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0. Introduction

Let R be the ring of integers in a number field F , Λ an R-order in a semi-simple F -algebra
Σ, and Γ a maximal R-order in Σ containing Λ. Then there exists s ∈ Z, s > 0, such that
sΓ ⊆ Λ, and so sΓ is a 2-sided ideal in both Λ and Γ. Put q = sΓ. Then we have a Cartesian
square

Λ −→ Γ
↓ ↓
Λ/q −→ Γ/q

.

If the relative K-groups Kn(Λ, q) and Kn(Γ, q) coincide (see below), then one can get for all
n ∈ Z the long exact Mayer-Vietoris sequence

· · · → Kn+1(Γ/q)→ Kn(Λ)→ Kn(Λ/q)⊕Kn(Γ)→ Kn(Γ/q)→ Kn−1(Λ)→ · · · .

This paper was inspired by a desire to understand the relative groups Kn(sΓ) := Kn(s̃Γ, sΓ)

(see below) where s̃Γ is the ring obtained from sΓ by adjoining a unit to sΓ. Since the
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additive group of sΓ is free as a Z-module, we are led to compute explicitly Tors̃An (Z,Z) and
hence the so-called bar homology groups HBn(sA) (see Theorem 1) in the general setting
of A being a ring with identity such that the additive group of the ideal sA of A is a free
Z-module. We now explain the mathematical context of our result.
If Λ is a ring with identity, let Kn(Λ) be the Quillen K-groups πn(BGL(Λ)

+) (cf. [1]).
If I is an 2-sided ideal of Λ, the relative K-group Kn(Λ, I) are defined for all n ≥ 1 as the
homotopy groups πn(F (Λ, I)) of the homotopy fibre F (Λ, I) of the morphism BGL(Λ)

+ →
BGL(Λ/I)+ where GL(Λ/I) is the image of GL(Λ) under the canonical map GL(Λ) →
GL(Λ/I). The fibration F (Λ, I) → BGL(Λ)+ → BGL(Λ/I)+ then yields a long exact
sequence

· · · → Kn(Λ, I)→ Kn(Λ)→ Kn(Λ/I)→ Kn−1(Λ, I)→ Kn−1(Λ)→ Kn−1(Λ/I)→ · · · .

If B is any ring without unit, and B̃ is the ring with unit obtained by formally adjoining a
unit to B, i.e., B̃ = the set of all (b, s) ∈ B ×Z with multiplication defined by (b, s)(b′, s′) =
(bb′ + sb′ + s′b, ss′). Define Kn(B) as Kn(B̃, B). If Λ is an arbitrary ring with identity
containing B as 2-sided ideal, then B is said to satisfy excision for Kn if the canonical map

Kn(B) := Kn(B̃, B)→ Kn(Λ, B)

is an isomorphism for any ring Λ containing B.
In [3] A. A. Suslin proves that a ring B satisfies excision for Kn-theory for n ≤ r if and

only if

TorB̃1 (Z,Z) = . . . = TorB̃r (Z,Z) = 0.

It thus becomes important to compute TorB̃n (Z,Z).
Now, let B∗(Λ) be the complex

B∗(Λ) : · · · → Λ⊗
n dn−→ Λ⊗

n−1
· · · → Λ⊗

2 d1−→ Λ

where the differentials dn are defined by

dn(a1 ⊗ · · · ⊗ an) =
n−1∑

i=1

(−1)i−1(a1 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an).

Let HBn(Λ) be the n-th homology group of B∗(Λ) (cf. [2] P. 12). In [3] A. A. Suslin also
proves that for any ring Λ (maybe without identity) and for any n > 0, there is the canonical

homomorphism TorΛ̃n(Z,Z) → HBn(Λ), which is an isomorphism for all n if the additive
group of the ring Λ is torsion-free. This explains the motivation for our study in this paper.

