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ON THE L; NORM OF THE DIRICHLET KERNEL ON THE
GROUP OF 2-ADIC INTEGERS
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ABSTRACT. The main result in this paper provides an estimate of the L1 norm
of the Dirichlet kernel on the group of 2-adic integers. As an application we derive a
description of partial sums of Fourier series related to functions from the space H;.
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1. INTRODUCTION

The L; norm of the generalized Walsh Dirichlet kernel D,,, on bounded Vilenkin
groups was studied in [4] and [2], where it was estabilshed that it is dominated by
some precisely identified unbounded sequences of natural numbers depending on the
index n of the function D,,. Moreover, it known that the L1 norm of partial sums of
Fourier series related to some functions from the dyadic Hardy space H; diverges.
Meanwhile, [2, Theorem 2| provides a sharp result proving that these partial sums
can also be dominated for functions from H;.

Our aim is to prove an analogue of [2, Theorem 2] on the group of 2-adic integers.
Our techniques are different, since they are based on a decomposition of the Dirichlet
kernel, as a linear combination of test functions with mutually disjoint supports
proved in Lemma 1.

Denote by I = [0, 1) the unit interval and for allz € I n € N, let I,,(x) C I be the
unit dyadic interval of the form [2%, g"—,}) containing x, where ¢ is a nonnegative inte-
ger depending on z. I,,(0) is denoted by I,,. For every z € I, let z = Y % jx, 27"
be its dyadic expansion, where x,, € {0,1}. The group (I, +) is called the group of
2-adic integers.

For every nonnegative integer n and all z = >">° 2,27 e T let

x 0
von () = exp 2mi (él—l—...—i— 2n+1>.
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If we define 0, (x) = > I, x;2%, then it can be easily seen that

von () = exp 27i (Z’;ﬁ?) . (1)

If a nonnegative integer n has the dyadic expansion n = ) 2, n;2", then set v, =
1320 (vai)™

The Dirichlet kernel and the partial sums of the Fourier series of any integrable
function f are respectively defined as follows

n—1
Dy=Y v Suf) = [ Duly~ ) f(a)de
k=0
A function a € L, is said to be an atom if it is supported on some interval Iy (y),
for some nonnegative integer N and y € I, [} ,) @ = 0, and such that allo < 2V.
The space H7 consists of functions f that can ﬁ)e put in the atomic decomposition

oo [e.e]
f = > Nai, where ) || < oo and a; is an atom for ¢ > 1. The norm in H;

i=1 1=1
o0
is defined by ||f||g, = inf >_ |\;|, where the infimum is taken over all the atomic
i=1
decompositions.
For every nonnegative integer j = > 2, 4i2%, define zj € I in the form z; =
>0 4i27 L Tt can be seen that if [j| = [log, j], then
0n(z;) = 7,¥n > 2l1+1, (2)
2NV -1
Moreover, for every nonnegative integer N, we have I = ¢ In(%;).
j=0
The following formulae were proved in [5], for every positive integer k and non-
negative integer n

2k, x € Ii;
Da={ 0 TSR g

Di(x) = va(x) ) nj(=1)" Dys (). (4)
j=0

2. MAIN RESULTS

Lemma 1. Let n be a positive integer having the dyadic representation n = 2N 4+
oo+ 2Nt where Ny < Ny < ... < Ny and Ny = |n|. Then, D,(x) can be written in
the form
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where

and

Dy () = Dyn, ()

2Nt 1

+ UQNt

t—1

Z Ay, jDyn, (z

An,O = Z 2N17Nt,

Zj); ()

=1
1—1
Ap g o= gny 1 () - g (25) |2V N g (2) Y 2NN (7)
s=1

if 5 = 0 (mod 2N%) and j # 0 (mod 2Vi+1) for some i € {1,...,t —1}. For j #

0 (mod 2M

Proof. Formula (4) can be written in the form

If for some i € {1,...,t
k < N;. Therefore, in this case vy, () = exp 2mi(>

), Anj =0.

2) Y (=1)™:i Dy, (x

i=1

E 'U2Nt

— 1}, @ € In; \ IN,+1, then zy, = 1 and 23 = 0 for all
Yy =expmi=—1=(—1)*M.

