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On nonperturbative localization
with quasi-periodic potential

By J. BOURGAIN and M. GOLDSTEIN*

I. Introduction, statements and preliminaries

Let v be a real trigonometric polynomial on T%, the d-dimensional torus.
Define for w, § € T¢,

v(0 +w) 1 0 0
1 v(0 + 2w) 1
(0.1) Ap(w,0) = 0 1 v(0 + 3w)
0 0 1
: 0 1
: v(0 + nw)
and the fundamental matrix
B v+ jw)—E 1
(0.2) M, (w,0,E) = H < - 0) .
j=n
Then
det(An(w,8) — E) det(Ap—1(w,0 +w) — E)
0.3) M,=
—det(Ay—1(w,0) — E) —det(A,—2(w,0 +w)—E)
Hence
(0.4) log || My || < Cn,
(0.5) log | M, Y| < Cn.
Define
1
(0.6) Ly(w, F) = ﬁ/ log || My (w, 0, E)||d0
rd

*The first author was partially supported by NSF grant 9801013. The second author was
supported in part by Ben-Gurion University and a grant of the Israel Academy of Sciences.
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and
(0.7) L(w, E) = liminf L,(w,E) >0

(the Lyapounov-exponent).
Our first result is the following:

THEOREM 1. Let d = 1 or d = 2 and v be as above. Assume that the
Lyapounov exponent

(0.8) L(w,E) >0 forall w,E.

Then, for almost all w, Anderson localization (AL) holds for the lattice
Schrédinger operator A(w,0), where

(0.9) Ajpl,0) = v(jw)dji + Bjasr + 835m1), Gk € 2.

Recall that Anderson localization means that A(w,0) has pure-point spec-
trum with exponentially decaying eigenfunctions.

It is well-known that to establish AL for A, it suffices to show that if
E € R and £ = (&,)nez at most of powerlike growth,

(0.10) €l < In|°

(< denotes inequality up to a multiplicative constant) satisfy the equation
(0.11) (A-—E) =0

then & decays exponentially

(0.12) 1&0] < e for some ¢ > 0.

Comments. (0) Theorem 1 for d = 1 was conjectured in [J].

(1) The statement of the theorem remains true for a real-analytic potential v.
The argument given below does involve semi-algebraic sets. At this stage,
some modifications are necessary, mainly involving suitable approxima-
tions by trigonometric polynomials. We also believe that the result re-
mains valid in arbitrary dimension d but did not carry out the details at
this point.

(2) About condition (0.8). First, Theorem 1 remains valid if we assume
L(w, E) > 0 for almost all w (the ‘almost all’ independent of E).

If vy is an arbitrary nonconstant trigonometric polynomial (in any
dimension), it follows from M. Herman’s subharmonicity argument (see
[H]) that (0.8) is satisfied for v = Avg, A > Ag. For d = 1, Sorets and
Spencer [S-S] proved that more generally, for any nonconstant real analytic
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potential vg on T, (0.8) holds for v = Avg, A > Ao (this issue cannot be
settled by straight forward approximation by trigonometric polynomials).
The argument of [S-S] does not seem to extend easily to general real
analytic potentials on T%, d > 1. We will give a different proof of this fact,
based on the methods developed in this paper (in particular the large
deviation theorem).

Thus, we have:

THEOREM 2. If vy is a nonconstant real analytic potential on T¢ and w € T?

is a diophantine frequency vector, there is Ao such that L(w, E) > %log)\ for
v = Avg, A > Ag and all E.

3)

For vy = cos 9,

(0.13) Hy = Acos(nw +6) + A

(the almost-Mathieu operator) satisfies (0.8) for A > 2.

Very recently, S. Jitomirskaya [J] proved that for diophantine w and
almost all 6, for A > 2, AL holds. This is a particular case of our theo-
rem, except for the fact that our result is in the measure category only
(the considerations involved seem to require more than just diophantine
assumptions).

For d = 2, Theorems 1 and 2 (together with remark (2)) give the nonper-
turbative version of the Chulaevski-Sinai result ([C-S]).

As will be clear below, our argument is based on a combination of measure
information (large deviation estimates) and general facts on semi-algebraic
sets (implying certain “complexity” bounds). It suggests a rather general
scheme that one may try to apply in other related localization problems.

For instance, in [B-G-S], we use these methods to establish localization
results for the skew shift.

It follows from (0.2) that

(0.14) My 4y (w,0,E) = My, (w,0 +nyw, E)M,, (w,0, E);

hence

(0.15) 10g | Mo 4y (w6, B)| < 1og [ My (0,8, B)| + log | My (w, 6 + maw, E)|

and by integration in 6, it follows that

(0'16) Ln1+n2(va) <

n1 n2

Ly, (w,E)+

L F).
ny + no N1+ no na(, )

Thus, from (0.16)
(0.17) Ly(w,E) < Ly(w,E) if m <n,m|n
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and
(0.18) Ln(@,E) < Lig(w, B) + CZ it m < n.
n
In particular, the sequence {L,(w,E)} converges to a limit L(w,F) =
inf L, (w, E) for n — oo.
n

The interest of the products M, is to provide information about determi-
nants, necessary to estimate Green’s functions. Clearly

(0.19) |det(Ap(w,0) — E)| < |Myp(w,0, E)|| < |det(A - E)|
for some
(0.20) Ae{A,(w,0), A, 1(w,0), Ap_1(w,0 +w), Ap_o(w,0 +w)}.

Consider next the Green’s function (A, (w,) — E)_l.
From (0.1), it follows that if 1 < ny < ng < n, then the (ni,n2)-minor of
Ap(w,0) — E equals

(0.21) det[A,,—1(w,0) — E] - det[A,_p, (w, 0 + now) — EJ.

Hence by Cramer’s rule
(0.22)

\[An(w,e) _ E]_1<n1,n2)‘ < ”Mnl—l(wveﬂE)H ) "Mn—nz(wae'i_n?w?E)H )

| det[An (w, 0) — E]|

As we will show later, the upper-bound inequality (for large m)

1
(0.23) —10g || Mon(w,6, B)|| < Lin(w, E) + 0(1)

holds for arbitrary 6, F, assuming w diophantine. Assume n > ny = ny(w, E)
where ng satisfies

(0.24) Ly (w, E) < L(w, E) + o(1).

By (0.18), (0.19), (0.23), (0.24), the numerator of (0.22) may then be bounded
by

(0.25) p(n=ln1—n2|)L(w,E)+o(n)

Subject to replacement of A,(w,#) by one of the matrices in (0.20), we get
thus

(0.26) (0.22) < e(L@.B)=5 log||Mn(w.0,B)l|l+o(1)) o=ln1—nz|L(w.B),
Our main concern becomes therefore to obtain the lower bound

1
(0.27) - log | My (w, 0, E)|| > Ly(w, E) — o(1)

(which is a conditional issue with respect to parameters w, 6, E).
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If (0.27) holds, this will imply for some A € (0.20)
(0.28) (A — E)"Y(ny,ng)| < e~ L@ Blini=nzltoln),
The relevance of the assumption
(0.29) L(w,E)>0

becomes clear now, since it leads to the required exponential off-diagonal decay
of the Green’s function.
Denoting A(w, @) the unrestricted matrix

(030)  Ajlw,0) = v(0+ jw)on + Dyt + Sa1 (o k € )
let, for A € Z,

(0.31) Ap = RAAR) (Rp = restriction operator)
and

(0.32) Gr=(Ay— E)™L.

Recall the resolvent identity
(0.33) Gp = (GA1 + GAZ) — (GAI + GAQ)(AA — AAl — AAQ)GA

where A C Z is a disjoint union A = A; U Ag, provided the inverses make
sense. One of the consequences of (0.33) is the following well-known “paving-
property”. Thus let I C Z be an interval of size N > n, such that for each
x € A, there is a size n-interval I’ C I satisfying

(0.34) I’D{yel\ |x—y|<1%},
(0.35) |Gy (1, ng)| < e~ clm—nzlto(n)

for some constant ¢ < 0 and n sufficiently large. Then also
(0.36) |G1(n1,np)| < e~ 2lm—n2l+oln),

Full details on this argument will also appear in the last part (IV) of the paper.
The remainder of the paper is divided into three parts containing the proof of
Theorem 1 for d = 1 and d = 2 respectively and the proof of Theorem 2. In
both cases d = 1,2, the general scheme is the same but technically simpler for
d = 1. The proof of Theorem 2 is given in the appendix.