1. Main Result

Let A be a ring with identity. Let s ∈ Z, s > 0. Then sA is an ideal of A. From now
on, we assume that the additive group of sA is a free Z-module with basis sxi, i ∈ I, where
I is a totally ordered index set with the smallest element 1. We can assume that there
is a λ ∈ Z such that λsx1 = s. This is because there exist a1, a2, . . . , am ∈ Z such that
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s = a1sx1 + · · · + amsxm and for the vector (a1, a2, . . . , am) there is an invertible m × m
matrix g ∈ GLm(Z) such that (a1, a2, . . . , am)g = (λ, 0, . . . , 0) for some λ ∈ Z. Thus
g−1(sx1, 0, . . . , 0)

t, g−1(0, sx2, . . . , 0)
t, . . . , g−1(0, 0, . . . , sxm)

t as well as sxi, i ∈ I, i > m,

constitute the required basis. We want to calculate the groups Tors̃An (Z,Z) for such a ring A
and any n.
For any positive integer n, denote the cartesian product of n copies of I by In. We define

a partition of In as In = In1
⋃
In2
⋃
In3 by induction as follows:

I11 = ∅, I12 = I, I13 = ∅;
I21 = {(1, α2) ∈ I

2|α2 ∈ I12
⋃
I13}, I22 = ∅, I23 = I

2 \ (I21
⋃
I22 );

...
In1 = {(α1, α2, . . . , αn−2, 1, αn) ∈ I

n|(α1, α2, . . . , αn−2, αn) ∈ I
n−1
2

⋃
In−13 },

In2 = {(α1, α2, . . . , αn−1, αn) ∈ I
n|(α1, α2, . . . , αn−1) ∈ I

n−1
1 },

In3 = I
n \ (In1

⋃
In2 ).

One could easily check that In1 , I
n
2 , I

n
3 are pairwise disjoint.

Lemma 1. For any αn and α
′
n in I both elements (α1, α2, . . . , αn−1, αn) and (α1, α2, . . . ,

αn−1, α
′
n) in I

n are in the same partition of In.

Proof. When n = 1, it is obviously true. Suppose it is true for n−1. If (α1, α2, . . . , αn−1, αn) ∈
In1 , then αn−1 = 1 and (α1, α2, . . . , αn−2, αn) ∈ I

n−1
2

⋃
In−13 . By the induction assumption,

one has (α1, α2, . . . , αn−2, α
′
n) ∈ I

n−1
2

⋃
In−13 and therefore (α1, α2, . . . , αn−2, αn−1, α

′
n) ∈ I

n
1 .

If (α1, α2, . . . , αn−1, αn) ∈ In2 , then (α1, α2, . . . , αn−1) ∈ I
n−1
1 , thus (α1, α2, . . . , αn−1, α

′
n) ∈

In2 by the definition of I
n
2 . If (α1, α2, . . . , αn−1, αn) ∈ I

n
3 , then (α1, α2, . . . , αn−1, αn) /∈

In1
⋃
In2 . By the results we have proved above one gets (α1, α2, . . . , αn−1, α

′
n) /∈ I

n
1

⋃
In2 , so

(α1, α2, . . . , αn−1, α
′
n) ∈ I

n
3 . �

To simplify notations for α = (α1, α2, . . . , αn) ∈ In and i ≤ n(n ≥ 2) we denote (α1, . . . ,
αi−1, αi+1 . . . , αn) by α[̂i] and (α1, α2, . . . , αn−1, 1) by α(1). By Lemma 1 both α and α(1)
are in the same partition of In. For any element α ∈ In pick a symbol eα and make a right
free ŝA-module with basis eα, α ∈ In, which enable us to calculate Tors̃An (Z,Z).

Lemma 2. There is a free chain complex of the s̃A-module Z,

· · ·
dn+1
−→ ⊕α∈Ineαs̃A

dn−→ ⊕α∈In−1eαs̃A
dn−1
−→ · · ·

d2−→ ⊕α∈Ieαs̃A
d1−→ s̃A

ε
−→ Z −→ 0

where ε is the augmentation map defined by ε(x,m) = m and d1 is defined by d1(eα) = (sxα, 0)
for any α ∈ I and when n ≥ 2 dn is defined by

dn(eα) =






e
α[n̂−1](−s, s), if α ∈ In1 ,

eα[n̂](sxαn , 0), if α ∈ In2 ,
eα[n̂](sxαn , 0)− eα[n̂](1)(λsxαn−1xαn , 0), if α ∈ I

n
3 .
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Proof. It is easy to see that εd1 = 0. For n ≥ 2 and α ∈ In set yα = dn−1dn(eα). It is
sufficient to prove that yα = 0.
If α = (α1, α2, . . . , αn) ∈ In1 , then by the definition of I

n
1 we have αn−1 = 1 and α[n̂− 1] ∈

In−12

⋃
In−13 . Thus

yα = dn−1(eα[n̂−1](−s, s)).

