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Abstract. The main result in this paper provides an estimate of the L1 norm
of the Dirichlet kernel on the group of 2-adic integers. As an application we derive a
description of partial sums of Fourier series related to functions from the space H1.
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1. Introduction

The L1 norm of the generalized Walsh Dirichlet kernel Dn, on bounded Vilenkin
groups was studied in [4] and [2], where it was estabilshed that it is dominated by
some precisely identified unbounded sequences of natural numbers depending on the
index n of the function Dn. Moreover, it known that the L1 norm of partial sums of
Fourier series related to some functions from the dyadic Hardy space H1 diverges.
Meanwhile, [2, Theorem 2] provides a sharp result proving that these partial sums
can also be dominated for functions from H1.

Our aim is to prove an analogue of [2, Theorem 2] on the group of 2-adic integers.
Our techniques are different, since they are based on a decomposition of the Dirichlet
kernel, as a linear combination of test functions with mutually disjoint supports
proved in Lemma 1.

Denote by I = [0, 1) the unit interval and for all x ∈ I n ∈ N, let In(x) ⊂ I be the
unit dyadic interval of the form [ i

2n ,
i+1
2n ) containing x, where i is a nonnegative inte-

ger depending on x. In(0) is denoted by In. For every x ∈ I, let x =
∑∞

n=0 xn2−n−1

be its dyadic expansion, where xn ∈ {0, 1}. The group (I,+) is called the group of
2-adic integers.

For every nonnegative integer n and all x =
∑∞

n=0 xn2−n−1 ∈ I, let

v2n(x) = exp 2πi
(xn

2
+ . . .+

x0
2n+1

)
.
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If we define θn(x) =
∑n

i=0 xi2
i, then it can be easily seen that

v2n(x) = exp 2πi

(
θn(x)

2n+1

)
. (1)

If a nonnegative integer n has the dyadic expansion n =
∑∞

i=0 ni2
i, then set vn =∏∞

i=0(v2i)
ni .

The Dirichlet kernel and the partial sums of the Fourier series of any integrable
function f are respectively defined as follows

Dn =
n−1∑
k=0

vk, Snf(y) =

∫
Dn(y − x)f(x)dx.

A function a ∈ L∞ is said to be an atom if it is supported on some interval IN (y),
for some nonnegative integer N and y ∈ I,

∫
IN (y) a = 0, and such that ‖a‖∞ ≤ 2N .

The space H1 consists of functions f that can be put in the atomic decomposition

f =
∞∑
i=1

λiai, where
∞∑
i=1
|λi| < ∞ and ai is an atom for i ≥ 1. The norm in H1

is defined by ‖f‖H1 = inf
∞∑
i=1
|λi|, where the infimum is taken over all the atomic

decompositions.
For every nonnegative integer j =

∑∞
i=0 ji2

i, define zj ∈ I in the form zj =∑∞
i=0 ji2

−i−1. It can be seen that if |j| = blog2 jc, then

θn(zj) = j,∀n ≥ 2|j|+1. (2)

Moreover, for every nonnegative integer N , we have I =
2N−1⊎
j=0

IN (zj).

The following formulae were proved in [5], for every positive integer k and non-
negative integer n

D2k =

{
2k, x ∈ Ik;
0, x ∈ I \ Ik.

(3)

Dn(x) = vn(x)
∞∑
j=0

nj(−1)xjD2j (x). (4)

2. Main results

Lemma 1. Let n be a positive integer having the dyadic representation n = 2N1 +
. . .+ 2Nt, where N1 < N2 < . . . < Nt and Nt = |n|. Then, Dn(x) can be written in
the form
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Dn(x) = D2Nt (x) + v2Nt (x)
2Nt−1∑
j=0

An,jD2Nt (x− zj), (5)

where

An,0 :=

t−1∑
i=1

2Ni−Nt , (6)

and

An,j := v2Nt−1 (zj) . . . v2Ni+1 (zj)

[
2Ni−Nt + v2Ni (zj)

i−1∑
s=1

2Ns−Nt

]
, (7)

if j = 0 (mod 2Ni) and j 6= 0 (mod 2Ni+1) for some i ∈ {1, . . . , t − 1}. For j 6=
0 (mod 2N1), An,j = 0.

Proof. Formula (4) can be written in the form

Dn(x) = vn(x)
t∑

i=1

(−1)xNiD2Ni (x) =
t∑

i=1

v2Nt (x) . . . v2Ni (x)(−1)xNiD2Ni (x). (8)

If for some i ∈ {1, . . . , t − 1}, x ∈ INi \ INi+1, then xNi = 1 and xk = 0 for all
k < Ni. Therefore, in this case v2Ni (x) = exp 2πi(

xNi
2 ) = expπi = −1 = (−1)xNi .

