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Abstract. This work is to obtain a natural Hopf structure of the Poisson envelop-
ing algebra U(A) for a Poisson Hopf algebra A.
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Assume throughout the paper that k denotes a field of characteristic zero. Recall that
A = (A, ·, {·, ·}) is said to be a Poisson algebra if (A, ·) is a commutative k-algebra and
(A, {·, ·}) is a Lie algebra such that

{ab, c} = a{b, c}+ b{a, c}

for all a, b, c ∈ A. For every Poisson algebra A, there exists a unique Poisson enveloping
algebra U(A), which is a (associative) k-algebra, such that a k-vector space M is a Poisson
A-module if and only if M is a U(A)-module (see [4, 1, 5 and 6]). The main purpose of
this paper is to see that if A is also a Hopf algebra with Hopf structure compatible with the
given Poisson structure (in this case, A is called a Poisson Hopf algebra) then U(A) is a Hopf
algebra.

Throughout the paper that, for an algebra B, BL will be the Lie algebra B with Lie bracket
[a, b] = ab− ba for all a, b ∈ B.

Let us review a definition of Poisson enveloping algebra (see [4, 3]):
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Definition 1. For a Poisson algebra A, a triple (U(A), α, β), where U(A) is an algebra,
α : A −→ U(A) is an algebra homomorphism and β : A −→ U(A)L is a Lie homomorphism
such that

α({a, b}) = [β(a), α(b)], β(ab) = α(a)β(b) + α(b)β(a)

for all a, b ∈ A, is called the Poisson enveloping algebra for A if (U(A), α, β) satisfies the
following; if B is a k-algebra, γ is an algebra homomorphism from A into B and δ is a Lie
homomorphism from (A, {·, ·}) into BL such that

γ({a, b}) = [δ(a), γ(b)], δ(ab) = γ(a)δ(b) + γ(b)δ(a)

for all a, b ∈ A, then there exists a unique algebra homomorphism h from U(A) into B such
that hα = γ and hβ = δ.
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For every Poisson algebra A over k, note that there exists a unique Poisson enveloping algebra
(U(A), α, β) up to isomorphic, that U(A) is generated by α(A) and β(A) by [4, proof of 5]
and that β(1) = 0.

Definition 2. (see [3, 3.1.3]) A Poisson algebra A is said to be a Poisson Hopf algebra if A
is also a Hopf algebra (A, ι, µ, ε,∆, S) over k such that both structures are compatible in the
sense that

∆({a, b}) = {∆(a),∆(b)}A⊗A

for all a, b ∈ A, where the Poisson bracket {·, ·}A⊗A on A⊗ A is defined by

{a⊗ a′, b⊗ b′}A⊗A = {a, b} ⊗ a
′b′ + ab⊗ {a′, b′}

for all a, a′, b, b′ ∈ A.

For example, every coordinate ring of Poisson Lie group is a Poisson Hopf algebra.

For Poisson algebras A and B, an algebra homomorphism φ : A −→ B is said to be a Poisson
homomorphism (respectively, anti-homomorphism) if φ satisfies the rule

φ({a, b}) = {φ(a), φ(b)} (respectively, φ({a, b}) = {φ(b), φ(a)})

for all a, b ∈ A.

Lemma 3. If (A, ι, µ, ε,∆, S) is a Poisson Hopf algebra then the counit ε is a Poisson ho-
momorphism and the antipode S is a Poisson anti-automorphism.

Proof. [3, Remark 3.1.4]
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Lemma 4. If γ and δ are k-linear maps from a Poisson algebra A into a k-algebra B such
that

γ({a, b}) = [δ(a), γ(b)], δ(ab) = γ(a)δ(b) + γ(b)δ(a)

for all a, b ∈ A, then

γ({a, b}) = [γ(a), δ(b)], δ(ab) = δ(a)γ(b) + δ(b)γ(a).

Proof. Since
γ({a, b}) + δ(ab) = δ(a)γ(b) + γ(a)δ(b)

γ({b, a}) + δ(ba) = δ(b)γ(a) + γ(b)δ(a)

we have
2δ(ab) = δ(a)γ(b) + δ(b)γ(a) + γ(a)δ(b) + γ(b)δ(a)

= δ(a)γ(b) + δ(b)γ(a) + δ(ab)

2γ({a, b}) = δ(a)γ(b)− δ(b)γ(a) + γ(a)δ(b)− γ(b)δ(a)

= γ(a)δ(b)− δ(b)γ(a) + γ({a, b})

by adding and subtracting the above two formulas. Hence we have the conclusion.