Note that (α[n̂− 1])[n̂− 1] = α[n̂][n̂− 1]. When α[n̂− 1] ∈ In−12 , then

yα = eα[n̂][n̂−1](sxαn , 0)(−s, s) = 0.

When α[n̂− 1] ∈ In−13 , then

yα = [eα[n̂][n̂−1](sxαn , 0)− eα[n̂][n̂−1](1)(λsxαn−2xαn , 0)](−s, s) = 0.

If α = (α1, α2, . . . , αn) ∈ In2 , then α[n̂] = (α1, α2, . . . , αn−1) ∈ I
n−1
1 , so In−11 6= ∅ and this

implies that n ≥ 3 since I11 = ∅, thus

yα = dn−1(eα[n̂](sxαn , 0)) = eα[n̂][n̂−2](−s, s)(sxαn , 0) = 0.

Suppose now that α = (α1, α2, . . . , αn−1, αn) ∈ In3 , then α[n̂] /∈ I
n−1
1 , so α[n̂] ∈ In−12 or

α[n̂] ∈ In−13 . Thus

yα = dn−1(eα[n̂](sxαn , 0)− eα[n̂](1)(λsxαn−1xαn , 0)).

When α[n̂] ∈ In−12 , by Lemma 1 α[n̂](1) ∈ In−12 , too. Thus

yα = eα[n̂][n̂−1](sxαn−1 , 0)(sxαn , 0)− eα[n̂][n̂−1](sx1, 0)(λsxαn−1xαn , 0) = 0

since λsx1 = s.
When α[n̂] = (α1, α2, . . . , αn−1) ∈ I

n−1
3 , by Lemma 1 α[n̂](1) ∈ In−13 , too. In this case

yα = [eα[n̂][n̂−1](sxαn−1 , 0)− eα[n̂][n̂−1](1)(λsxαn−2xαn−1 , 0)](sxαn , 0)

−[e
α[n̂][n̂−1](sx1, 0)− eα[n̂][n̂−1](1)(λsxαn−2x1, 0)](λsxαn−1xαn , 0) = 0

since λsx1 = s. Thus we have finished the proof of Lemma 2. �

Lemma 3. The chain complex in Lemma 2 is acyclic, and so, one gets a free resolution of
the ŝA-module Z.

Proof. Since d1(eα) = (sxα, 0) for any α ∈ I and sA is generated by sxα, α ∈ I, it follows
that ker(ε) = Im(d1). Next we prove that ker(dn) = Im(dn+1).
By the definition of dn one gets

eα(−s, s) ∈ ker(dn), for any α ∈ In2
⋃
In3 ,

eα(sxj, 0) ∈ ker(dn), for any α ∈ In1 and any j ∈ I,

eα(sxj, 0)− eα(1)(λsxαnxj, 0) ∈ ker(dn), for any α ∈ In2
⋃
In3 and any j ∈ I.
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Let Bn denote the submodule of ⊕α∈Ineαs̃A generated by

eα(−s, s), α ∈ In2
⋃
In3 ,

eα(sxj, 0), α ∈ In1 , j ∈ I,
eα(sxj, 0)− eα(1)(λsxαnxj, 0), α ∈ I

n
2

⋃
In3 , j ∈ I.

Then Bn ⊆ ker(dn) since all of its generators are in ker(dn).
We now prove that each generator of Bn is in Im(dn+1). Suppose that

α = (α1, α2, . . . , αn−1, αn) ∈ I
n
2

⋃
In3 .

Then by the definition of In+11 we have

α′ = (α1, α2, . . . , αn−1, 1, αn) ∈ I
n+1
1 .

