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Abstract. In this paper is studied the problem concerning the angle between
two subspaces of arbitrary dimensions in Euclidean space E,. It is proven that
the angle between two subspaces is equal to the angle between their orthogonal
subspaces. Using the eigenvalues and eigenvectors of corresponding matrix repre-
sentations, there are introduced principal values and principal subspaces. Their
geometrical interpretation is also given together with the canonical representation
of the two subspaces. The canonical matrix for the two subspaces is introduced
and its properties of duality are obtained. Here obtained results expand the classic
results given in [1,2].

MSC 2000: 15A03 (primary), 51N20 (secondary)

Keywords: angles between subspaces, principal values, principal subspaces, princi-
pal directions

1. Angle between two subspaces in FE,

We prove the following theorem which will enable us to define the angle between two subspaces
of arbitrary dimensions of the Euclidean space F,,.

Theorem 1.1. Let aj,...,a, and by,...,b, are bases of two subspaces ¥ and Xg of Fu-
clidean space E, with inner product (,) respectively and suppose that p < q < n. Then the
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following inequality holds

(aj,a1) (aj,az) --- (ai,ap)
(az,a1) (ag,az) --- (ag,ay)
(1.1) det(MMT) < | X
(ap7 al) (apa a2) o (ap? ap)
(by,b1) (b1,bs) -+ (b1, by)
(b2, b1) (b, ba) -+ (b, by)
X . )
(by,b1) (bybs) - (byby)
where
—(al,b1) (a17b2) (a17bq>_
(az,b1) (az,b2) (327bq>
o .
L (ap,b1) (ap,ba) -+ (a,by)

and moreover equality holds if and only if 31 is subspace of .

Proof. The inequality (1.1) is invariant under any elementary row operation. Without loss of
generality we can assume that {a;,...,a,} is an orthonormal system and also {by,...,b,}
is an orthonormal system. Then we should prove that

det(MM™T) < 1.

Let denote
C;, = ((ai,bl), (ai,bg), ey (ai,bq)) € Rq (1 S 7 S p)

Since {b;} and {a;} are orthonormal systems we get that |c;|| < 1 with respect to the
Euclidean metric in R

Let ¢p41, ..., ¢4 be an orthonormal system of vectors such that each of them is orthogonal
to cy,...,c,. Then
(c1-c1) (c1-c2) (c1 - ¢p)
(c2-¢1) (c2-c2) (c2 - ¢p)
det(MM™)=| =
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(cr-c1) (c1-co) (c1-¢q)
(ca-c1) (c2-c2) (c2-¢q)
(cg-e1) (eg-c2) -+ (cq-cq)
which is the square of the volume of the parallelotop in R? generated by the vectors cy, ..., c,.
Since ||c;|| < 1, (1 < < q) we obtain det(MM7T) < 1.
Moreover, equality holds if and only if ¢4, ..., ¢, is an orthonormal system. But ||c;|| =1
implies that a; belongs to the subspace ¥5. Thus ¥; C ¥,. Conversely, if ¥; C ¥, then it is
trivial that equality holds in (1.1). O

Under the assumptions of Theorem 1.1 we define the angle ¢ between ¥; and ¥ by

det(MMT)
VI VT2

where the matrix M was defined in Theorem 1.1 and I'; and I'y are the Gram’s determinants
obtained by the vectors ay,...,a, and by, ..., b, respectively.

Note that det(M M?) > 0; considering both values of \/det(M M7T), we obtain two angles
¢ and 7 — . Note that det(MM7T) =0 if g < p.

In this paper we give some deeper results concerning the Theorem 1.1. Indeed, some
theorems which yield to principal directions on both subspaces »; and Y5 and common
principal values are proven.

(1.2) cos p =

In the next research will be used the following result.

Theorem 1.2. Let U be any p X q matriz. Any nonzero scalar X is an eigenvalue of the
square matrizc UUT if and only if it is eigenvalue of the square matrizx UTU and moreover
the multiplicities of A for both matrices UUT and UTU are equal.