We will denote in the sequel various constants by the same letter C.
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II. The case of 1-frequency

1. A large deviation estimate

The main ingredient providing estimates in measure is contained in the
following:

LEMMA 1.1. Assume w satisfies a diophantine condition (DC)

1

(1.2) [kwl| 2 e

for k € Z\{0}.

Then, for o < % and arbitrary E, with n sufficiently large,

7711_20-_

(1.3) mes [ €T ’% log || M, (w, 0, E)| — Ln(w,E)‘ >n 7 <e

In general, if w satisfies the condition DC4 .
(1.4) |kwl|| > c|k|™* for ke Z\{0}

there is o > 0 such that

o

1
(1.5) mes [0 € T\‘H log [|[Mp(w, 0, E)|| — Ln(w,E)‘ >n 7 <e ™.

Proof. By (0.2), My(w,-, E) clearly extends to an entire function
M, (w, z, F) satisfying

(1.6) 1M (w, 2, B)| + 1M, S (€1 + | )"

(the constant C' in (1.6) depends on v; if, more generally, v is real analytic, z
will be restricted to a strip |Im z| < p, sufficient for our purpose).

Thus

(17) p(z) = - 10g | My (w, 2, B

is a subharmonic function, bounded on D = [|z| < 1].
Let

(1.8) G(z,w) =log|z — w| —log |1 — z.w|

be the Green’s function of D. Write for z € D

v(2) :/Dgo(w)AwG(z,w)dw:/aD gp(s)@nG(z,s)ds—i—/DG(z,w)Ago(w)dw

= (1.9) + (1.10).
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Note that (1.9) is the harmonic extension of a bounded function, hence smooth
on [|z| < 3]. In (1.10), Ap > 0 by subharmonicity and (Ag)(w)dw defines a
positive measure dp of bounded mass on D.

The function ¢ is 1-periodic on R. We claim that

(1.11) P(k) = /Tgo(e) e~ 2mikd g — 0(%).

From the preceding and (1.8), it suffices clearly to verify that

<o(55)

(1.12) sup
weD

/ log |z — w| e 2™y (z)dx
R

where 7 is a smooth bump-function satisfying

33
(1.13) suppn C [— Z’Z]’
(1.14) Zn(m +s) =1, for all z € R.
SEZL
Thus (1.12) is equivalent to
T — Rew ik
(1.15) ‘/ P ik (p)dz| < O(1),

proving (1.11).
Next, observe from (0.2) that for r > 0,

(1.16)
| My (w,0+rw, E)|| < ]ljl <U(9 +i’c;) - F (1))1
- My (w, 0, B - :lil (U(‘9 +i'c;) -E (1)> H

< C"|| My (w, 6, B)|.
Thus

(1.17) lo(0 + rw) — @(0)] < C%.
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foof?)

Expanding in Fourier series, we get

ng 0+ rw) —

(1200 lo(®) — Lo < '1

R 1 &
-~ 2mirkw 2mik6
< Cg—l— Z@(k)[EZe ]e
! 1
(1.11) R 1
< C—+C -
ACEDY |k] ikl + 1
1<[k|<K
1B . .
+ Z @(k) |:E Z 627rz'rkw:| 627r2k9
|k|>K 1

= Cg + (1.18) + (1.19)

where the numbers R < K are parameters to be specified.
Consider the sum (1.18). Write

(1.21) (118) <C > R(S Z

_<§<1 1<‘k‘<K
6 dyadic | kwl|~&

From the DC (1.2), it follows that if |[kw|| < 8, then |k > 5= and the second
summation in (1.21) involves thus values of k that are (ﬁ%—separated. Hence

1 4_ logK
.22 1.18),(1.21) < — 6" log K
F£<6<1
dyadic

Also, by (1.11),
1/2
(1.23) /\ (1.19)|d6 < ( > 2) < KV2
|k|>K’ ‘
To prove the lemma, take thus
(1.24) R=n'"7,

1-20—

(1.25) K=¢"

Inequality (1.3) follows then from (1.20), (1.22), (1.23).
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The proof of the inequality (1.5) under a weaker assumption (1.4) is sim-
ilar.

Remarks. (1) It is clear from the previous argument that we only need
the DC (1.2) or (1.4) with k € Z restricted to |k| < n. This point will be of
relevance later on.

(2) The method used here for d = 1 does not apply immediately in several
variables and a general argument will be given in the discussion for the
d = 2 case.

(3) More precise versions of Lemma 1.1 appear in the forthcoming paper [G-S].

2. The upper bound

We prove inequality (0.23).

LEMMA 2.1. Assume w satisfies (1.4). Then for all 8 and E in a bounded
range

1
(2.2) - log || My (w, 0, E)|| < £n(w, E) 4+ Cn™°

for some o = o(A) > 0.

Proof. Let 0 < § < 1 be a small number to be specified. We majorize the
function ¢(2) = X log || My (w, 2, E)|| in (1.7) by the function ¢1 > ¢ obtained
by replacement in (1.8), (1.10) of the log function log |z —w| by log[|z —w|+ 4].
This removes the singularity at 0.

Hence, we get now a Fourier transform estimate

. 1 1
(23) sup < len (m, W)

weD

/ log[|z — w| + 8]e™ 2" *y(z)dx
R

instead of (1.12).
Also

(2.4) 1p1(0) —p(0)| < su%/]R | log[|lz — w| + 6] — log |z — wl |n(z)dz < &'~
we
Hence

(2.5) $1(0) < Ly, + 6.
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Write
a1 B R
p(f) < E21:<p(9+m)+0<5)
R
1 R
< — —
< R;@1(9+rw)+0<n>
R _ R
< +Z‘901 ' Z 2mirkw + 0=
k20 1 n
(2.5),(2.3)
< 1= -
S LatdTHC D, \k|RkaH+1 Zk?é e
1I<|k|<K |k|>K
(1.4) 1— log K C CR
(2.6) < L,+6 +CR1/A+K(5+ m_

With § = 2, K = n?, R = n!/2, (2.2) follows with o = 5.

3. An averaging result

In order to settle a few issues later on, we will use the following property:
LEMMA 3.1. Assume w € T satisfies DCy . Then, for
(3.2) J>n?4

there is the estimate

(3.3) —Z( log || My (w, 0 + jw, E)II) Ly(w vE)+O<%>

uniformly for all @ and E (in a bounded range).
Proof. Clearly, from the definition of M,,
(3.4) |6 M, (0,0, B)| < C"

and

(3.5)

1
00| Lo 3,00, B | < €7

(where C' depends on v and the range specified for FE).
Hence, by (3.5), the function ¢, specified in (1.7), satisfies

(3.6) D 1Bk)| S KVl < KTV2Cm,
k>K
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Taking K = C4", we get for the left side of (3.3)

J
T +ie) = LBy +0{ X g+ X 1l
1

1<|k|[<K |k|>K

(3.6) 1 _n
(e ”O{ 2 I+ Jke]) }
1<|kI<K
(1.4)

: logK __,
(3.7) = Ln(w,E)+O{ T1/A +2 }

With J as in (3.2), (3.3) follows.

Remark. Observe again that we only use the more restricted assumption
on w:

(3.8) |kw|| > c|k|™* for 0 < |k| < n?4.

4. Elimination of the eigenvalue

LEMMA 4.1. Let loglogn < logn. Denote S C T x T the set of (w,@)
such that

(4.2) |kwl|| > c|k|™ for k € Z, 0 < |k| < n.
(4.3) There is ng < n and E such that

(4.4) | (Ang(w,0) — E) ' > C"

and

(4.5) %log 1Moy (0,0, B)|| < Ln(w, B) — .
Then

(4.6) mes S < e~2"”

(for appropriate constants C,o > 0, in (4.4)—(4.6)).
Proof. Denote
(4.7) Aw=|J Spec An,(w,0)

no<n

and

1
4.8) T, = {0 €T max |~ log || My (w, 0, E1)|| — Lp(w, EY)

1
> in”}.
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Thus, by Lemma 1.1, assuming (4.2), taking into account the remark concern-
ing condition (1.4), we have

(4.9) mesT,, < n’e" < g’
Hence (4.6) will follow from the fact that
(4.10) S C{(w,0) eTxT|0eT,}

Assume indeed that (4.4) and (4.5) hold for some E.
By (4.4), there is Fy € Spec Ay, (w,0) C A, such that

(4.11) |E—Ey|<C™
Clearly
(4.12) | M, (w, 0, E) — M, (w,0,E1)|| < Cyy|E — E1| <1
for appropriate C' in (4.4) and (4.11).
Hence
(4.13) |log || My (w, 0, E)|| — log || M, (w,0, Ey)|| <1
and
(4.14) |Lp(w, E) = Lyp(w, Er)| < %
It follows from (4.5), (4.13), (4.14) that
(4.15) " log | Ma (.6, B0 < ~ Tog [ Ma(w,6, E)| +
< Lp(w,E)—n"7 4+ %
< Lp(w, E1) — %n_”;
hence 0 € T,,.