On the other hand, if x ∈ INi+1, then xk = 0 for all k ≤ Ni, which means that
v2Ni (x) = 1 = (−1)xNi . Hence, (8) becomes

Dn(x) = D2Nt (x) +
t−1∑
i=1

v2Nt (x) . . . v2Ni+1 (x)D2Ni (x)

= D2Nt (x) +

t−1∑
i=1

v2Nt (x) . . . v2Ni+1 (x)
∑

j∈{0,...,2Nt−1}
j=0 (mod 2Ni )

2Ni−NtD2Nt (x− zj)

= D2Nt (x)+

t−1∑
i=1

v2Nt (x)2Ni−NtD2Nt (x)+

t−1∑
i=1

v2Nt (x) . . . v2Ni+1 (x)
∑

j∈{1,...,2Nt−1}
j=0 (mod 2Ni )

2Ni−NtD2Nt (x−zj)

= D2Nt (x) +

t−1∑
i=1

v2Nt (x)2Ni−NtD2Nt (x) +

t−1∑
i=1

v2Nt (x) . . . v2Ni+1 (x)
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∑
j∈{1,...,2Nt−1}
j=0 (mod 2Ni )

j 6=0 (mod 2Ni+1 )

[
v2Ni (x) . . . v2N2 (x)2N1−Nt + . . .+ 2Ni−Nt

]
D2Nt (x− zj).

Since for all x ∈ I and j ∈ {1, . . . , 2Nt − 1}, we have that D2Nt (x− zj) 6= 0 only if
x ∈ INt(zj), then if for some i ∈ {1, . . . , t − 1} we have that j = 0 (mod 2Ni), then
in this case D2Nt (x − zj) 6= 0 only if x ∈ INi , which implies that v2Ni−1 (x) = . . . =
v2N2 (x) = 1. Therefore, the last formula becomes

Dn(x) = D2Nt (x) +

t−1∑
i=1

v2Nt (x)2Ni−NtD2Nt (x) +
t−1∑
i=1

v2Nt (x) . . . v2Ni+1 (x)

∑
j∈{1,...,2Nt−1}
j=0 (mod 2Ni )

j 6=0 (mod 2Ni+1 )

[
v2Ni (x)

i−1∑
s=1

2Ns−Nt + 2Ni−Nt

]
D2Nt (x− zj)

= D2Nt (x) + v2Nt (x)

t−1∑
i=1

2Ni−NtD2Nt (x)

+v2Nt (x)

t−1∑
i=1

∑
j∈{1,...,2Nt−1}
j=0 (mod 2Ni )

j 6=0 (mod 2Ni+1 )

v2Nt−1 (zj) . . . v2Ni+1 (zj)

[
v2Ni (zj)

i−1∑
s=1

2Ns−Nt + 2Ni−Nt

]
D2Nt (x−zj),

because D2Nt (x− zj) 6= 0 only if v2i(zj) = v2i(x), for all i < Nt

Remark 1. Using the notations of Lemma 1, it can be easily seen that if for some
i ∈ {1, . . . , t− 1}, Ni+1 ≥ Ni + 2, then if j = 0 (mod 2Ni+1) and j 6= 0 (mod 2Ni+1),
we have

2Ni−Nt ≤ |An,j | < 2Ni−Nt+1,

because in this case v2Ni (zj) = 1.

Remark 2. Let j = 0 (mod 2Ni) and j 6= 0 (mod 2Ni+1). If s ≤ i is the least positive
integer satisfying Ns + i− s = Ni, then

2Ns−Nt−1 < |An,j | ≤ 2Ns−Nt ,

because in this case v2Ni (zj) = −1.
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Theorem 2. For every positive integer n define v(n) = n0+
∑∞

j=0 |nj+1−nj |, where

n =
∑∞

j=0 nj2
j, nj ∈ {0, 1}. Then,

v(n)

2
≤ ‖Dn‖1 ≤ 2v(n).

Proof. Using the notations of Lemma 1, we define the numbers r ∈ {1, . . . , t}, Li,
L′i ∈ {1, . . . , t}, where i ∈ {1, . . . , r} such that

1 = L1 ≤ L′1 < L2 ≤ L′2 < . . . < Lr ≤ L′r = t,

∀s ∈ {1, . . . , r}, ∀i ∈ {Ls, . . . , L
′
s − 1}, Ni+1 = Ni + 1, (9)

and
∀s ∈ {1, . . . , r − 1}, Ls+1 = L′s + 1, NLs+1 ≥ NL′s + 2.

It can be easily seen that v(n) = 2r. Moreover, according to (5), we get

‖Dn‖1 =
2|n|−1∑
j=0

|An,j | =
|n|−1∑
l=0

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |.