- g (2) (1) Dgw (). (8)

2

On the other hand, if € In,41, then x; = 0 for all & < N;, which means that

Uyn; () =1 = (—1)*N

D, (z) = Dyn, (x

— D2Nt E 'U2Nt

= D2Nt (w

)+Z Vg, (2)2N N Dy, (2)

= Don, () + Z Vg, ()2

i. Hence, (8) becomes
t—1

) + Z UgNy (:L‘)
i=1

VN (T)

125

t—1
JFZ Vg (2)
i=1

Ni—Ny D2Nt (x

- UgNiig (z)Dyn; ()

Z 2Ni_NtD2Nt (iL‘ — Zj)

j€{0,...,.2Ne 1}
§j=0 (mod 2Vi)

VN (T)

)Y (@)

E 2Ni=Ne Doy (2—25)
jef{1,...2Nt 1}
§=0 (mod 2Ni)

CVgNig (T)
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Z [vgn; (@) . . . vy (z)2M=Ne 4 2N7"_Nt] Dyn, (x — 2j).
je{1,...,2Nt -1}
j=0 (mod 2Ni)
§#0 (mod 2Ni+1)

Since for all € I and j € {1,...,2N* — 1}, we have that Dyn, (z — 2;) # 0 only if
x € In,(zj), then if for some i € {1,...,t — 1} we have that j = 0 (mod 2V7), then
in this case Don, (2 — 2;) # 0 only if « € I,, which implies that v,n, , () = ... =
vyn, () = 1. Therefore, the last formula becomes

t—1 t—1
Dy (x) = Dyn, (x) + Z Vony (2)2Y N D, (2) + Z VN (T) -+ Uy, g4 ()
=1 i=1

i—1
Z [UQNi () Z oNs=Ne | 2Ni_Nt] Dyn, (x — 2j)

je{1,...,2Ne —1} s=1
j=0 (mod 2Ni)
§7#0 (mod 2Ni+1)

t—1
= Do, () + vame () Y 2V N Dy, ()
i=1
1—1

t—1
+vgn, () Z Z Vony 1 (25) - o Ugnig (25) [’Uzm () Z gNe—N: QNiNt‘| Doy, (x—2;),

i=1 je{1,..2Nt—1} s=1
=0 (mod 2Ni)
J#0 (mod 2Ni+1)

because Dyn, (x — zj) # 0 only if vqi(2;) = vqi(x), for all i < Ny

Remark 1. Using the notations of Lemma 1, it can be easily seen that if for some
i€ {l,...,t —1}, Njy1 > N; +2, then if j = 0 (mod 2Vit1) and j # 0 (mod 2VNi+1),
we have

2N¢7Nt S |An,]| < 2N2‘7Nz+17
because in this case vyn; (25) = 1.

Remark 2. Let j = 0 (mod 2Vi) and j # 0 (mod 2Vit1). If s < i is the least positive
integer satisfying Ng +1i — s = N;, then

2N57Nt71 < |An7]| S 2N57Nt’

because in this case vyn, (zj) = —1.
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Theorem 2. For every positive integer n define v(n) = ”0"’2;10 |nj+1—n;|, where

n= Z?io n;27, nj € {0,1}. Then,

v(n

") < Dl < 20(m).

Proof. Using the notations of Lemma 1, we define the numbers r € {1,...,t}, L;,

Lie{1,...,t}, where i € {1,...,7} such that
l=L1<Li<Lly<Li<..<L. <Ll =t

Vse{l,....,r}, Vi€ {Ly,...,L, =1}, Niy1 = N; + 1, (9)

and
VSE{l,...,T—l}, Lgsyq :Lls—i-l, ]\/vLH_1 ZNL;"FQ-

It can be easily seen that v(n) = 2r. Moreover, according to (5), we get

olnl 1 In|—1

1Dally = Z Angl=D D [Angl

=0 je{o,...,2I"1-1}
j=0 (mod 2h
§#0 (mod 2!t1)