Proof. Assume that A # 0 is an eigenvalue of UU”? with geometrical multiplicity  and
assume that xi,...,X, are linearly independent eigenvectors corresponding to A. Then we
will prove that the vectors

yi=Ux;, (1<i<r)

are linearly independent eigenvectors for the matrix UTU. Indeed,
UTUy; = (UTU)UTx; = UT(UUTx;) = AUTx; = Ayi

and thus y; are eigenvectors of UTU corresponding to the eigenvalue \.
Now let us assume that a;y; + - - - + o,y = 0, then multiplying this equality by U from
left we obtain
Aaixy + - + dax, = 0.

Since A # 0 we obtain
oxy+ -+ ax, =0
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and hence a; = --- = a,, = 0 because x4, ..., X, are linearly independent vectors.

Hence the geometric multiplicity of A for the matrix UU7T is smaller or equal to the
geometric multiplicity of X for the matrix UTU. Analogously, the geometric multiplicity of A
for the matrix U7 U is smaller or equal to the geometric multiplicity of A for the matrix UUT.
Thus these two geometrical multiplicities are equal. Since UUT and UTU are symmetric
non-negative definite matrices, we obtain that their geometrical multiplicities are equal to
the algebraic multiplicities. O

Now we are enabled to prove the following theorem.

Theorem 1.3. If ¥; and £y are any subspaces of the Euclidean vector space E,, and X7 and
Y% are their orthogonal complements, then

@(Elv EQ) - @(EL ES)

Proof. Assume that dim3; = p and dim3s = q. Without loss of generality we assume
that p < ¢ and assume that X, is generated by e;, (1 < i < p) and X} is generated by e;,
(p+1 < j <mn) where ¢, (1 < i < n) is the standard basis of F,. Further without loss
of generality we can assume that 3, is generated by a;, (1 < i < ¢g) and X3 is generated
by a;, (¢+1 < j < n), where a;, (1 <1i < n) is an orthonormal system of vectors. Let a;
have coordinates (a;1, @2, - .-, amn), (1 < i < n) and the matrix with row vectors a;,---,a,
will be denoted by A. We denote by X, Y and Z the following submatrices of A: X is
the submatrix of A with elements a;;, (1 < i < p; 1 < j < ¢q); Y is the submatrix of A
with elements a;;, (1 < i <p; ¢+1 < j <n); Z is the submatrix of A with elements a;,
(p+1<i<n; g+1<j<n). According to these assumptions

cos® (31, ¥y) = det(X XT)

and
cos® (X7, %3) = det(Z7 Z)

and we should prove that
det(XXT) = det(Z1 7).

Since A is an orthogonal matrix, it holds

XXT=1

pXp

—YY" and Z'Z =In_gxn-q Y'Y
and we should prove that
det(Ipxy — YY) = det(Iin-gyx(n-q — Y Y).

Let Ai,..., A\, be the eigenvalues of YY7T and py, ..., u,_, be the eigenvalues of Y7V. Ac-
cording to Theorem 1.2, the matrices YY7 and Y7Y have the same non-zero eigenvalues
with the same multiplicities and hence

det(Lyyy — YYT) = (1= Ap) -+ (1= )\) =

= (1= )+ (U pig) = det(Tugyeiug) — YTY). 0
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2. Principal values and principal subspaces

First we prove the following statement.

Theorem 2.1. Let X1 and Y5 be two vector subspaces of the Euclidean space E, of dimen-
sions p and q, (p < q) and let Ay and Ay be n X p and n X q matrices whose vector rows
generate the subspace X1 and Yo respectively. Then the eigenvalues of the matriz

F(AL, Ag) = A AT (A2 AT) T AR AT (AL A])

are p canonical squares cos? ;, (1 <1 < p) and moreover

P
cos? ¢ = H cos® @,
i=1

where ¢ is the angle between the subspaces X1 and .