Since An,j = 0 for j 6= 0(mod 2N1), we get

‖Dn‖1 =

|n|−1∑
l=N1

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |

=
r−1∑
s=1

L′s∑
i=Ls

Ni+1−1∑
l=Ni

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |+
L′r−1∑
i=Lr

Ni+1−1∑
l=Ni

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |+ |An,0|.

Applying (9) we get

‖Dn‖1 =

r∑
s=1

L′s−1∑
i=Ls

∑
j∈{0,...,2|n|−1}
j=0 (mod 2Ni )

j 6=0 (mod 2Ni+1)

|An,j |+
r−1∑
s=1

NLs+1
−1∑

l=NL′s

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |+ |An,0|
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Nacima Memić and Amil Pečenković – On the L1 norm of the Dirichlet kernel

=
r∑

s=1

L′s∑
i=Ls

∑
j∈{0,...,2|n|−1}
j=0 (mod 2Ni )

j 6=0 (mod 2Ni+1)

|An,j |+
r−1∑
s=1

NLs+1
−1∑

l=NL′s
+1

∑
j∈{0,...,2|n|−1}
j=0 (mod 2l)

j 6=0 (mod 2l+1)

|An,j |+ |An,0|.

According to Remark 2 we have

∀s ∈ {1, . . . , r}, ∀i ∈ {Ls, . . . , L
′
s}, ∀j = 0 (mod 2Ni), j 6= 0 (mod 2Ni+1) :

2NLs−1−|n| < |An,j | ≤ 2NLs−|n|.

Similarly, by Remark 1 we have

∀s ∈ {1, . . . , r−1}, ∀l ∈ {NL′s+1, . . . , NLs+1−1}, ∀j = 0 (mod 2l), j 6= 0 (mod 2l+1) :

2
NL′s
−|n|

< |An,j | ≤ 2
NL′s
−|n|+1

.

Therefore, we obtain

‖Dn‖1 ≤
r∑

s=1

L′s∑
i=Ls

2|n|−Ni2NLs−|n| +
r−1∑
s=1

NLs+1
−1∑

l=NL′s
+1

2|n|−l2
NL′s
−|n|+1

+ 1

≤
r∑

s=1

2|n|−NLs+12NLs−|n| +

r−1∑
s=1

2
|n|−NL′s2

NL′s
−|n|+1

+ 1 ≤ 4r.

In a similar way we get

‖Dn‖1 ≥
r∑

s=1

L′s∑
i=Ls

2|n|−Ni2NLs−|n|−1 +
r−1∑
s=1

NLs+1
−1∑

l=NL′s
+1

2|n|−l2
NL′s
−|n|

≥
r∑

s=1

2|n|−NLs2NLs−|n|−1 +

r−1∑
s=1

2
|n|−NL′s

−1
2
NL′s
−|n| ≥ r.

Theorem 3. 1. There exists a positive constant C such that for every f ∈ H1

and n ∈ N,
‖Snf‖H1 ≤ Cv(n)‖f‖H1 .
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2. If (bn)n is an increasing sequence of positive numbers such that bn → ∞ and(
v(n)
bn

)
n

is unbounded, then there exists some f ∈ H1 such that
(
‖Snf‖1

bn

)
n

is

unbounded.

Proof. (1) From Theorem 2 we get

‖Snf‖1 ≤ ‖Dn‖1‖f‖1 ≤ 2v(n)‖f‖H1 .

Besides, as noticed in the proof of [2, Theorem 2],

‖Snf‖H1 ≤ ‖f‖H1 + ‖Snf‖1.

Hence,
‖Snf‖H1 ≤ Cv(n)‖f‖H1 .

(2) We use the same construction made in [2, Theorem 2]. From the assumptions
made on the sequence (bn)n, it contains a subsequence (bnk

)k such that

∞∑
k=1

√
bnk√
v(nk)

< +∞. (10)

Define f =
∑
i
λiai, where

λi =

√
bni√
v(ni)

,

and
ai = D2ni+1 −D2ni .

Since each ak, k ∈ N, is an atom then from (10) we can see that f ∈ H1.
From the definition of Fourier series we get that

Snk
f = S2|nk|f + Snk

f − S2|nk|f.

By the construction of f we get that

Snk
f − S2|nk|f = λk

(
Dnk
−D2|nk|

)
and

S2|nk|f =

k−1∑
i=1

λiai.

It follows that

‖Snk
f‖1 ≥ λk‖Dnk

‖1 − λk‖D2|nk|‖1 −
k−1∑
i=1

λi‖ai‖1.
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Hence, according to Theorem 2

‖Snk
f‖1 ≥ λk

v(nk)

2
− λk −

k−1∑
i=1

λi ≥ λk
v(nk)

2
−

k∑
i=1

λi.

Therefore, ∥∥∥∥Snk
f

bnk

∥∥∥∥
1

≥
√
v(nk)

2
√
bnk

−
∞∑
i=1

λi →∞, k →∞.
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