This proves (4.10) and the lemma.

Remark. As will be clear later on, condition (4.4) will be fulfilled using
the fact that the equation

(4.16) (Aw,0) = E)¢=0

has a nontrivial solution, at most, of power-like growth |&] < |k[°.

5. Semi-algebraic sets

In the next section, we will use the (w,f)-measure estimate obtained in
Lemma 4.1 to get a statement only involving the frequency w. This step will
be based on some additional considerations of the nature of conditions (4.4),
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(4.5). More specifically, we need to reformulate those conditions as polynomial
inequalities in cosw, sinw, cos A, sin A, E' of not too high a degree.
When we denote the Hilbert-Schmidt norm of a matrix B as

1/2
(5.1) I3l = (318
,J
condition (4.4) may be replaced by

(5.2) >

1<n1,n2<ng

(det[(nl,ng) — minor of (A, (w,0) — E)])2
[det(Ap, (w,0) — E)]?

= ||[Ang(w,0) — E] Mfig > C*".
Hence

(5.3) Z (det[(n1,n2) — minor of (Apy(w,0) — E)])2

1<n1,n2<no
> C?"[det(Ap, (w,0) — E)]2.
Condition (5.3) is of the form
(5.4) Py (cosw,sinw, E) >0

where P)(x1, zo, F) is a polynomial of degree at most Cvn% in x1, 2 and at most
2ng in E; the constant C, depends on the trigonometric polynomial v (in the
general case of a real analytic potential v, one proceeds by truncation, replacing
v by a trigonometric polynomial v; of degree < n? say, with error < 6_0”2,
clearly sufficient in the context of conditions (4.4) or (4.5); this introduces an
extra factor n? for the degree of Py).

Consider next condition (4.5). In order to replace L, (w, F) using Lemma

3.1, we replace (4.2) by the stronger assumption (3.8); thus

(5.5) |kw|| > c|k|™ for k€ Z,0 < |k| <n?\
Since J = [n?4], it follows from (3.3) that condition (4.5) may be replaced by
1 1 . Y
(5.6) ~log | My (w, 0, E)|| < —~ ) log || My(w, jw, E)|| = n™°.
1
Hence
o
(5.7) 1M (w, 0, B)fis < e 27 [ 1 Ma(w, jw, B)is-

1
Thus (5.7) is of the form

(5.8) Py(cosw, sinw, cosf,sinf, E) > 0
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where Py (x1,2,y1,%2, E) is a polynomial of degree at most n®A.

Thus conditions (4.4), with ng fixed, and (4.5) from Lemma 4.1 may be
replaced by (5.4), (5.8), provided (4.2) is replaced by (5.5). If 7 < n®, these
polynomials are of degree < n.

Recall at this point the following general estimate on the number of con-
nected components of semi-algebraic sets (Milnor, Thom).

PROPOSITION 5.9 (see [M]). Let V C R™ be the set

(5.10) V=P 0]

where the P, are polynomials of degree d,. Let d =Y d,. Then the number
of components Bo(V') of V', in particular, satisfies the inequality

(5.11) Bo(V) < d™.

Assume the exponent A in (5.5) is a fixed number. In the sequel, the
letter C' may refer to different constants. For fixed 6, apply Proposition 5.9 to
the set

(5.12) V = [Py(z1, 22, F) > 0] N [Py(x1, T2, cos b, sin 6, E) > 0] N [z} 4 23 = 1]

which has thus at most n” components. Projecting out the variable E (accord-
ing to Lemma 4.1) we obtain at most n¢ intervals in T. This property remains
preserved if we take union over ng < 7 < n® and also impose condition (5.5)
on w. The conclusion is the following:

LEMMA 5.13. In Lemma 4.1, take n < n® and replace conditions (4.4)
and (4.5) by the equivalent conditions (5.4), (5.8). Then, for fized 0, the set of
w’s in [0,1] satisfying (5.5) and (4.3) is a union of at most n® intervals.

This fact together with the measure estimate (4.6) are the main ingredi-
ents.

6. Frequency estimates

The information coming from Lemmas 4.1 and 5.13 will be combined with
use of the following elementary fact.

LEMMA 6.1. Let S C T x T be a set with the following property:

(6.2) For each 6 € T, the section Sp = {w € T|(w,0) € S} is a union of at
most M intervals.
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Let N > M. Then,
(6.3) mes {w € [0,1]|(w,lw) € S for some £ ~ N} < N*(mes S)"/2+ MN~'.

Proof. Estimate

(6.4) mes {w € [0,1]] (w,fw) € S for some ¢~ N}
1
(6.5) < Z/ X s (w, lw)dw
¢~N 70

and by change of variable

(6.6) % %/{)1X3(9+Tm,0)d0.

I~N 0<m<¥

Fix 0 and bound

0
(6.7) #HEm)| 1 Im SN and e 5}
Fix 0 <y < ﬁ and distinguish the following cases:
(6.8) 1So| >,
6.9 inf ||k < 10N?~,
(6.9) oo Il gl
(6.10) negation of (6.8), (6.9).

The contribution of (6.8), (6.9) to (6.6) is clearly bounded by
N{mes [0 € [0,1]] |Sg| > ~] + mes[f € [0,1]| inf kO] < 10N?4]}
0<|k|<N

(6.11) < CN(y7'[S| + N?).

Assume (6.10). From assumption (6.2)

B
(6.12) So=|JIn, B<M,
a=1
where thus
(6.13) (Lol < [S0] <.
Fix « and suppose (¢1,m1) # (¢, mg) such that
6 0
(6.14) T g fhme g

4 4y
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Then, by (6.13)
(6.15) |(£2 — 61)9 + (m1€2 — m2€1)| < N2’y.

If /1 = /9, hence m; # mgy, it would follow that 1 < |my — mgo| < 2Nvy

(impossible by the assumption on 7). If ¢1 # ¢3, (6.15) would imply that

|(¢1 — £2)0]| < N2y (impossible by negation of (6.9)). Consequently, if (6.10),

each interval I, in (6.12) contains at most one point (”Tm and thus (6.7) < M.
From the preceding, it follows that

M
(6.16) (6.6) < (6.11) + < CN~y7YS|+ Ny + N~'Mm
and the lemma follows from appropriate choice of ~.

LEMMA 6.17. Choose 6 > 0 and n a sufficiently large integer. Denote
Q C T the set of frequencies w such that

(6.18) w € DCyo,c
(6.19) There is ng < n°, 9(logn)? </i< 2(105”)3, and E such that
(6.20) I[Any (w,0) = E)H| > C™,
1
(6.21) —log || My, (w, w, E)|| < Ly(w, E) — 6.
n
Then
(6.22) mes Q) < 2~ 1(logn)?,

Proof. Let N be a range between 2(logn)® and 200em)* and let 7 = nC in
Lemma 4.1. The set S C T x T of frequencies (w, ) satisfying (5.5) (with
A =10) and (5.4), (5.8) (hence (4.2), (4.4), (4.5)) is of measure

(6.23) mesS < e~ 2"

for some o > 0 (by (4.6)). Moreover, by Lemma 5.13, each of the sections Sy
of S is a union of at most n% intervals. Hence Lemma 6.1 asserts that

(6.24)
mes [w € T|w satisfies (6.18) and (6.19) for some ng < n® and £ ~ N]

<mes[w € T| (w,fw) € S for some ¢ ~ N]
< N3¢ i 40 N7
< N2,

Summing over the ranges of N implies the estimate (6.22).
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7. Proof of the theorem in the 1-frequency case

Denote by €, 5 the frequency set obtained in Lemma 6.17. In fact, we
replace (6.20) by the condition

—1 n
(7.1) I(A-ng,ne) (@, 0) = E) || > C
restricting the index set to [—ng, ng| rather than to [0, ng).
Thus

(7.2) mes {2, 5 < e 1(logn)?,
Define
(7.3) G=U s @=J%%

n’ n>n’ 0
of measure

(7~2) . —l(lo n)2

(7.4) mes ()5 < inf Z e 2V =0, mesQ =0.

n>n’

Assume w € DCyo\Q? and let E € R, € = (&,)nez satisfy the equation

(7.5) (Aw,0) = E)¢=0
where

(7.6) o =1and [¢] < n|.
Assume

(7.7) L(w,E) > 6 > 0.