Lemma 5. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A. Then
(i) α⊗ α : A⊗ A −→ U(A)⊗ U(A) is an algebra homomorphism.

(ii) α⊗ β + β ⊗ α : A⊗ A −→ (U(A)⊗ U(A))L is a Lie homomorphism.

Proof. (i) It is clear since α is an algebra homomorphism.
(ii) By Lemma 4, for a, a′, b, b′ ∈ A,

(α⊗ β + β ⊗ α)({a⊗ a′, b⊗ b′})

− [(α⊗ β + β ⊗ α)(a⊗ a′), (α⊗ β + β ⊗ α)(b⊗ b′)]

= (α⊗ β + β ⊗ α)(ab⊗ {a′, b′}+ {a, b} ⊗ a′b′)

− [(α⊗ β + β ⊗ α)(a⊗ a′), (α⊗ β + β ⊗ α)(b⊗ b′)]

= α(ab)⊗ β({a′, b′}) + α({a, b})⊗ β(a′b′) + β(ab)⊗ α({a′, b′})

+ β({a, b})⊗ α(a′b′)− [α(a)⊗ β(a′), α(b)⊗ β(b′)]

− [α(a)⊗ β(a′), β(b)⊗ α(b′)]− [β(a)⊗ α(a′), α(b)⊗ β(b′)]

− [β(a)⊗ α(a′), β(b)⊗ α(b′)]

= α(ab)⊗ [β(a′), β(b′)] + [β(a), α(b)]⊗ (α(a′)β(b′) + α(b′)β(a′))

+ (α(a)β(b) + α(b)β(a))⊗ [β(a′), α(b′)] + [β(a), β(b)]⊗ α(a′b′)

− α(a)α(b)⊗ [β(a′), β(b′)]− α(a)β(b)⊗ β(a′)α(b′)

+ β(b)α(a)⊗ α(b′)β(a′)− β(a)α(b)⊗ α(a′)β(b′)

+ α(b)β(a)⊗ β(b′)α(a′)− [β(a), β(b)]⊗ α(a′)α(b′)

= −α(b)β(a)⊗ [α(a′), β(b′)] + [β(a), α(b)]⊗ α(b′)β(a′)

− [α(a), β(b)]⊗ α(b′)β(a′) + α(b)β(a)⊗ [β(a′), α(b′)]

= −α(b)β(a)⊗ α({a′, b′}) + α({a, b})⊗ α(b′)β(a′)

− α({a, b})⊗ α(b′)β(a′) + α(b)β(a)⊗ α({a′, b′})

= 0.
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Hence α⊗ β + β ⊗ α is a Lie homomorphism.

Lemma 6. Let A and B be Poisson algebras and let C be an algebra. If φ : A −→ B is a
Poisson homomorphism, α : B −→ C is an algebra homomorphism and β : B −→ CL is a
Lie homomorphism such that

α({b1, b2}) = [β(b1), α(b2)], β(b1b2) = α(b1)β(b2) + α(b2)β(b1)

for all b1, b2 ∈ B then αφ : A −→ C is an algebra homomorphism and βφ : A −→ CL is a
Lie homomorphism such that

αφ({a1, a2}) = [βφ(a1), αφ(a2)]

βφ(a1a2) = αφ(a1)βφ(a2) + αφ(a2)βφ(a1)

for all a1, a2 ∈ A.

Proof. Straightforward.

Lemma 7. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A. Then
(U(A)⊗ U(A), α⊗ α, α⊗ β + β ⊗ α) is the Poisson enveloping algebra for A⊗ A.

Proof. It is straightforward to see that

(α⊗ α)({a⊗ a′, b⊗ b′}) = [(α⊗ β + β ⊗ α)(a⊗ a′), (α⊗ α)(b⊗ b′)]

(α⊗ β + β ⊗ α)((a⊗ a′)(b⊗ b′)) = (α⊗ α)(a⊗ a′)(α⊗ β + β ⊗ α)(b⊗ b′)

+ (α⊗ α)(b⊗ b′)(α⊗ β + β ⊗ α)(a⊗ a′).

