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Abstract. A polyhedral map is called {p, ¢}-equivelar if each face has p edges
and each vertex belongs to ¢ faces. In [12], it was shown that there exist infinitely
many geometrically realizable {p, ¢}-equivelar polyhedral maps if ¢ > p =4, p >
qg=4o0rq—3>p=3 It was shown in [6] that there exist infinitely many
{4,4}- and {3, 6}-equivelar polyhedral maps. In [1], it was shown that {5,5}- and
{6, 6}-equivelar polyhedral maps exist. In this note, examples are constructed, to
show that infinitely many self dual {k, k}-equivelar polyhedral maps exist for each
k > 5. Also vertex-minimal non-singular {p, p}-patterns are constructed for all odd
primes p.

MSC 2000: 52B70, 51M20, 57M20

Keywords: Polyhedral maps, equivelar maps, non-singular patterns

1. Introduction and results

A polyhedral complez (of dimension 2) is collection of cycles (finite connected 2-regular graphs)
together with the edges and the vertices in the cycles such that the intersection of any two
cycles is empty, a vertex or an edge. The cycles are called the faces of the polyhedral complex.
For a polyhedral complex K, V(K') denotes its vertex-set and EG(K’) denotes its edge-graph
or 1-skeleton. We say K finite if V/(K) is finite. If EG(K) is connected then K is said to be
connected.

A polyhedral complex is called a polyhedral 2-manifold (or an abstract polyhedron) if for
each vertex v the faces containing v are of the form Fi, ..., F,,, where Fi N Fy, ..., F, 1N
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F,., F,, N Fy are edges for some m > 3. A connected finite polyhedral 2-manifold is called
a polyhedral map. A combinatorial 2-manifold is a polyhedral 2-manifold whose faces are
3-cycles. A polyhedral map is called {p, ¢}-equivelar if each face is a p-cycle and each vertex
is in ¢ faces. A polyhedral map is called equivelar if it is {p, ¢}-equivelar for some p, ¢
(cf. [10, 3, 4, 11]).

To each polyhedral complex K, we associate a pure 2-dimensional simplicial complex
B(K) (called the barycentric subdivision of K) whose 2-faces are of the form weF’, where
(u,e, F') is a flag (i.e., e is an edge of the face F' and u is a vertex of e) in K. The geometric
carrier of B(K) is called the geometric carrier of K and is denoted by |K|. Clearly, K is a
polyhedral 2-manifold if and only if B(K) is a combinatorial 2-manifold (equivalently, | K| is
a 2-manifold). A polyhedral 2-manifold K is called orientable if | K| is orientable.

An isomorphism between two polyhedral complexes K and L is a bijection ¢: V(K) —
V(L) such that (v, ...,v,) is a face of K if and only if (¢(v1), ..., ¢(v,)) is a face of L. Two
complexes are called isomorphic if there is an isomorphism between them. We identify two
isomorphic polyhedral complexes. An isomorphism from K to itself is called an automorphism
of K. The set I'(K) of automorphisms of K forms a group. A polyhedral 2-manifold K is
called combinatorially reqular if I'(K') is transitive on flags (cf. [10]).

For a polyhedral 2-manifold K, consider the polyhedral complex K whose vertices are
the faces of K and (Fi,...,F,,) is a face of K if F,..., F,, have a common vertex and
FiNFy, ..., Fy 1N Ey, F,NFy are edges. Then K is a polyhedral 2-manifold and called the
dual of K. If K is isomorphic to K then K is called self dual.

A pattern is an ordered pair (M,G), where M is a connected closed surface in some
Euclidean space and G is a finite graph on M such that each component of M \ G is simply
connected. The closure of each component of M \ G is called a face of (M, G). For a face F,
the closed path (in ) consisting of all the edges and the vertices in F' is called the boundary
of F'. A pattern (M, G) is said to be non-singular if the boundary of each face is a cycle. A
non-singular pattern is said to be a polyhedral pattern if the intersection of any two faces is
empty, a vertex or an edge. A pattern (M, Q) is called a {p, q}-pattern if each face contains
p edges and the degree of each vertex in G is ¢ (cf. [7]).