Let § = 13%. Since w ¢ Qs, there is n’ such that w ¢ Q, 5 for all n > n'.
Assume moreover that

(7.8) Ly(w,E) < L(w,E) + 6 for n > n'.

Since (6.19) is not fulfilled, it follows that if for some ng < n®

(79) G ngmalll > C"

where G| = (Al(w, 0) — E)fl, then for all 2(08m)? < || < Q(IOg”)g,
(7.10) %log 1My (0, €, B)| > Lo, E) — 8 > (1 — o(1)) Ln(w, E).

From the discussion (0.19)-(0.28) in the introduction, it follows that for each
ollogn)? — p 2(1°g”)3, one of the matrices

Ap(w, tw), Ap—1(w, bw), Ap—1 (w, (L + 1)w),An,2 (w, ¢+ 1)w),
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thus As(w,0) for some
(711) Te{l{l+1,0+n],l+1,L+n—1],[(+2,{+n],[+2,+n—1]}

will satisfy
(7.12)
|G1(n1,n2)| _ ‘(AI _ E)_l(nl,n2)| < e—L(w,E)\n1—n2|+0(n) < 6—60\n1—n2|+0(n)‘

Invoking also the paving property (0.33)—(0.36), one deduces from (7.12) that

for 2Uogn)’+1 N < 9(logn)’~1 4l56 the Green’s function G[ﬂ 2N] satisfies the
2 b

estimate

—d|n1—n2|+n
(7.13) \G[%72N](n1,n2)| <e .
Restricting the equation (7.5) to [§,2N] implies (&7 = Ry€)
(7.14) (A[%QN] (w,0) = E)f[%,zN] - _R[g,zN] (Aw,0) = B)(§ — 5[%,21\’])'
Hence, for k € [§,2N]

N
115) 18] < [Gigan (i )| 16l + Gy ang (2] leava.
(7.6),(7.13)
(7.16) lEn] < NOen 3N <8N,

This is the required exponential decay property (also valid on the negative
side).

It remains to show that (7.9) holds for some ng < n®. Since
(717) g[fno,no] = _G[fno,no]R[fno,no] (A(wa 0) - E) (5 - g[fno,no])a

1 < |G =g o)l (1€=no—1] + |€ng+11)-
Thus it will suffice to show that

(7.18) min_ (€] + [€_x]) < O™
|k|<n®

Let

(7.19) ny = c%.

For |k| < n%, it follows from the preceding that |£;| < C~™ provided that
for some size —nj neighborhood I of k, the Green’s function G; will satisfy
(7.12). Thus again from (0.27), (0.28), it clearly suffices to show that for some
0<j<n®

1 )
(720) n_IIOgHMTLl(wa]w’E)H = Lnl(w7E) +O(1)a

(121) 108 My (< = 1), B)| = Ly (0, ) + 0(1).
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If (7.20) and (7.21) hold, then indeed

n [
(7.22)  [&] + 6okl < nCe702 TOM) <=M < O for k= j + [%}

Let J = n®. We verify (7.20) and (7.21) by averaging over j € [J,2J]. Thus
recalling Lemma 3.1 (with n replaced by n;), we see that

(7.23)
LS (L g 0y s )+ - tog M, (1 (= o) B
J n og ni w, Jjuw, n og ni w, Vi ni)w,
J+1
1
=2Ly, (w, E)+ O<—>
ni

Hence, there is J < j < 2J such that

(128) - log | Moy @,4er )| + - 108 Moy (w0, (=5 = ), B)|
> 2Ly, (w, E) + O(%),
implying by the upper bound (Lemma 2.1)
(7.25)
Ly (@, B) + ofn; ) > — log [ M (. i, E) |

1
> 2Ly, (w,E) + O(n—> — (L, (w, E) + O(nf”))
1
=Ly, (w,E)+ O(n{?%).
Similarly
1 _ .
(7.26) - log [| My, (w, (=j — m)w, E)|| = Ly, (w, E) + O(n{7).

This establishes (7.20) and (7.21). Hence (7.18) holds, which completes the
argument.

It follows that Anderson localization (AL) holds for A(w,0) if w €
DC19,\Q? and L(w, E) > 0.

II1. The 2-frequency case

Next, we carry out the preceding scheme for the Schrodinger operator
A(w,0) = v(0+jw)dj+ A, where 6, w € T2. There is some extra work needed,
both for the probabilistic and algebraic aspects. Let again v = v(61,62) be
a trigonometric polynomial on T? and define A, (w,0), M, (w,0, E), L,(w, E),
L(w, E) as before. We first need the analogue of Lemma 1.1.
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8. The large deviation estimate

LEMMA 8.1. When w € T? satisfies a DCac,
(8.2) |kw| > c|k|= for ke Z*\{0}.
Then, for some o > 0 and n sufficiently large,

o

1
(8.3) mes [0 € T?| - log | My (w, 8, E)|| — Lp(w, E)| >n" %] <e ™.

Proof. Consider the function
1
(8’4) @(01702) = EIOgHMn((’Wg?E)H'

Then, for fixed 0, (-, 02) is the restriction to R of a subharmonic function and
hence, by the argument in Lemma 1.1 verifies the Fourier coefficient estimates

(8.5) /90(91,92)6_27rik91d91 < <.
. b~ T
2
Similarly
(8.6) H/(p(@l,gg)ezmkegdeg < g
T Ly ||

Thus, if we consider a K-smoothing
(8.7) o ®) = [ ol0—0\Pc()a8
T2

it follows from (8.5), (8.6) that

1/2
(8.8) H¢—¢KMA/[ T r@whmﬂﬂ

[k [+ k2|2 K
o 2 71/2
< 9 , e Tik101
B { Z ‘ /TQD( 1) L2:|
|k1]2 K )
' 2 q1/2
NI Rm—
- 12
[ka|2 K 01
< CK™ /2

Recall also that

(39) (o(6+ ) — o(6)] <
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Hence

(5.10) forc(0 -+ rw) — orc(@)] < 1.
From (8.2), it follows that for any w’ € T2, there is r € Z,|r| < v~2~4 such
that

(8.11) lrw —o'|| < 7.

Choose 6 >0 and r € Z,0 <1y < 6—2=4 such that

1)
(8.12) lriw — (6,0)] < 0
Thus
(8.13) rMw € wy +Z%, lwp — (6,0)] < %
From (8.10)
©10)  Lor(®+gen) — k()] = lox(® + i) — orc(@)] < O
The function
(8.15) or(0+ 261w = /ﬂ2 00 — 0 + 26 w) Pr(6')de’

is a bounded subharmonic function for z € D(0,2) C C. Hence, the restriction
® of (8.15) to [—1,1], i.e.

(8.16) D(t) = pr (0 +t6 twy)
is essentially an average of functions

log |t — w|, w € D(0,2).
Therefore
(8.17) [1@|lysap11 S (L—s)"" for s<1.
Also, by (8.7)
(8.18) 1@llce < llexllcn < K.
Interpolation between (8.17) and (8.18) yields
(8.19) [[lwr1 < log K.

Let ¢ denote a smooth bump-function on [—1, 1] such that for ¢ > 0,

(8.20) /_ 11 C(t)dt = 1.
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It follows from (8.19) that

(8.21) ‘/ t)dt — 6 Y ®(j5)¢(§0) <5+5/\q>’\g
l4l<5
<dlog K.
By (8.14), the expression
(8.22) 5> R(O)C(50) =06 Y @ (0 + jwi)C(40)
|.7|<5 |]|<5

210 +O<|;1’ +5>

Hence
(8.23) vr(0) = /@K(Q + t6 twy ) C(t)dt + O<‘51‘ +dlo gK)
Choosing next 7o € Z, |ro| < 67274, we have
d
(8.24) lraw — (0,9)] < 0
2 6
(8.25) row € wy + Z*, |wa — (0,0)| < — o

Iteration of (8.23) gives
(8.26)

—3—A
QOK(G) = // QOK(G—Ftl(S_lwl+t25_1w2)C(tl)C(tQ)dtldtg—FO<5

+5logK>.
Observe that from (8.13), (8.25),

1 1

2 o - (1 = —(0,1)] < —

(8.27) 57— (L) < o, e (0,1)] < o
From (8.10) and (8.26), we obtain

(8.28)
or(0) = 1Y i+ ) + 0 - )
1

1 T
= Z// i (04 jw + 1107wy + tad Lwa)C(t1)C(t2)dt1dto
1

+ O(I +63 74" 4 5log K)
n
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By Fourier expansion, the first term of (8.28) equals

(8.29)
PO+ > ? [ZJW’W] (k.0 w1)C (k.6 Ywy)
keZ2\{0)
- < (rllkeo]| + 1) \er) (by (8.27))
kezZ2\{0}
Thus
1
(8.30) x(®) = Ln(w, B) $ — + % 4673471 4 Slog K.