Proof. The transition of the base of ¥, to another base corresponds to multiplication of A,
by nonsingular matrix P;, i.e. A; — P;A;, where P; is p X p matrix and P, is ¢ X ¢ matrix.
By direct calculation one verifies that

f(PLA1, PyAs) = Pif(Ay, Ag) Pl

and thus the eigenvalues are unchanged. Moreover, f(A;, Ay) is unchanged under the trans-
formation of form A; — A;R where R is any orthogonal matrix of n-th order, which means
that f(A;, Ag) is invariant under the change of the rectangular Cartesian coordinates in the
Euclidean space E,,.

Since A; AT and A, AT are positive definite matrices, there exist symmetric positive def-
inite matrices P; and P, of orders p and ¢ respectively such that

PAATPl = BB =1,x, and PyAyAIP] = ByB] = 1,4,

where B; and B, correspond to another bases of ¥; and ¥,. Since S = (B;BI)(B,BI)T
is non-negative definite matrix, there exists a symmetric non-negative definite orthogonal
matrix @, of order p such that Q;SQ;" is diagonalized, i.e.

QlSQl_l = (ClBg)(ClBg)T = diag(c%,c%, R 762)> (Cl Z Co Z e Z Cp Z 0)

p

where C; = 1 B; corresponds to another basis of ;. Having in mind that each ¢; is an inner
product of two unimodular vectors, we get ¢; = cos;, 0 < 1 <@y < --- <, < 7/2. The
vector rows of C; BI are mutually orthogonal, which means that there exists an orthogonal
matrix ()9 of order ¢, such that

ClBgQg = 0102T = COS (;Dz(szlm

where (', = (Q2Bs corresponds to another orthonormal base of 5. This shows that the
ordered set of angles ¢1, 9, ..., ¢, is canonical and its invariance follows from the decompo-
sition

hS]

det[)\[pxp - f(Cl, Cg)] = (/\ - COS2 (,01> = det[)\lpxp - f(Al, Ag)]

=1
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Finally note that according to the chosen bases of ¥; and Y5, we obtain
p
cos” ¢ = det(f(Ch,Cy)) = det(f (A1, Az)) = H cos? Pi
i=1

where ¢ is the angle between the subspaces >; and . O

Note that if the bases of 31 and 35 are orthonormal then A; AT = Ay AT = T and f(A;, As) =
AL AT (AL AT

Now let us consider the case p > ¢. Instead of the matrix f(A;, Ay) we should consider
the matrix f(As, A1) which is of type ¢ x ¢. Analogously to Theorem 2.1 the eigenvalues
of f(Ay, Ay) are g canonical squares of cosine functions but the product of them is equal to
zero if p > q. Now we prove the following theorem considering the mutually eigenvalues of

f(Ai1, As) and f(Az, As).

Theorem 2.2. Any nonzero scalar \ is an eigenvalue of f(A1, As) if and only if it is
eigenvalue of f(As, A1) and moreover the multiplicities of A for both matrices f(Ai, As) and
f(Aa, Ay) are equal.

Proof. Let C; and C3 have the same meanings like in the Theorem 2.1. According to
Theorem 1.2 we obtain that any nonzero scalar A is an eigenvalue of f(C1, Cs) if and only if
it is eigenvalue of f(Cs, C}) and moreover the multiplicities of A for both matrices f(C1, Cs)
and f(Csy, C) are equal, because f(C1, Cy) = (C,CT)(C1CT)T. On the other hand, f(A;, As)
is the same eigenvalues as f(C1,Cs) with the same multiplicity and f(As, A;) is the same
eigenvalues as f(Cy, C;) with the same multiplicity. O

Note that A = 0 is eigenvalue for the matrix f(As, A1) if ¢ > p, but A = 0 may not be
eigenvalue for the matrix f(A;, As).