If (M, G) is a polyhedral pattern then clearly the boundaries of the faces of (M, G) form
a polyhedral map. Conversely, for a polyhedral map K, let M = |K| and G = EG(K). Then
(M, G) is a polyhedral pattern and the faces of K are the boundaries of the faces of (M, G).
This pattern (M, Q) is called a geometric realization of K. A geometric realization (M, G)
(in some R") is called linear if each face of M is a convex polygon and no two adjacent faces
(i.e., faces which share a common edge) lie in the same plane. If a polyhedral map has a
linear geometric realization in R® then it is called geometrically realizable.

If fo(K), fi(K) and fo(K) are the number of vertices, edges and faces respectively of a
polyhedral complex K then the number x(K) := fo(K) — fi(K) + f2(K) is called the Fuler
characteristic of K. Observe that x(B(K)) = x(K). If v and v are vertices of a face I’
and wv is not an edge of F' then wv is called a diagonal. Clearly, if d(K) is the number of
diagonals of a polyhedral complex K then d(K)+ fi(K) < (f O(QK )> and in the case of equality
each pair of vertices belongs to a face. A polyhedral map K is called a weakly neighbourly
polyhedral map (in short, wnp map) if each pair of vertices belongs to a common face.

We know (cf. [6]) that there exists a unique {p, q}-equivelar polyhedral map if (p, q) = (3, 3),
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(3,4) or (4,3) and there are exactly two {p, ¢}-equivelar polyhedral maps if (p,q) = (3,5) or
(5,3). In [12], McMullen et al. constructed infinitely many geometrically realizable {p, q}-
equivelar polyhedral maps for each (p,q) € {(r,4) : v > 5}U{(4,s) : s > 5}U{(3,k) : k > T}.
In [6], it was shown that there exist infinitely many {4,4}- and {3, 6}-equivelar polyhedral
maps. It was also shown that there are exactly two neighbourly {3, 8}-equivelar polyhedral
maps and there are exactly 14 neighbourly {3, 9}-equivelar polyhedral maps.

In [5], Coxeter constructed a geometrically realizable combinatorially regular infinite
polyhedral 2-manifold whose faces are hexagons and each vertex is in six faces (namely,
{6,6]3}). In [9], Griinbaum constructed another combinatorially regular infinite polyhedral
2-manifold of type {6,6} (namely, {6,6},) (cf. [10]). In [8], Gott constructed a geometrically
realizable infinite polyhedral 2-manifold whose faces are pentagons and each vertex is in five
faces. If K is a {p, q}-equivelar polyhedral map on n vertices then d(K) = ng(p — 3)/2
and f1(K) = ng/2. Therefore, if K is an n-vertex {p,p}-equivelar polyhedral map then
np(p — 3)/2 + np/2 < n(n — 1)/2 and hence n > (p — 1)%. Clearly, equality holds if and
only if K is a wnp map. Let a(p) denote the smallest n such that there exists an n-vertex
{p, p}-equivelar polyhedral map. Clearly, the 4-vertex 2-sphere (the boundary of a 3-simplex)
is the unique {3, 3}-equivelar wnp map. In [1], Brehm proved that there exist exactly three
{4,4}-equivelar wnp maps and constructed the 16-vertex {5,5}-equivelar polyhedral map
M5 16 (of Example 1). It was shown in [2] that Ms 16 is the unique {5, 5}-equivelar polyhedral
map on 16 vertices. So, a(k) = (k — 1)? for & < 5. In [1], Brehm also constructed the
26-vertex {6, 6}-equivelar polyhedral map Mg o6 (of Example 1). Here we show :

Theorem 1. For each m > 3 and n > 0, there exist a 2(3m_1 + 2n — 1)-vertex self dual
{2m — 1,2m — 1}-equivelar polyhedral map and a (3™ + 2n — 1)-vertez self dual {2m,2m}-
equivelar polyhedral map.

Thus (2m—2)? < a(2m—1) < 2(3™ ' —1) and (2m—1)* < a(2m) < 3™ —1forallm > 3. In
[13], using a computer, Nilakantan has shown that there does not exist any 25-vertex {6, 6}-
equivelar polyhedral map. So, «(6) = 26 and hence there does not exist any {6, 6 }-equivelar
wnp map. We believe the following is true:

Conjecture 1. There does not exist any {k, k}-equivelar wnp map for k > 7.

For the existence of an n-vertex {k, k}-pattern n must be at least k + 1. Here we show:

Theorem 2. There exists a (p+ 1)-vertex non-singular {p, p}-pattern for each odd prime p.