Thus eα(−s, s), α ∈ In2
⋃
In3 , is the image of eα′ under dn+1. Suppose that

α = (α1, α2, . . . , αn−1, αn) ∈ I
n
1 ,

then for any j ∈ I,
β = (α1, α2, . . . , αn−1, αn, j) ∈ I

n+1
2 ,

so eα(sxj, 0), α ∈ In1 , is the image of eβ under dn+1. Suppose that

α = (α1, α2, . . . , αn−1, αn) ∈ I
n
2

⋃
In3 .

When αn 6= 1, then
β = (α1, α2, . . . , αn−1, αn, j) ∈ I

n+1
3

and
eα(sxj, 0)− eα(1)(λsxαnxj, 0),

is the image of eβ under dn+1. When αn = 1 then α = α(1) and

eα(sxj, 0)− eα(1)(λsx1xj, 0) = 0

since λsx1 = s and it is the image of 0 under dn+1. So Bn ⊆ Im(dn+1). Hence, to finish the
proof of Lemma 3 it is sufficient to prove that ker(dn) ⊆ Bn.

Any element x ∈ ⊕α∈Ineαs̃A can be expressed as a sum

x =
∑

α∈In1

eα(uα, kα) +
∑

α∈In2
⋃
In3

eα(uα, kα)

where kα ∈ Z and uα ∈ sA. Since the additive group of sA is free with basis sxj, j ∈ I it
follows that

∑
α∈In1
eα(uα, 0) ∈ Bn by definition of Bn. For any α ∈ In2

⋃
In3 let kα = shα+ lα

where 0 ≤ lα < s. Then
∑

α∈In2
⋃
In3

eα(uα, kα) =
∑

α∈In2
⋃
In3

eα(uα − shα, 0) +
∑

α∈In2
⋃
In3

eα(0, lα) +
∑

α∈In2
⋃
In3

eα(−shα, shα)
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where
∑
α∈In2

⋃
In3
eα(−shα, shα) ∈ Bn. Since eα(sxj, 0) − eα(1)(λsxαnxj, 0) ∈ Bn for any

α ∈ In2
⋃
In3 , the sum

∑
α∈In2

⋃
In3
eα(uα − shα, 0) can be expressed as

∑

α∈In2
⋃
In3

eα(uα − shα, 0) =
∑

α∈In2
⋃
In3

αn=1

eα(u
′
α, 0) + b

where u′α ∈ sA and b ∈ Bn. Thus x ∈ ⊕α∈Ineαs̃A it can be expressed as

x =
∑

α∈In1

eα(0, kα) +
∑

α∈In2
⋃
In3

eα(0, lα) +
∑

α∈In2
⋃
In3

αn=1

eα(u
′
α, 0) + b

′

where kα ∈ Z for α ∈ In1 , 0 ≤ lα < s for α ∈ In2
⋃
In3 , u

′
α ∈ sA for α ∈ I

n
2

⋃
In3 with αn = 1

and b′ ∈ Bn. Thus, if x ∈ ker(dn), then

dn(x) =
∑

α∈In1

dn(eα)(0, kα) +
∑

α∈In2
⋃
In3

dn(eα)(0, lα) +
∑

α∈In2
⋃
In3

αn=1

dn(eα)(u
′
α, 0) = 0.

Let
y =
∑

α∈In1

dn(eα)(0, kα),

z2 =
∑

α∈In2

dn(eα)(0, lα) +
∑

α∈In2
αn=1

dn(eα)(u
′
α, 0),

and
z3 =

∑

α∈In3

dn(eα)(0, lα) +
∑

α∈In3
αn=1

dn(eα)(u
′
α, 0).

Since dn(eα) = eα[n̂−1](−s, s) if α ∈ I
n
1 , it follows that

y =
∑

α∈In1

e
α[n̂−1](−skα, skα).

Since dn(eα) ∈
∑
α∈In−1 eα(sA, 0) if α ∈ I

n
2

⋃
In3 , it follows that

z2 + z3 ∈
∑

α∈In−1

eα(sA, 0).