The common eigenvalues will be called principal values. According to the Theorems
2.1 and 2.2 there are unique decompositions of the subspaces ¥; and s into the orthogonal
eigenspaces for the common non-negative eigenvalues and for the zero eigenvalue if such exists.
These eigenspaces are called principal subspaces or principal directions for the eigenvalues with
multiplicity 1. The geometrical interpretation of the principal values and principal subspaces
will be given after the proof of the Theorem 2.3.

Theorem 2.3. The function cos® @, where ¢ is the angle between any vector x € ¥, and
the subspace X5, has maximum if and only if the vector x belongs to a principal subspace of
Y1 which corresponds to the mazimal principal value. The mazimal value of cos® ¢ is the
mazximal principal value.

Proof. According to the proof of Theorem 2.1, without loss of generality we can suppose

that 3; is generated by the orthonormal vectors a;, (1 <14 < p) and ¥, is generated by the

orthonormal vectors b;, (1 < j < ¢) such that (a;,b;) =0, (i #j; 1 <i<p, 1 <j<gq).

Let x = aga; +- - -+ a,a,, let A3 = a;b; be the maximal principal value and the corresponding

subspace of ¥; be generated by ay,...,a,. Then for the angle ¢ between x and ¥ it holds
(A1) + -+ + (apAs)?

2
COS SOZ =
Oé%‘i_""i_od%




I. B. Risteski, K. G. Trencevski: Principal Values and Principal Subspaces ... 295

:A%(a%_f_..._’_az)+)\z+1(...)+... - )2
a4+ +a -

and equality holds if and only if a,41 = -+ = a, = 0, i.e. if and only if x belongs to the
eigenspace corresponding to A;. O

Note that an analogous statement like Theorem 2.3 holds also if we consider x as vector of ¥,
and ¢ is the angle between x and ¥;. Thus we obtain the following geometrical interpretation:

Among all values cos? ¢ where ¢ is angle between any vector x € ¥; and any vector
y € ¥, the maximal value \? is the first (maximal) principal value. Then

Y11 = {x € ¥1|cos?(x,Xy) = A\}}
is the the principal subspace of ¥;. Analogously
Yo1 = {y € By cos’(y, T1) = AT}

is the principal subspace of ¥y and moreover dim¥; = dim>s;. Now let us consider the
subspaces X} and >, where X is orthogonal complement of 34; in 3; and X is orthogonal
complement of ¥y, in ¥3. Among all values cos? ¢ where ¢ is angle between any vector
x € ¥} and any vector y € Y, the maximal value )3 is the second principal value. Then

Yo = {x € ¥|cos?(x, 2}) = A2}
is the principal subspace of Y. Analogously
Sas = {y € T cos’(y, B) = A3}

is the principal subspace of ¥}, and moreover dim>i5 = dimYys. Continuing this procedure
we obtain the decompositions of orthogonal principal subspaces

Y1 =Y+ Y+ Y

Yo =291 + Mo+ -+ Yo

where dim¥y; = dimXsy;, (1 < i <'s). The subspaces ¥; 541 and X941 correspond for the
possible value 0 as a principal value.

Example. Let ¥; be generated by the vectors (1,0,0,0) and (0,1,0,0) and ¥y be gener-
ated by (cosp,0,sin ¢, 0) and (0,cos ¢, 0,sinp). Then cos? ¢ is unique principal value, its
multiplicity is 2 and ¥; and Y5 are principal subspaces themselves.

At the end we prove a theorem which determines the orthogonal projection of any vector x
on any subspace of F,,.

Theorem 2.4. In the n-dimensional Euclidean space E,, let be given a subspace Y. generated
by k linearly independent vectors a;, (1 < i < k; k <n—1). The orthogonal projection X' of
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an arbitrary vector x of E, is given by

0 (x,a;) (x,a3) -+ (x,a)
a; (aj,a1) (aj,ap) -+ (ag,ay)
1|22 (az,a1) (az,az) -+ (4, &)
(2.1) x' = T ,
ar (ag,a1) (ag,a2) -+ (ag,ax)

where I' is the Gram’s determinant of the vectors a;, (1 <1 <k).

