . . . ,m,
m∑
j=1

αj = 2n.

Then we have that

Kξ(µ) = sup
zj∈Dτ (ξ),|zj |=r

P~α[µ](~z) ≤ c1Mµ(ξ), r ∈ (0, 1),

where µ is a positive Borel measure, and

‖Kξ(f)‖Lp(Sn,dσ(ξ)) ≤ c2‖f‖Lp(Sn,dσ(ξ)), p > 1.
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Proof. Let ~z ∈ Dα(ξ). Let z = (|z1|ϕ1, . . . , |zm|ϕm), |zj | = |zi|, 1 ≤ i ≤ j ≤ m,
r = |zj |, t = 8α(1− r). Let V0 = {η ∈ Sn : |1− < η, ξ > | < t}, 1 ≤ k ≤ N , 2N t > 2,
Vk = {η ∈ Sn : 2k−1t ≤ |1− < η, ξ > | < 2kt}.

Note that we have obviously∫
Sn

P~α(~z, η)dµ(η) =

∫
V0

P~α(~z, η)dµ(η) +

N∑
k=1

∫
Vk

P~α(~z, η)dµ(η).

It is enough to show that∫
Sn

P~α(~z, η)dµ(η) ≤ c(α, n)(Mµ(ξ)), ξ ∈ Sn, zj ∈ Dα(ξ), j = 1, . . . ,m,

for some constant c(α, n). We have by definition that Vk ⊂ Q(ξ,
√

2kt), 1 ≤ k ≤ N
and hence

µ(Vk) ≤ µ(Q(ξ,
√

2kt)) ≤ ((Mµ)(ξ))σ(Q(ξ,
√

2kt)) ≤ c(2kt)nMµ(ξ), 0 ≤ k ≤ N.

P~α(~z, η) ≤ 2n(1− r)−n.

We have hence, since µ(V0) ≤ ctnMµ(ξ)∫
V0

P~α(~z, η)dµ(η) ≤ c
(

t

1− r

)n
(Mµ(ξ)) ≤ Cα,n(Mµ)(ξ).

Then if η ∈ Sn we have

|1− < z̃, ξ > | ≤ c̃α(1− |z̃|2) ≤ c̃′α|1− < z̃, η > |

d(z̃, ξ) <
√
α′d(z̃, η).

Hence we have from definition of d

d(ξ, η) ≤ d(ξ, z̃) + d(z̃, η) ≤ c̃′′αd(z̃, η), z̃ = zj , j = 1, . . . ,m.

Hence ∫
Vk

(P−→α (−→z , η))d(µ(η)) ≤ (
c(α, n)

2kn
)(Mµ)(ξ),

where 1 ≤ k ≤ N, the rest is clear.
The last estimate follows from the fact that
|1− < ξ, η > | ≤ c̃(α, n)|1− < zj , η > | for every zj , j = 1, . . . ,m, 1 ≤ k ≤ N ,

η ∈ Vk. And hence we have that

P~α(~z, η) ≤ c̃′(α, n)tn

|1− < ξ, η > |2n
≤ c̃′′(α, n)

4kntn
.
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The second assertion of theorem follows from the first part of our theorem and the
well known maximal theorem, (see [2], [7]).

Theorem is proved.

Let further, as usual, P (z, ξ) =
(1− |z|2)n

|1− < z, ξ > |2n
, z ∈ Bn, ξ ∈ Sn be the Poisson

kernel on Bn unit ball (see [2], [6], [7]). Let P [f ](z) =
∫
Sn
P (z, ξ)f(ξ)dσ(ξ), f ∈

L1(Sn, dσ), where σ is a normalized measure on Sn.
It is natural to study the following extension of P [f ], P̃ [f ](~z), zj ∈ Bn, j =

1, . . . ,m, where

P̃ [f ](~z) =

∫
Sn

P̃ (~z, ξ)f(ξ)dσ(ξ),

where

P̃ (~z, ξ) = P̃
~α,~β

(~z, ξ) =

∏m
j=1(1− |zj |2)αj∏m

j=1 |1− < zj , ξ > |βj
,

αj , βj > 0, j = 1, . . . ,m,
∑m

j=1 αj = n,
∑m

j=1 βj = 2n and even more generally on
product domains.

G(z11 , . . . , z
1
m, . . . , z

k
1 , . . . , z

k
m, ξ1, . . . , ξk) =

k∏
i=1

P̃ i(−→z , ξ), P̃ i = P̃−→αji,
−→
βji
,

zji , ξj ∈ Bn, i, j = 1, . . . , k, and try to expand classical known assertions.
Very similar procedure of extension of Bergman projection was provided and

used intensively in connection with trace problem (see [4], [5]).
We found the following results for Poisson P̃ kernel as modification of known

proofs for P kernel (see [7] for m = 1 case).

Theorem 2. Let µ, µj be positive Borel measures on Bn, and let pi ∈ (0,∞),
i = 1, . . . ,m. Then we have that

1)

sup
zj∈Bn,j=1...m

∫
Bn

P̃ (w, ~z)dµ(w) ≥ c µ(Qr(ξ))

r2n
, ξ ∈ Sn, r ∈ (0, 1),

and even generally we have for rj ∈ (0, 1), j = 1, . . . ,m.
2)

sup
wj∈Bn,j=1...m

(∫
Bn

. . .

(∫
Bn

|G(~z, ~w)|p1dµ1(z1)
) p2
p1

dµ2(z2) · · · dµm(zm)

) 1
pm

≥
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≥ C̃1
µ1(Qr1(ξ1)) . . . µm(Qrm(ξm))

r
α1
0

1 . . . r
αm0
m

, 0 < pj <∞, j = 1 . . .m,

for some αj0, α
j
0 > 0, j = 1, . . . ,m, where µ, µj, j = 1, . . . ,m are positive Borel

measures on Bn for some constants c̃1, c where ξj ∈ Sn, j = 1, . . . ,m.

Proofs are heavily based on arguments of proofs of m = 1 case and they will be
given elsewhere.

Remark 1. These results of Theorem 2 extend some known assertions from [2] and
[7].
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