From y + z2 + z3 = 0 it follows that kα = 0. Hence y = 0 and z2 + z3 = 0. If α ∈
In2 then α[n̂] ∈ I

n−1
1 and dn(eα) = eα[n̂](sxαn , 0) thus z2 ∈

∑
α∈In−11

eα(sA, 0). If α ∈ In3
then α[n̂] /∈ In−11 , by Lemma 1 α[n̂](1) /∈ In−11 also. By the definition we have dn(eα) =
eα[n̂](sxαn , 0) − eα[n̂](1)(λsxαn−1xαn , 0) thus z3 ∈

∑
α/∈In−11

eα(sA, 0). From z2 + z3 = 0 it
follows that z2 = 0 and z3 = 0. From z2 = 0 it follows that

∑

α∈In2

eα[n̂](lαsxαn , 0) +
∑

α∈In2
αn=1

eα[n̂](sx1u
′
α, 0) = 0.
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Since sx1u
′
α ∈ s

2A and sA is a free Z-module with basis sxi, i ∈ I and 0 ≤ lα < s it follows
that lα = 0, α ∈ In2 . Hence ∑

α∈In2
αn=1

eα[n̂](sx1u
′
α, 0) = 0.

However there is an injection from set {α ∈ In2 |αn = 1} to {α[n̂]|α ∈ I
n
2 , αn = 1}. Thus

sx1u
′
α = 0 and su

′
α = 0 since λsx1 = 1. Furthermore u

′
α = 0 since u

′
α ∈ sA and sA is a free

Z-module. Similarly one proves that lα = 0 for any α ∈ In3 and u′α = 0 for any α ∈ In3 with
αn = 1. Thus, ker(dn) ⊆ Bn. So ker(dn) = Im(dn+1). �

Theorem 1. Let s ∈ Z and s > 0. Assume that A is a ring with identity and the additive
group of sA is a free Z-module with basis sxi, i ∈ I, where I is a totally ordered set. Then

Tors̃An (Z,Z) = (Z/sZ)|I
n
2

⋃
In3 |.

Hence, HBn(sA) = (Z/sZ)|I
n
2

⋃
In3 |.

Proof. By tensoring the exact sequence in Lemma 3 with Z we get a complex

· · ·
dn+1⊗1
−→ ⊕α∈Ineαs̃A⊗s̃A Z

dn⊗1−→ ⊕α∈In−1eαs̃A⊗s̃A Z
dn−1⊗1
−→ · · ·

d2⊗1−→ ⊕α∈Ieαs̃A⊗s̃A Z
d1⊗1−→ s̃A⊗

s̃A
Z

We have
⊕α∈Ineαs̃A⊗s̃A Z = ⊕α∈Ineα ⊗Z Z.

It is easy to see that if α ∈ In2
⋃
In3 , then (dn ⊗ 1)(eα ⊗ 1) = 0, thus

⊕α∈In2
⋃
In3
eα ⊗Z Z ⊆ ker(dn ⊗ 1).

There is a bijection between In1 and I
n−1
2

⋃
In−13 defined by α 7→ α[n̂− 1], so we have

that if
(dn ⊗ 1)(

∑

α∈In1

eα ⊗ kα) =
∑

α[n̂−1]∈In−12

⋃
In−13

e
α[n̂−1] ⊗ skα = 0,

then kα = 0. So
ker(dn ⊗ 1) = ⊕α∈In2

⋃
In3
eα ⊗Z Z.

Since (dn+1 ⊗ 1)(⊕α∈In+12

⋃
In+13
eαs̃A⊗s̃A Z) = 0 it follows that

Im(dn+1 ⊗ 1) = (dn+1 ⊗ 1)(⊕α∈In+11
eα ⊗Z Z)

= ⊕α∈In+11
eα[n̂] ⊗ sZ = ⊕α∈In2

⋃
In3
eα ⊗ sZ.

Hence
Tors̃An (Z,Z) = ker(dn ⊗ 1)/Im(dn+1 ⊗ 1) = (Z/sZ)|I

n
2

⋃
In3 |.

It follows from the Lemma 1.1 in [3] that HBn(sA) = (Z/sZ)|I
n
2

⋃
In3 |. �
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