Proof. According to (2.1) it is obvious that

x (x,a1) (x,a9) (x,ag)
a (31, al) (ab a2) te (31, ak)
, 1 A (32, a1) (az, 32) (az, ak)
X —X = T
ag (ak, al) (ak7 a) - (ak7 ak)

By scalar multiplication of this equality by a;, (1 < i < k) the first column is equal to
the (7 + 1)-st column and thus

(x—x,a;)=0, (1<i<k).

Since x’ is a linear combination of the vectors a;, (1 < i < k) then the vector x’ lies in 3.
Moreover, x — x’ is orthogonal to the base vectors of ¥, we obtain that x’ is the required
orthogonal projection of x on the subspace X. 0J

3. Principle of duality and canonical form

In this section we will consider the duality principle like in the Theorem 1.3 and as a crown
of all previous research will be given the canonical form of two subspaces ¥; and 5. Now
let ¥¥ denote the orthogonal subspace of ¥;, (i = 1,2) in the Euclidean space E,. We saw
that p(X1, X2) = ¢(2%,%3) and now the same conclusions for the eigenvalues and principal
subspaces (principal directions) also hold for the subspaces ¥} and X3.

Theorem 3.1. If ¥, and ¥y are any subspaces of the Euclidean vector space E, and ¥}
and Y% are their orthogonal complements, then the nonzero and different from 1 principal
values for the pair (¥1,%2) are the same for the pair (X7,%5) with the same multiplicities
and conversely.

If p+ q < n, then the multiplicity of 1 for the pair (X3,%3) is bigger for n — p — q than
the multiplicity of 1 for the pair (31, 35).
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If p+ q > n, then the multiplicity of 1 for the pair (X1, ¥s) is bigger for p+ q —n than
the multiplicity of 1 for the pair (X7, %%).

Proof. We use the same notations and assumptions as in the proof of the Theorem 1.3.
Specially, the matrices X, Y and Z are the same. Assume that p+q < n. The case n > p+gq
can be discussed analogously.

We will prove the following identity

det()\lpxp — XXT) . ()\ - 1)n—q—p = det()\f(n,q)x(n,q) — ZTZ)

and hence the proof will be finished.
Since A is an orthogonal matrix, it holds

XXT =1

pXp

YYT and Z'Z = In-gx(n-g — Y'Y
and we should prove that
det((A — D)Ly + YY) - (A= 1)" 7P = det((A — D) (n_gyx(nq + Y Y).
Multiplying this equality by (—1)""? and putting 1 — A\ = pu, we should prove that
det(plpxy — YY) - 07 = det(pln-gyx(n-q) = YY)

Let py,. .., p, be the eigenvalues of YYT. According to Theorem 1.2, both sides of the last
equality are equal to

(1= p) (= pr2) -+ (B — pp) "7 O

According to Theorem 3.1 we obtain the following consequence.

Corollary 3.2. According to the notations of Theorem 3.1,

i) the number of nonzero and nonunit principal values (each value counts as many times
as its multiplicity) of the pair (X1, Xs) is less or equal to n/2;

ii) if n is an odd number and p = q, then at least one of the pairs (X1,%s) and (X7, %%)
has a principal value 1, i.e. they have a common subspace of dimension > 1.

Now we are able to give the canonical form of two subspaces. In order to avoid many
indices we assume that the considered subspaces of E, are ¥ and II with dimensions p and
q respectively. We denote by »* and II* the orthogonal subspaces of F,. Without loss
of generality we assume that p < ¢g. Since the canonical form is according to these four
subspaces, we can also assume that p+ ¢ < n. Indeed, if p+¢ > n then (n—p)+(n—¢q) <n
and we can consider the subspaces >* and II*.