Appropriate choice of r,§ implies
(8.31) Ik = Ln(w, E) oo < (log K).n~ 4.
The lemma follows from (8.8), (8.31) by appropriate choice of K.

Remark. Previous arguments permit us to prove Lemma 8.1 in arbitrary
dimension. The result again remains valid for real analytic v.

9. Averaging estimate

LEMMA 9.1. Assume w € T? satisfies (8.2). Let
(9.2) J > n?Ats5,

Then, for all § € T? and E,

J
i ; _ —1/2
(9.3) nglzlog|]Mn(w70+jw,E)H = Ly(w,E) +O(n~Y?).

Proof. Since M,(w,0,E) and ¢(0) = L log||M,(w,0, E)| have 6-deriva-
tive bounded by C™, cf. (3.4)—(3.6), we may identify ¢ and px for K = C".
Choose § > 0. With ® as defined in (8.16), we have inequality (8.21)

(9.4) ‘ / Hdt—6 > @

ljl<1/é

< dlog K ~ on.

Hence, for all 0,

(9.5) 5 Z (0 + jriw)¢(j9) = /¢K(0+t5_1w1)((t)dt+O(5n)
il<3
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where r1 € Z, |r1]| < 6274, Tteration gives again

(9.6) &% > @0+ (jir1 + jora)w)(516)¢ (j20)

. . 1
l71l:1521<5

/ / prc(0 -+ 115~ w1 + 120w ) (1 )C ()t + O(8m)

10) 1
9.7) 19 - Z// Qi (0 + 110wy + 26 Lwy + jw)C(t1)C(t)dtrdts
1

+O<1+5n>.
n

9.8) 2 L., E)+ O(1 + 4 5n>.
ron
Choose
(9.9) §=n"32 r=nl/?
so that
(9.10) (9.8) = Ly(w, E) + O(n1/?).

It follows that

1 J
1 530+ 30

2
-0 Z S @O0+ G+ i+ jar2)w)C(18)¢ (29)

J Ligal li2l< 5

Ir1] + |72
+o<5+ g

(9.12)  (98),09.10) Ln(w, E) + O(n~Y? 4 ng(3+A)J_1)
(9.13) =  Ly(w,E)+n71/2

by the choice (9.2) of J.
This proves the lemma.

10. Upper bound

We will use Lemma 9.1 to get the following substitute for Lemma 2.1.
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LEMMA 10.1. Assume w € T? satisfies (8.2) and let

(10.2) n > n2A*.
Then

1 -
(10.3) =10 [|Ma(w, 0, B)|| < Lug (w0, B) + O(ng ).

Proof. In Lemma 9.1, replace n by ng and J by n. It follows from (9.3)
that for some 0 < r < ng,

n/no
(104) = 3" 1og [[ Mg (.6 + (r+ nogq)o, B)| < Lug (w, E) + Ong ).
q=0

The left side of (10.4) is at least

0
11
EY

1
10.5 |
(10.5) ~log

Moy (0,0 + (1 + mog)e, E)H
1

Y (04 jw) - E -1
(0
o

q=

1
= —log
n

j=r+no[
1 n

= —log | Mp(w, 0, E)|| + O <—°>
n n

implying (10.3).

Remarks. (1) Estimate (10.3) is weaker than (0.23) but clearly suffices to
obtain estimate (0.25), provided we assume n > ng(w, E)?4+°, where ng(w, F)
satisfies (0.24).

(2) Again for Lemmas 8.1, 9.2, 10.1 to hold, the assumption (8.2), i.e. w €
DCy,., may be replaced by the weaker hypothesis

(10.6) [k.w|| > elk|~ for 0 < |k| < n®4.

11. Elimination of the eigenvalue

We have the analogue of Lemma 4.1.

LEMMA 11.1. Let loglogn < logn. Denote by S C T? x T? the set of
(w, 0) such that

(11.2) |k.wl|| > c|k|= for k € Z2,0 < |k| < n®A.
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(11.3) Also there is ng < n and E such that

(11.4) (A (,0) — B) 1 > O

and

(11.5) %log Mo, 0, E)|| < Ln(w, E) —n~°.
Then

(11.6) mes$ < e 2"

(for appropriate constants C,o = o(A) > 0).

Proof. This is the same as for Lemma 4.1 when we replace Lemma 1.1 by
Lemma 8.1.

12. Semi-algebraic sets

In Lemma 11.1, let the exponent A be fixed and let 7 = n® where C is
a sufficiently large constant (in fact, we use again the same letter C' to denote
possibly different constants, provided there is no conflict). Let J = n®. Again
using Lemma 9.1, we may replace conditions (11.4), (11.5) by

(12.1) S (Ao (w,0) — B) g > O
no<n
and
J
(12.2) 1M (w, 0, B)|#s < e 7 T I Ma(w, jw, B) |3
1

which are polynomial inequalities in coswy, Sin wg, cos O, sin b, (o = 1,2) and
E of degree at most n®. Restricting w to [0,1]?, our aim is to get instead

polynomials
(12.3) Pl(wl,LUz,E) Z 0,
(12.4) Py(w1,wa, cos 01,sin 61, cos Oz, sin Oy, ) > 0.

This may be achieved in a straightforward way, if we go back to (11.4), (11.5)
and truncate the eik“’a(a = 1,2) power series expansions at degree ~ ni. The
polynomials in (12.3), (12.4) resulting from inequalities (12.1), (12.2) are still
of degree at most n¢ for some constant C. In the case of a real analytic
v, one proceeds again by truncation of the Fourier expansion of v to get a
trigonometric polynomial.



NONPERTURBATIVE LOCALIZATION 861

We denote by
(12.5) A C (0,12 x T? x [Ey, Eo)

the set defined by (12.3), (12.4) (restricting E to the range [E1, F»]); Lemma
11.1 asserts thus that

(12.6) mes [P, 9(A) N (2 x T?)] < e
where
(12.7) Q={we [0,2%]2‘ |kw|| > c|k|™* for 0# |k| < n®}.

13. Frequency estimates

Fix N such that
(13.1) logn < log N; loglog N < logn
We estimate
(13.2) mes {w € Q| (w, lw) € P, ¢(A) for some £ ~ N}.

Thus we consider again

(13.3) Z/QXpwﬂ(A)(w17w2,5w1,€w2)dw1dm
(~N

1 01 +mq O3+ mo
(13.4) < N2 Z /XPwyg(A)ﬁ(ijp)( /¢ ’ / ’91’92> do.

[mal,|m2|<N

By (12.6), we may restrict the #-integration to 6’s for which

(13.5) mes,, (P, 9(A) N Q) < e 2"
Fix 0 € T? satisfying (13.5) and estimate
1 01 +m1 O3+ mo
(136) m Z XP“,(.AQ)HQ’ < / ) ; )
{~N
|m1‘7|m2‘§N
where
(13.7) Q' = {we[0,1?] ||kw| > 2¢c|k|~* for 0 # |k| <nC}.

Thus if o' € @, |w — W' < e~ 10", then w € Q. Hence (13.5) implies that if
w € P,(Ag) N, then

o

(13.8) dist (w, 0P, (Ay)) < e~ 10"
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For fixed 6, we specify the boundary

(13.9) 0P, (Ap).
From (12.3), (12.4), the set P, (Ap) is the w = (w1, w2)-projection of a set
(1310) [Pl(Wl,U)Q,E) ZO]Q[Pg(wl,WQ,E) ZO}

where Py, Py € R[w;,ws, E] are polynomials of degree < n®, for some constant
C (we will again use the letter C' in the sequel for various constants).

Factor
(13.11) P = Hpg“ and P3 = Hpgﬁ
@ B
in irreducible components p, € Rlwy, wa, E].
LEMMA.
(13.12) OP,(Ag) C | [RE(pa:ps) = 0] U J[RE(Pa: OEpa) = 0]

a#S «

where RE(Pa,ps) = REDa:ps)(wi,w2) denotes the resultant of pa,ps €
R[wl,WQ][E].