Let i1 and i2 be the Poisson homomorphisms from A into A⊗ A defined by

i1 : A −→ A⊗ A, i1(a) = a⊗ 1

i2 : A −→ A⊗ A, i2(a) = 1⊗ a

for all a ∈ A. Given an algebra B, let µB be the multiplication map on B. If γ is an algebra
homomorphism from A⊗ A into B and δ is a Lie homomorphism from A⊗ A into BL such
that

γ({a⊗ a′, b⊗ b′}) = [δ(a⊗ a′), γ(b⊗ b′)]

δ((a⊗ a′)(b⊗ b′)) = γ(a⊗ a′)δ(b⊗ b′) + γ(b⊗ b′)δ(a⊗ a′)

for all a, a′, b, b′ ∈ A, then there exist algebra homomorphisms f, g from U(A) into B such
that fα = γi1, fβ = δi1, gα = γi2, gβ = δi2 by Lemma 6.

U(A) -f

α, β γ, δ

i1
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Moreover we have δi1(a)γi2(a
′) = γi2(a

′)δi1(a) for all a, a
′ ∈ A since

[δi1(a), γi2(a
′)] = γ({a⊗ 1, 1⊗ a′})

= γ(a⊗ {1, a′}+ {a, 1} ⊗ a′)

= 0.

Hence we have

µB(f ⊗ g)(α⊗ α)(a⊗ a
′) = fα(a)gα(a′) = γi1(a)γi2(a

′)

= γ(i1(a)i2(a
′)) = γ(a⊗ a′)

µB(f ⊗ g)(α⊗ β + β ⊗ α)(a⊗ a
′) = fα(a)gβ(a′) + fβ(a)gα(a′)

= γi1(a)δi2(a
′) + δi1(a)γi2(a

′)

= γi1(a)δi2(a
′) + γi2(a

′)δi1(a)

= δ(i1(a)i2(a
′))

= δ(a⊗ a′)

for all a, a′ ∈ A. Thus µB(f ⊗ g) is an algebra homomorphism such that

µB(f ⊗ g)(α⊗ α) = γ, µB(f ⊗ g)(α⊗ β + β ⊗ α) = δ.

If h : U(A⊗ A) −→ B is an algebra homomorphism such that

h(α⊗ α) = γ, h(α⊗ β + β ⊗ α) = δ

then

µB(f ⊗ g)(α(a)⊗ 1) = h(α⊗ α)(a⊗ 1) = h(α(a)⊗ 1)

µB(f ⊗ g)(1⊗ α(a)) = h(α⊗ α)(1⊗ a) = h(1⊗ α(a))

µB(f ⊗ g)(1⊗ β(a)) = h(α⊗ β + β ⊗ α)(1⊗ a) = h(1⊗ β(a))

µB(f ⊗ g)(β(a)⊗ 1) = h(α⊗ β + β ⊗ α)(a⊗ 1) = h(β(a)⊗ 1)

for all a ∈ A, hence we have µB(f ⊗ g) = h since U(A) is generated by α(A) and β(A). It
completes the proof by Lemma 5.

Lemma 8. Let (U(A), αA, βA) and (U(B), αB, βB) be Poisson enveloping algebras for Pois-
son algebras A and B respectively. If φ : A −→ B is a Poisson homomorphism then there
exists a unique algebra homomorphism U(φ) : U(A) −→ U(B) such that U(φ)αA = αBφ and
U(φ)βA = βBφ.

U(A) -
U(φ)

αA, βA αB, βB
φ

6

U(B)
6

A - B
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Proof. It follows immediately from the definition for Poisson enveloping algebra and Lem-
ma 6.

Let A = (A, ·, {·, ·}) be a Poisson algebra. Define a k-bilinear map {·, ·}1 on A by

{a, b}1 = {b, a}

for all a, b ∈ A. Then A1 = (A, ·, {·, ·}1) is a Poisson algebra. For an algebra B, we denote
by Bop = (B, ◦) the opposite algebra of B.

Proposition 9. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A.
Then (U(A)op, α, β) is the Poisson enveloping algebra for A1.