Assume that 1 =cg > ¢y > ¢cg > --- > ¢s > cs11 = 0 be the principal values for the pair
(33, IT) with multiplicities ¢, 71, ..., rs;1 respectively, such that p =rq+ 71 +--- +rs11. Let
Y be generated by the following orthonormal vectors

ALy - - -y A0rgy Ally e v+ 3 Qlpyy e v vy Agly o v vy Agpgy Q41,15+ - - ,a3+17rs+1,
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such that the vectors a;i, ..., a;, generate the principal subspace for the principal value ¢;,
(0 <i < s+1). The pair of subspaces (X*,II*) have the same principal values 1 = ¢q > ¢; >
Cy > -+ > ¢y > o1 = 0 with multiplicities v, =710 +n—p—¢q,71,...,7s11. Assume that 3*
is generated by the following orthonormal vectors
g1y -5 A0y AT1y -y ALy gy Ag By gy By A, By
where the vectors a;i,...,a;, generate the principal subspace for the principal value ¢;,
(1 <i<s+1), agp,...,aq, generate the principal subspace for the principal value 1 and
aj,...,a, , be the remaining ¢ — p orthonormal vectors.
Now we chose the orthonormal vectors of II as follows. We chose

bOlv L 7b07“07b117 s 7b1r17 e 7bsla ) 7bsrs7bs+1,17 v 7bs+1,rs+17b17 L 7bq7p

such that bg; coincides with ag;, (1 < i < 7), bi,..., by, generate the principal sub-

space for the principal value ¢;, (1 < i < s) and such that (a;,, b)) = dupc;. The vectors

bsi1,1,- -5 Psi1,r,,, generate the same subspace as the vectors ag  q,..., a5, ,, and we can

choose by, = a1 (1 <4 <rgq). The vectors by, ..., b,_, generate the same space as
*

the vectors aj,...,a’  and we can choose b; =a) ., ;,, (1<i<q—p).

Finally we determine the orthonormal vectors of IT*

* * * * * * * *
TIPS PPN - SURIN TS S SAPRTPRI »

1ry sTs) s+1,rse1
as follows. The vectors by, ..., bj,. can be chosen such that by, = ag;, (1 < i < ry). The
0
vectors bjj,..., b} generate the principal subspace for the principal value ¢;, (1 < i < s),
* * : * * )
and the vectors bjj, ..., b} can uniquely be chosen such that (aj,, bj,) = du.c;. The vectors
* * * *
541,15+ --sPsi1,,,, generate the same subspace as the vectors ag,,,,...,a5,, . and thus
* ok .
we can choose b}, ; =a%, ;, (1 <i<re).
* * k *
Moreover, the vectors ajy,...,aj, ,...,a5,...,a;, can be chosen such that

(aj,,bi) = —0uwy/1— ¢, (1<i<s).
Now we know some of the inner products between the base vectors of ¥ and ¥* and the base
vectors of I and IT*. The matrix P of all such n X n inner products must be orthogonal and
can uniquely be obtained from the above inner products. Considering the base vectors of ¥
in the mentioned order together with the base vectors of ¥* in the opposite order and on the
other side the base vectors of Il in the mentioned order together with the base vectors of IT*
in the opposite order we obtain the following

(ro+ridre+ - +rs+rsa1+(@—p)+repn+rs+ -+ 12711 +7)X

X(ro+ri+rat 71+ + (@ —P) + s+ 75+ F T2+ 11+ 1)

matrix as canonical matriz for the subspaces ¥ and II:
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1 0 0 0 0 0 0 O 0 0 07
0 al 0 0 0 0 0 O 0 dI'" 0
0 0 col - 0 0 00 0 - dI" 0 0
0 0 0 csI 0 0 0 diI 0 0 O
0 0 0 0 0o 0 I o0 0 0 0
P=10 0 0 0 0O 7 0 O 0 0 O0f,
0 0 0 0 I 0o 0 O 0 0 O
0 0 0 —d; I’ 0 0 0 ¢l 0 0 O
0 0 —doI" - -- 0 0 00 0 -+ ¢ 0 0
0 —dI' 0 0 o oo 0 - 0 a«al 0
L0 0 0 0 oo o o - 0 0 Il

where d; = /1 —¢?, (1 <7 < s) and I’ denotes the matrix with 1 on the opposite diagonal
of the main diagonal and the other elements are zero.