Proof of the lemma. Let w = (w1, ws) € 0P, (Ap) and (w, E) € Ay. Clearly
Pa(w, E) = 0 for some a. If pg(w, E) = 0 for some  # «, then p,(w,-) and
pg(w, ) have a common root and Rg(pa,ps) = 0. Assume now pg(w, E) # 0
for all 5 # «. Thus for 5 # «, pg(w, E) and pg(w’, E') will have the same sign,
if (W', E') is close enough to (w, E). Since Rg(pa, Orpa) # 0, Oppa(w, E) # 0.
One may then find E’, E” near E such that p,(w, E') > 0, po(w, E”) < 0.
Hence, also po(w', E') > 0, po(w', E”) < 0 for w’ near w and py(w', E,v) = 0 for
some E,, € [E', E"]. For  # «, we have that sign pg(«’, E,») = sign pg(w, E).

Consider the polynomial P;. If p, is not a factor of P;, then Pj(w, E) > 0
and P, (w', E,v) > 0. Otherwise, P, (w', E,7) = 0. In both cases P, (v, E,) > 0.
The same holds for Ps. It follows that (W', E./) € Ay; thus o’ € P, (Ay) for all
W' near w. Therefore w € JP,,(Ag). This proves the lemma.

From the irreducibility assumption

(13.13) RE([Pa,ps)(wi,w2) #0 for a#p
and
(13.14) RE(Pa; OEPa) (W1, w2) # 0.

Thus P, (Ap) is contained in the union of at most n® (irreducible) algebraic
curves

(13.15) I' = [w|P(w) = 0]

where P(w) € R[wy,ws] is an irreducible polynomial of degree < n®.
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From (13.8), a bound on (13.6) will thus result from the estimations

0+m
¢

(13.16) #{KNN,\ml\, ma] SN‘ GPM(AQ)QQ/

and dist<9+7m,f‘> < e*%"U}
with I" of the form (13.15); the bound on (13.16) needs then to be multiplied
by n¢.N~2.
Fix ¢ > 0 such that

1 1
(13.17) 5 < N, log 5 > logn
and subdivide Q' C [0, 1]? in squares I of size §. Since I is a union of at most

n® connected components and, by the integral formula, £(I") < n¢, the number

of I-squares intersecting T is at most 6~ 'n.

Assume
(13.18) (13.16) > kN2
Fixing ¢ ~ N, assume that
(13.19)
#{!mﬂ, Ima| < N‘H _;m € P,(Ag) N, dist (MTm,F> < e‘%””}

> k.

Using the previous covering of I" by §-squares I, assume

(13.20)
#{\ml,\m2y < N‘

>n"YKkéN.

0+
l

0 -
T e Py(Ag) N1, dist <#,F) < e 10" }

Observe that in (13.20) mq,mg vary in intervals of size 6 N. Hence, triv-
ially

(13.21) (13.20) < (§N)%,
Assume also
(13.22) VP#0 on INT.

Since the number of singular points of I is < n®, this excludes at most n®
squares, with contribution

(13.23) <nY(N)?
in (13.19).
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Since the number of components of I' N I is bounded by n®, we may in
(13.20) replace I' by Ty satisfying

(13.24) I'ocI'nI, I'y is connected.
Assume
(13.25) W= Zm (i=1,2,3)
three noncolinear points in the set (¢ fixed)
0 o
(13.26) {w = —;m € P,(Ag) N1I| dist (w,Tg) < e~ 10" }
Let then
(13.27) wi € Ty, |o' — wi] < e"10"".

Since by assumption

(13.28) |det(w! — ¥ w? —WY)| =

det m! —m® m?—m" 1
14 ’ 14 -

and loglog N < logn, (13.27), it follows that

|
(13.29) det(w! — wd w? —w?) > YR

Denote by v1 = 71(s),s € [0,1] (resp. 72), continuous curves contained in I'g
such that

(13.30) 71(0) = w0, 71 (1) = Wi,

and
(13.31) Vary, < (To) <n%  (a=1,2).

Let ¢ = 0 and write from (13.29)

(13.32)
o7z < det((1) = 1 (0), 72(1) = 72(0))
1/e
= Z det[y1((k1 + 1)e) — v1(k1e), y2((k2 + 1)g) — v2(kae)]
k1,ko=0

while, by (13.31)

(13.33) > ek + 1)e) = yalke)| < n%s.
k
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Hence, from (13.32), (13.33), there are 1 < ki, ko < 2 satisfying

(13.34)
| det]y1 ((kl + 1)6) — 71 (k18), 72((162 + 1)6) — y2(kae)]|

>n" 957202y (k1 + 1)) — (ke - [y2 ((k2 + 1)e) — ya(ke)]-
Also, for v =71, or 72
(13.35) P(vy(ke)) =0;
hence
(13.36) 0= P(y((k+1)e)) — P(y(ke))

= (VP)(y(ke)) - [v((k + 1)e) = y(ke)] + O(|y((k + 1)) — v(ke)[?)

and, from the critical point assumption,
(13.37) %(y(ks)) : ‘ZEEZ j: 33 = Zgzgl = () =0
Properties (13.34), (13.37) imply that

anle Y1 ((k1r+1)e) — (ki) v2((ka + 1)) — 72(koe)
(1338)  angl <m<<k1 1)) - wﬂa)\’ a((kz + 1)) = w@a)\)

( VP
~ angle | == (7

|VP|( (k1€)), |VP| (v2(k2t)) )>nc62£2.

Consequently the map

VP
13.39 — T St
(13.39) wp o

covers an arc of size n=¢§ 202,
Suppose we get M squares I such that (13.26) contains three noncolinear
points. Thus for each of these I’s, |VP| P (T'N 1) covers an arc in S of size

n~=¢572¢=2. Hence, if
(13.40) J=Mn"%202>1
we may find distinct points (w/)1<;j<s on I' such that

VP

(13.41) VP(w) #0, IVP|(<,ﬂ‘)

=¢ (1<j<)

for some ¢ € S'. We may moreover assume

(13.42) (CH,VP) £0.
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Since, by (13.15), (13.41),
(13.43) #([P=0]N[(¢",VP)=0]) > J

and P is irreducible of degree < n®, it follows from Bezout’s theorem that
J < n®. Hence

(13.44) M < n®82%¢2.

By (13.21), the contribution of those I’s for which (13.26) contains at least
three noncolinear points is thus at most

(13.45) n®(BN)%.

Assume next that the points in (13.26) are colinear. Thus there is a line L
such that (¢ fixed)

(13.46) sw =2 Zm

Observe that the translated line 0 € Lg//L necessarily contains an element
m =my € Z*\{0} satisfying

(13.47) Imr| < nr71

€ P,(Ag)NINL}>nYkiN.

Since P, (Ap)NINL has at most n® components, it follows that P, (Ag)NINL
contains an interval of size > n~Ckd, provided we assume

(13.48) KON > nC.

Assume (cf. (13.45))
n®(ON)* < kN;

ie.,
(13.49) N3 < n k.

By (13.19) and since the left side of (13.46) is at most 0N, we obtain at
least k6! squares I, from the nC§~!
ous line property. Next, we let ¢ vary. Since for fixed ¢, (13.19) is at most
n¢s1(6N)? = n®SN?, (13.18) implies that (13.19) needs to hold for at least
kn~¢571 values of £. For each of these, we get k6! squares I with the line
property obtained above. Since the total number of J-squares intersecting I'
is at most n®6~!, there is some d-square I such that (13.46) holds for at least
n~ k26~ values of £. Moreover, by (13.47), we may assume those lines par-
allel for at least n=Ck*5~! values of £. Thus for each of these ¢, there is a line
Ly such that

intersecting I', that have the previ-

(13.50) Ly//m € Z2\{0},

(13.51) LiNINP,(Ap) contains a segment of size > n~Cké.
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Our purpose is to use now the fact that
(13.52) mes (P, (Ag) N I) < mes (Py(Ag) N Q) < e 2"
according to (13.5).

First, estimate from below dist (Ly,, Ly,) for ¢1 # f3. The line L, is
parametrized as

o

6 +mO +tm

7 (t € R) for some m*) e Z2.

(13.53)
Hence, since |m| < N

1
(13.54) dist (Lgl,ng) > m”(gl — £2>m201 - (51 — 62)m102|] > N7379

where 7y is defined by

(13.55) |k.0] >~p for k€ Z*\{0}, k| < N2
Assume 6 such that
(13.56) o > e~ 100"

The contribution in (13.4) of those s for which vy < e~ 100" is by (13.55)
clearly bounded by Ne~10"" < e~ 300"
Denote

@ and ey = ef = —(m%__ml)
|m| ||

(13.57) e =

Pw(AO)

/}
7
N

From the preceding, we have

(13.58) n 9K° < Y P, (Pu(Ag) NI N Ly)
I~N

— /P ) [#{f ~ N| (t61 + Reg) M Pw(.Ag) NINLy 7& @}]dt
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Since (te; + Res) N P, (Ag) N1 is a union of at most n® segments, it follows
from (13.54) that
(13.59)  #{€ ~ N|(te1 + Rea) N P, (Ag) NI N Ly # 0}
< n% + N3y, (ter + Reg) N Py(Ag) N1

Therefore (13.58), (13.59), (13.52), (13.56) imply
(13.60) n~ k> < n%s + N3y, 1P, (Ag) NI

< n% + N3ewo™ g2

<nC5 e 3.
Hence
(13.61) k<8l />,
Recalling conditions (13.17), (13.48), (13.49) we see that
loglog N < logn < log N
% < N,log% > logn

(13.62) SN S nC
N3 <« n .