Since A, ;j = 0 for j # 0(mod 2™M1), we get

In|—1

IDalli=D>_ > |Anyl

I=N1 jefo,...,2IM -1}
j=0 (mod 2%)
j#0 (mod 2+1)

r—1 L} Njjzi1—1 —1N;p1-1
= § E § E |A ]| + § § E |An,j| + ‘An,0|-
s=1i=Ls I=N; jE{O,...,2‘”|—1} i=L, I=N; je{o,.. L2l — 1}
§=0 (mod 2) j=0 (mod 2})
j#0 (mod 2H1) j#0 (mod 21+1)

Applying (9) we get

r L;—l r—1 NLs+1_1
IDalli=>">" > g+ > Yo A+ Al
s=1i=Ls je{o,..2/"l-1} s=1 I=Np; jefo,..2I"-1}
§=0 (mod 2Ni) §=0 (mod 2)
j#0 (mod 2Nit1) j#0 (mod 2t+1)
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r L r—1 NLS+171
§ § § |An,j’ + § § § ‘An,j| + |A )
=li=Ls je{o,....2I"-1} s=11=Np;+1 je{o,...,2I" -1}
j=0 (mod 27Vi) j=0 (mod 2)
§#0 (mod 2Nit1) J#0 (mod 21)

According to Remark 2 we have

Vse{l,...,r}, Vie {Ls, ..., L.}, ¥j =0 (mod 2V%), j # 0 (mod 2Vi*1) :
oNLs=1=Inl | A, 5 < 2NEs—Inl,

Similarly, by Remark 1 we have

Vs € {1,...,r—1}, Yl € {Np,+1,..., N, —1}, Vj = 0 (mod 2'), j # 0 (mod 2'*1) :

s+1
N,/ — N,/ — 1
oMl |4, 5] < 2Np I
Therefore, we obtain

r—1 ML

s+1
|D ||1 < Z Z 2‘”‘ NlQNLs_m‘ +Z Z 2|n| l2 L, |n\+1+1
s=11i=Lg s=1l= NL,SJrl

r r—1
< Z2|”|—NLS+12NLS—|"‘ + Z2|”|—NL’S2NLQ_|”|+1 +1 < 4r.
s=1 s=1

In a similar way we get

r—1NL

s+1
HD ||1 >Z Z 2\n| NZ2NL§f|n\ 1+Z Z 2|n| 12 L,,‘n‘
s=1i=L, s=11=Np, +1

r r—1
> § 9ln|=NL,oNL —In|-1 _|_§ :2|”\*NL/5*12NL/S*\TL| > 7.
s=1 s=1

Theorem 3. 1. There exists a positive constant C such that for every f € H;
and n € N,

[Snfllmy < Co(n) | fla, -
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2. If (bn)n is an increasing sequence of positive numbers such that b, — oo and
(UIS")) is unbounded, then there exists some f € Hy such that (”Sgifnl) 18
n n

i n

unbounded.

Proof. (1) From Theorem 2 we get

[Snflln < (1Dnllallfllr < 20(m)|| f || o, -

Besides, as noticed in the proof of [2, Theorem 2],

[Snflley < 1f 1l + 1Skl
Hence,
1Snflle, < Co(n)|| flla,-

(2) We use the same construction made in [2, Theorem 2|. From the assumptions
made on the sequence (by,)y, it contains a subsequence (by, )i such that

00 by
> P < foo. (10)
= Vo)

Define f = > A\;ja;, where

b,
)‘i = )
v(n;)

and
a; = Dzni+1 — Dzni.

Since each ag, k € N, is an atom then from (10) we can see that f € Hj.
From the definition of Fourier series we get that

Snpf = Sopngt f + Sny. f — Soing 1 f-
By the construction of f we get that
Sppf = Soinpl f = Mg (D — Dyjny1)

and
k—1
Soinil [ = Z i
i=1

It follows that
k—1

1S, 1l > Al Do 1t = Ml Dol = D Aillail 1.
=1
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Hence, according to Theorem 2

M=

(n
Sy fl1 >/\ Z)\ >/\k k) — Ad.

=1

Therefore,

Y v(ng) ZA — 00, k — o0.

2,45
1_2 by, i=1

nk
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