Note that the principal values for the pair (X, I1*) (also (3*,II)) are the numbers d? =
1 — ¢ = sin? ; with the same multiplicities as ¢?. Moreover the previous canonical matrix
P is also canonical matrix for the pair (3,II*) (also (X*,1I)) if we permute its rows and
columns. Then the order ¢ — p converts into n — p — g and vice versa.

The previous consideration yields to the following statement.

Theorem 3.3. Let n,p,q be positive integers such thatn < p+ q and p < q. Then for any
p values 3, . .. ,cf,, (0 < ¢; < 1) there exist two subspaces X1 and ¥y of E, with dimensions
p and q such that ¢, ... ,c?o are principal values for the pair (X1,%s). The existence of the
subspaces X1 and Xy 1s uniquely up to orthogonal motion in E,,.

Proof. Let n, p, q be positive integers such that n < p+q and p < ¢ and let be given p values
cZ, (0 < ¢; < 1). We choose arbitrary orthonormal base ay, ..., a,, ay_,,...,aj of E,. Then
we introduce g vectors by,..., b, whose coordinates with respect to aj,...,ap a;_,,...,a]
are given by the first ¢ columns of the matrix P. Then it is obvious that the principal values
for the pair (X, %) where ¥, is generated by ay, ..., a, and X, is generated by the vectors
by, ..., by are just the given numbers cf, ..., c).

Let (X21,%5) and (X7,%)) be two pairs of subspaces with the same principal values.
Without loss of generality we assume that both of them are given in canonical form given by
the same canonical matrix P. Let

* * / / /% /%
{ai,...,a,aj,...,a, } and {a},...,a,a,...,a; }

be the base vectors of ¥; + X7} and ¥} + 37 corresponding to their canonical forms. Since the
base vectors of 3y + X3 and X} 4+ X5 are determined uniquely, it is sufficient to choose the
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orthogonal transformation ¢ which maps the mentioned base of ¥; + ¥ into the mentioned
base of ¥} + X7 and then p(2;) = £} and ¢(X,) = 3. O

Theorem 3.4. Let A be a symmetric matrix of n-th order. Assume that the linear subspace
L of E,, such that A is positive definite matriz in L and A™1 is positive definite matriz in the
orthogonal complement L*, then A is positive definite matriz.

Proof. If A|L denotes the restriction of A to L, and by ind(A|L) is denoted the number of
negative eigenvalues of VT AV, where V is the matrix of the base of L, then the following
lemma holds.

Lemma 3.5. Let A be a symmetric nonsingular matriz of n-th order, and let L and L* be
the same notations as in Theorem 3.4. If A~ L* is a nonsingular restriction, then also the
restriction A|L is nonsingular and moreover

ind(A|E,) = ind(A|L) + ind(A™|L¥).
The Theorem 3.4 obtains for the special case
ind(A|L) = ind(A|L*) = 0.

Proof of Lemma 3.5. Let V and W denote the matrices from the bases of L and L* respec-
tively. Then B = AVW is nonsingular matrix. Indeed, it is supposed that AVx = Wy for the
vectors x and y. Multiplying this equality by W*A~! from left, we obtain W*A~'Wy = 0,
because V*W = 0. This implies y = 0 which means that W*A~'WW is nonsingular matrix.
Consequently, Wx = A~'Wy = 0 implies x = 0. It implies that

ind(A|E,) = ind(A'E,) = ind(B"A™'B|E,) =

= ind(A|L) + ind(A~'|L*). O
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