When

(13.63) §=N"T/8

(13.61) is not compatible with k6N > n® in (13.62). Therefore

(13.64) k<nCN"s < N7s.

Thus, by (13.18),

(13.65) (13.16) < N2s

except for a set of 6’s contributing in (13.4) at most e 300" Consequently

(13.66) (13.4) < nCN~s

and

(13.67) (13.2) < ; /QXPW,M (w, lw)dw < N0,
~N

The conclusion is the following:

LEMMA 13.68. Choose § > 0 and n a sufficiently large integer. Denote
by Q0 C T? the set of frequencies w such that

(13.69) w e DClO,c,
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(13.70) There is ng < nC, 2008m)* < ¢ < 208m)?* 4nd E such that
(13.71) 1[An (w,0) = E]7H]| > C™,

(13.72) %log My (w, €0, B)|| < Ln(w, E) — 6.

Then

1
mes Q) < e~ 2000gn)?

The proof of Theorem 1 for d = 2 may then be completed as in the
1-frequency case.

VI. Appendix: Lyapounov exponents

14. The one-variable case

In this section, we give an alternate proof of the Sorets-Spencer result
[S-S] (Prop. 14.8 below). Let v be a 1-periodic real analytic function on R:

(14.1) v(0) = B(k)e>™
keZ
(14.2) [B(k)] < e W
for some p > 0. Thus there is a holomorphic extension
(14.3) v(z) = B(k)e*™**
keZ

to the strip |Im z| < {5, satisfying
(14.4) [o(2)] < S (k) |e2mH mel < §™ —elklerlkls <
keZ keZ

LEMMA 14.5. Assume v is not constant. For all 0 < § < p, there is €
such that

(14.6) inf sup inf |v(x+iy) — Ei| >e.

E; s z€[0,1
§<y<6 [

Proof. Assume (14.6) fails. From a compactness argument, it follows that
there is E; and for all g <y < dsome 0 < z(y) <1 such that
(14.7) v(z(y) +iy) — E1 = 0.

Thus v(z) — E1 would have infinitely many zeros on [0,1] x [0,4], implying
v = E (contradiction).
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Next, we give a proof of the Sorets-Spencer result:

PROPOSITION 14.8 ([S-S]). Ifwv is as in Lemma 14.5, there is \g > 0 such
that for all E and A > Ao, the Lyapounov exponent of Av,

n n

1
(14.9) L(w, E) = inf l/ log || My, (w, 0, E)||d6 > clog A
0

where My, (w,0,FE) = [] 1 0

j=n

1 w)—EF -1
<)\U(9 + ](.U) ) and C=2Cy a constant.

Proof. By (14.4), the function

1 .
(14.10) M, (w, 2, E) — H <)\v(z+{w) —E _01)

J=n

is analytic on |[Imz| < {5, bounded by (CA+ E + 1)" < (CA)" (we assume

|E| < CA, which is clearly no restriction).

Hence
(14.11) o(z) = - log | Mo 0,2, B
is a subharmonic function on [Im z| < {5, bounded by
(14.12) p(2)] < logCA  for [Imz| < %.

Fix 0 < § < p and € satisfying Lemma 14.5. Define
(14.13) Ao = 1007190

and let A > \g. With F fixed, there is thus g < 9o < 4 such that

14.14 inf
(14.14) Lk

) E
v(z +1yo) — N

hence, since v is 1-periodic v(z) = v(z + 1)

(14.15) alcrelﬂf% |Av(z + iyo) — E| > Ae > 100.
Returning to (14.10), we claim that

(14.16) | M (w, iy, E)|| > (Ae — 1)™.

To see (14.16), write

(14.17) M,y (w, iyo, E) (é) - <“"‘1>.

Un—1
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<)\v(iy0 +1nw) - F —01> <un_1>
Un—1
< [Av(iyo + nw) — Elup—1—v,_, ) .

Unp—1

Thus,

(14.18) <ZZ>

Hence, by (14.15),
(14.19) |un| > Ae|up—1| — [vn—1] > 100|up—1| — |vn—1]; |vn| = |tun—1]

from which we deduce that

(14.20) [tn| > |vn]
and
(14.21) lun| > (Ae — 1D)|up—1] > (Ae — 1)",
implying (14.16).
Consequently
(14.22) o(iyo) > log(Ae — 1).

Denote p € M([Imz = 0] U Imz = #]) the harmonic measure of gy in the
strip

p
14.2 <I < =
(14.23) 0<Imz< 10
Clearly
1
(14.24) p([lmz:£]> <i5a ddu _QL.
10 p Az |1y ,—0 Y5 + x2

It follows from (14.12), (14.22), (14.24) that

(14.25)
log(xe ~ 1) < (i) < [ p@uldz)  (z=a+iy)
[y=0]Uly=75]
</_Oog0(w) . 2dm+@10g0/\

co
< df + —log .

kez yO
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Thus

(14.26)

1 1 1 1

— [ log||M,(w,0,F d9:/<p9d9 > (0 ( )d0
» [ g0, )0 = [ oy > % >

(14.25)
> 0 <log()\5 1) - % log)\>
(1-

2
1
> é( @>logx\—2log—>.
4 p €

S (1 1 J
(14.27) (14.26) > 1 <§ log A — =0 log )\0> > 16 log A

Since § < p, and by (14.13),

proving Proposition 14.8.

15. The higher dimensional case

The previous argument based on complexification does not seem to ap-
ply directly in the case of real analytic v on T¢ d > 1 (except in special
cases). We will develop here a different approach, mainly based on the use
of the large deviation theorem (Lemma 8.1) and the resolvent identity. The
purpose of what follows is to establish a recursive inequality relating the num-
bers L, = Ly(w,E) (see (0.6)) for different values of n. Let thus v be a
real analytic potential on T¢ and let [|v]|o = SUD Ty 2, < |v(z1,. .., 2q)| where

v(21,. .., 2d) = Y peza 0(k)e® is the holomorphic extension of v to some strip
[Imz| < p;1 <j<d (p>0). Let we T? be a fixed diophantine frequency
vector. We will denote M,, = M,(0) = M,(w,0,FE) and L,, = L,(w, E) for
simplicity. Thus

1

(15.1) —log [| M| < log(1 + [[v]lo0),

(15.2) Ly, <log(1 + [|v][oo)-
Step 1.

LEMMA 15.3. Fiz a large integer n and assume

_ log(1+ [jvl]a)
Ly

There is an integer ng such that

(logn)~Y/2 < !

(15.4) 5

(15.5) n'/? <ng<n
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and

P
(15.6) Ly, < (14 p)Lp, +log(1+ [|v]eo) - -
whenever
(15.7) m < ng.

Proof. By (0.18), it suffices to establish the inequality
(15.8) L[pno] < (1+ p)Lp,

1/2

for some n'/* < ng < n. If the property fails for n, consider n; = [pn] and so

on. This generates a sequence

(15.9) nyer = py +0(1)
where

(15.10) Ly, .y > (14 p)Ln,.

Hence, by (15.2), (15.10),

(15.11) log(1 4 |[v]loc) = L, > (1+p)’ Ly

implying that
n

(15.12) n; > p'n > —
exp[L (log 1) - log el 1l=)]

1/2

> n.exp|—(logn)"/?loglogn] > n'/2.

The proof of the lemma is now clear.
Remark. The function v will in fact be v = Avg, vy given, and A\ a large

factor. It is therefore important to keep track of the effect of A ~ ||v]|~ in the
various inequalities.

Step 2. Apply the large deviation estimate (Lemma 8.1). As we observed
earlier, the result remains valid in the real analytic case and for arbitrary
dimension d. Taking the previous remark into account, the function ¢ given
by (0.4) needs to be normalized by [log(1 + [|v||oo)]~!. The conclusion is that

o

1
(15.13) mes [0 € TY| ]5 log [[Mm(0)|| — Ln| > m™ 7 log(1 + ||[v[lec)] Se™™ .