Proof. Clearly, α is an algebra homomorphism from A1 into U(A)
op since A1 is commutative

and β is a Lie homomorphism from A1 into U(A)
op
L . Moreover, by Lemma 4, we have

α({a, b}1) = α({b, a}) = [α(b), β(a)] = β(a) ◦ α(b)− α(b) ◦ β(a)

β(ab) = β(a)α(b) + β(b)α(a) = α(a) ◦ β(b) + α(b) ◦ β(a)

for all a, b ∈ A1. If B is an algebra, γ : A1 −→ B is an algebra homomorphism and
δ : A1 −→ BL is a Lie homomorphism such that

γ({a, b}1) = [δ(a), γ(b)] and δ(ab) = γ(a)δ(b) + γ(b)δ(a)

for all a, b ∈ A1, then γ : A −→ Bop is an algebra homomorphism and δ : A −→ BopL is a Lie
homomorphism such that

γ({a, b}) = γ({b, a}1) = [γ(b), δ(a)] = δ(a) ◦ γ(b)− γ(b) ◦ δ(a)

δ(ab) = δ(a)γ(b) + δ(b)γ(a) = γ(a) ◦ δ(b) + γ(b) ◦ δ(a)

for all a, b ∈ A by Lemma 4. Hence there is a unique algebra homomorphism h from U(A)
into Bop such that hα = γ and hβ = δ and so h : U(A)op −→ B is a unique algebra
homomorphism such that hα = γ and hβ = δ. Thus (U(A)op, α, β) is the Poisson enveloping
algebra for A1.

Theorem 10. If (A, ι, µ, ε,∆, S) is a Poisson Hopf algebra then

(U(A), ι
U(A)

, µ
U(A)

, U(ε), U(∆), U(S))

is a Hopf algebra such that

U(∆)α = (α⊗ α)∆ U(∆)β = (α⊗ β + β ⊗ α)∆

U(ε)α = ε U(ε)β = 0

U(S)α = αS U(S)β = βS.
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Proof. Since ∆ is a Poisson homomorphism and (U(A)⊗ U(A), α⊗ α, α⊗ β + β ⊗ α) is the
Poisson enveloping algebra of A ⊗ A by Lemma 7, there exists an algebra homomorphism
U(∆) : U(A) −→ U(A)⊗ U(A) such that

U(∆)α = (α⊗ α)∆, U(∆)β = (α⊗ β + β ⊗ α)∆

by Lemma 8. Similarly, there exists an algebra homomorphism U(ε) from U(A) into k such
that U(ε)α = ε, U(ε)β = 0 since (k, idk, 0) is the Poisson enveloping algebra of the field k
with trivial Poisson bracket. Since the antipode S is a Poisson homomorphism from A into
A1 by Lemma 3, there is an algebra homomorphism U(S) : U(A) −→ U(A)op such that
U(S)α = αS and U(S)β = βS by Lemma 8 and Proposition 9. It is verified routinely that
(U(A), ι

U(A)
, µ

U(A)
, U(ε), U(∆), U(S)) is a Hopf algebra.

Example 11. Let L be a finite dimensional Lie algebra over k with Lie bracket [·, ·] and let
S(L) be the symmetric algebra of L. Fix a k-basis x1, . . . , xn of L. Note that S(L) is the
commutative polynomial ring k[x1, . . . , xn]. Then, by [1, 2.8.7] or [2, Example 1], S(L) is a
Poisson Hopf algebra with structure

{a, b} = [a, b], ∆(a) = a⊗ 1 + 1⊗ a, ε(a) = 0, S(a) = −a

for all a, b ∈ L. In fact, it is verified easily using the induction on degree of homogeneous
elements of S(L) that

∆({x, y}) = {∆(x),∆(y)}

ε({x, y}) = 0

S({x, y}) = {S(y), S(x)}

for all x, y ∈ S(L). Observe that the Poisson enveloping algebra U(S(L)) = (U(S(L)), α, β)
is the algebra generated by x1, . . . , xn, y1, . . . , yn subject to the relation

xixj = xjxi, yiyj = yjyi + ψ([xi, xj]), xiyj = yjxi + [xi, xj]

for all i, j = 1, . . . , n and, α and β are given by α(xi) = xi, β(xi) = yi, respectively, where
ψ : L −→ U(S(L)) is a k-linear map defined by ψ(xi) = yi for all i = 1, . . . , n. By Theorem
10, the Poisson enveloping algebra U(S(L)) is a Hopf algebra with Hopf structure

∆(xi) = xi ⊗ 1 + 1⊗ xi ∆(yi) = yi ⊗ 1 + 1⊗ yi
ε(xi) = 0 ε(yi) = 0

S(xi) = −xi S(yi) = −yi

for all i = 1, . . . , n.
The Poisson enveloping algebra U(S(L)) contains the universal enveloping algebra of

L as a subalgebra. Let U be the subalgebra of U(S(L)) generated by y1, . . . , yn and let
j : L −→ U be a k-linear map defined by j(xi) = yi for all i = 1, . . . , n. Then (U, j) is the
universal enveloping algebra of L.
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