The constant ¢ > 0 depends only on w.
Define the next scale

(15.14) N =[e"""].

Taking n(l)/2 < m < ngin (15.13) we get thus a set S C T satisfying
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(15.15) If 0 ¢ S and 0 < j < 2N, then for n)/* < m < ny,

(15.16) ‘%log | M (0 + jw)|| — Lm' < naa/z log(1 + ||v]|o0)

and

(15.17) mes S < Z et gm? (125) e 7",
n(l)/QSmSno

Let 6 ¢ S, 0 < j < N and denote § = 6 + jw. By (0.3), there is

(15.18) A e {An (0", Apg—1(0"), Apg—1(0 + w), Apg—2(0' +w)}

such that

(15.19) log | det(A’ — E)| = log || My, (9")| + 0(1).

Hence, by (15.15),

(15.20) log | det(A’ — E)| = noLng — 1y 2 log(1 + [[v]|oo)-

Recall also (0.22), for 1 < k; < ko < ny,

(15.21)
[ Mg, 1 (0" (+)) | [ Mgty (—1,2) (6" + kaw(+w)) ]
[det(A — B)| ‘

Consider the numerator factors in (15.21) with argument

0" €{0,0 +w,0 + kow, 0 + (ko + 1)w}.

(A" = B) " k1, k2)| <

/2

For m < né , use the trivial bound

(15.22) 1Mo (07)]] < &0 18+ vl),

1/2
0

For ny'® < m < ng, (15.16) gives

(15.23) My (67)]] < emEmtno 2 los(L+)

and (15.23) is thus valid in either case.

From (15.6), we deduce further that
(15.24) 1M (8" < e(PImEng+2pm0 log(1+][v])

< emL,L0+3pno log(1+]|v|leo)

where p is given by (15.4).

Substitution of (15.20), (15.24) in (15.21) implies thus that
(15.25)

|(A/ o E)_l(k‘l, k2)| < e(ng—]kl—k2|)Ln0+6pn0 log(l—i—||v||oo)—noLnO—l—néi7 log ||v]| oo

< e |F1=k2[Lng+T7pno log(1+[v[loc)



NONPERTURBATIVE LOCALIZATION 875

It follows, in particular, from (15.25) that

ng

10°
Step 3 (use of the resolvent identity). Fix 6 ¢ S and consider the Green’s

function

(1526) |(A/ _ E)il(kl,kg)‘ < ef(LnOf7Op10g(1+H’vHoo))|k1*k2\ if ’kl _ k2| >

(15.27) Gun = [An(0) — E] 7L

We estimate [An(0) — E]~!(k1, ko) using the resolvent identity and (15.25).
Precisely, if 0 < j < N, then (15.25) holds for at least one of the matrices in
the set

(15.28) {Apy(0+jw), Ang—1(0+jw), Ang—1 (04 (j+1)w), Ang—2(0+(j+1)w)}.

Remark 15.29. Observe that due to this last fact and endpoint consider-
ations, we may have to replace in (15.27) N by N —1 and (or) 6 by 6 +w. We
will come back to this point.

It is important what one obtains precisely for the off-diagonal decay of
(15.27) by application of (15.25), (15.26) together with the resolvent identity.
We will therefore go over the details.

Assume

(15.30) Lng > 10°plog(1 + [[v]lo0)
and denote by
(15.31) Y = Ln, — T0plog(1 + ||v]|o0)

the exponent in (15.26).

Taking (15.28), (15.29) into account, given ki,ke € [1, N], we see that
there is a size ng-interval A C [1, N] such that A’ = Ap satisfies (15.25) and
{k € [1,N]| |k — k1| < %} C A. Thus from the resolvent identity and (15.25),
(15.26), we get

(15.32) |G ny(kr, k2)| < |Ga(ka, k2)|xa(k2)

+ Z |GA(F1, k3) |G n (K3, k2)|

k3€dA,kLe[1,N\A
‘kg—k:é|:1

< e~ Iki=kelLng+Tpnolog(1+Ivlloc) y o\ (fy)

(15.33) + > e MR=kal |Gy (RS, ko)

k3€dA kL1, N\A
‘kg—ké|:1
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We use here the fact that, by choice of A, |k — k3| > %2 in the second term of
(15.31).
From the preceding, it follows that

(15.34) §

B G| < T O] 0 (G )l
Hence

(15.35) max |Gy (K1, k2)| < 9¢TPnolog(1+[v]leo)

k1,k2

Assume |k; — k2| > ng. The only contribution in (15.31) is the second term
(15.33), bounded by

(15.36) 27 e RSl |Gy (K, o)

for some k% € [1, N], %2 < |k1 — k4| < ng. One easily verifies that iteration of
(15.36) implies that if |ky — ko| > £%

N
(15.37) |G[1’N](k1, k)] < (267)10% e8P0 1og(1+|vlloc) o —Ik1—k2|
(15'3<0’31) 677(17%172”_000)%17’{2‘

< 6*7(1*%)“?1*1@

In particular

1 —v(1-39 N
< _ Y(1-22)
1 300
(15.39) = log | M (6)]] > <1 - n—[))y.

Coming back to Remark 15.29, observe that the same conclusion (15.39) holds
if N is replaced by N —1 or 6 by 6 + w. Thus (15.39) holds for all § ¢ S.
Recalling (15.17), (15.31) we obtain therefore

1
(15.40) LNZ/ [NlogHMN(H)II]d@
Td\S

- 300
>(1—e™ /5) (1 — —> (Lno — 70plog(1 + [|v]|o))

ng
> Ly, — Tlplog(1+ [|v]|e0)

by (15.4) and with n large enough.
Recalling the construction of ng in Lemma 15.3, we get that

(15.41) Ly > L, — Tlplog(1 + [|v]|s0)
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provided, cf. (15.30),
(15.42) Ly, > 103plog(1 + [|v]|0o),
and vy is a nonconstant real-analytic potential on T¢.

Step 4 (Proof of Theorem 2). Let vy be a nonconstant real-analytic po-
tential on T<.

LEMMA 15.43. There is a constant co = co(vo) > 0 such that for small 6

(15.44) sup mes[f € T| [vg(0) — Ey| < 6] < 6.
FE,eC

This may be deduced from Lojasiewicz’ inequality. A proof also follows
from an estimate in [B] based on the preparation theorem.

Next, we choose a large integer ni. Then, we estimate for A > Ag, Ag
sufficiently large,

: . E L
(15.45) mes [0 € T¢| 1%15%1 |vo(0 + jw) — X| < A\ T00]

R |
<niAg ' < —,
ni

invoking (15.44).

Since

1

o) — £ 1
wsa o - (00 )
D)

ni

it follows from (15.45) that except for 6 in a set of measure at most n%’

(1547) Mo, (0,8, B > ™ (A7 4 0(A)™ > A,
Thus

1\ 98 97
15.4 og A+ 0(1) > Lo, > (1= — ) 2 log A > ——log A.
(15.48) og A+ 0(1) > 1>< n1>1000g > Clog

If we take n = n; in the preceding, the value of p in (15.4) equals

log A + 0(1
)= log ()Og

(15.49) - (1

nl)—l/Q ~ (log ’I’Ll)_l/2

and (15.42) holds in particular.
According to (15.14), let

o /10

(1550) Nng = N = [enl
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for which, by (15.41), (15.49),

(15.51) Lny, > Ly, —71p(log A+ O(1))
log A
> Ly, —100————
" (log )1/
(15.48) 200
> ————— | Ly,.
(1~ Ty
The continuation of the process is clear. Assume
1
(15.52) Ly, > §log A
Now, let
/10
(15.53) n=nj, N=nj=[" ]

For p in (15.4), we get p ~ (logn;)~"/? and (15.42) holds.
Thus (15.41) implies

1000

2000
15.54 Ly . ,>L, ———=logA> (11— ——F— | L,..
1554 T (logng) 2 ( (log ”j)1/2> ’

Iteration of (15.54) gives

2000 1
(15.55) Ln > ] (1—-(——————17§>Ln1 > (1—-166>Ln1

1 .
1<5'<) og1y)

with (15.53) taken into account along with the fact that n; is large.

Since (15.48) holds, in particular,
99 97 1

Thus condition (15.52) follows. Also
1
(15.57) L(w,E) =L =inf L,; > 3 log A
J
proving Theorem 2.

Remark. An alternative proof of Theorem 2 appears in [G-S]. Their ar-
gument gives also an improved rate of convergence of Ly (F) to L(E) with
consequences to the regularity of the integrated density of states N(FE).
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