2. Examples and proofs of the results

We first construct infinitely many {k, k}-equivelar polyhedral maps. We need these to prove
our results. We identify a polyhedral complex with the set of faces in it.
Example 1. For m > 3 and n > 0, let
Moy —193m142n-1) = {Figm-1:1<1 < 23" +2n — 1)},
Mo gmion—1 = {Fiom 11 <4< 3™ +2n — 1},
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where by =371 —1, by =2x 371 —1, for [ > 1 and

Fiom—1 = (i+bi,i4+ba, ..., 0+ bay_s, i+ bayo + 1,0+ b1 + 2n),
Fiom = (i4+bi,i4ba, ..., 0+ bam_o, i+ bayy—1,7 + bay, + 1)

are cycles ((2m —1)-cycles and (2m)-cycles respectively) with vertices from Zggm-149,_1) and
Zigm yon 1 Tespectively. Clearly, there are 2m~1 faces through each vertex in My, 1 23m-149n-1)
and there are 2m faces through each vertex in My, 3mi9n—1. S0, fi(Map—12(3m-1420-1)) =
(3™ 1 4+2n—1)(2m—1) and fi(Mapmgmion—1) = (3™+2n—1)m. Thus, X (Maym—123m-1+20-1))
= (3™ +2n—1)(5—2m) and x(Map3mi9n_1) = (3™ +2n—1)(2—m). By Lemma 2 below,
Mo 11,2(3m-142n-1) and Moy, 3m 9,1 are polyhedral maps. But, by Lemma 4, none of these
polyhedral maps are combinatorially regular.

2r+1 r+42 r4+4 r+6 r+8 2r—7 r—6 r—4 r—2

Lemma 1. For a collection C of cycles, let C be the 2-dimensional pure simplicial complex
whose 2-faces are of the form xyF', where F' € C and xy is an edge in F. If B(C) is as defined
earlier then the following three are equivalent.

(i) B(C) is a combinatorial 2-manifold.
(ii) C is a combinatorial 2-manifold.
(i) For any vertex v, the cycles containing v are of the form Fy = (v,011,..., V1), -
Fo = (0,Um1, .y Umm,,) Such that v1,, = v21,..., Vm—1pm 1 = Um.1, Umm, = V1,1 fOT
some m > 2.

Proof. Clearly, B(C) is a subdivision of C. Therefore, (i) and (ii) are equivalent.

For a 2-dimensional pure simplicial complex X, the link of a vertex v is the graph lkx(v)
whose vertex-set is {u € V(X) : ww € X} and edge-set is {zy : zyv € X}. Clearly, X is a
combinatorial 2-manifold if and only if Ik (v) is a cycle for each v € V(X).

Let v be a vertex of C. If v = F € C then lkgs(v) is F itself. Let v be a vertex of C which is
not a cycle in C. If the cycles containing v are of the form Fy = (v,v11,...,V10,)s -+, Fon =
(U, U1y Umn,,) Such that vi,, = va1,...,Um-1m, 1 = Umi, Umn, = U11 for some
m > 2 then lkz(v) is the cycle vy 1 Fivg1Fs -« Uy 1 Fr. Conversely, if lkz(v) is a cycle then,
from the definition of C, lkg(v) must be of the form vy Fivg 1 Fy -+ vy 1 Frp, where Fy =
(U, V11, Viny )y e oo Fn = (U, U1, - ooy Uminy, ) SUCh that vy, = Va1, ., Um—10, 1 = Umi,s
Um.n,, = U1,1. This proves that (ii) and (iii) are equivalent. O

Lemma 2. My, 23m-142n—1) and Moy, 3m 2,1 are polyhedral maps for m > 3, n > 0.
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Proof. Since {i,i4 1} is an edge in My,,_q 9(3m-112,—1) for each i, EG(Map,_1 23m-142,-1)) 18
connected. Similarly, EG(Map, 3m2,—1) is connected.

Observe that the faces in My, 23m-142,—1) containing i are Fy, Fi_y,, Fiy,, Fiy,, ...,
Fi 50 Ficbgrn_o—ns Ficbo,_1—2n, Where Iy = Fj o, 1 = (i4-b1,0+ba, ... i+ boy—g, i+ bop—o +
n,i+ boym—1 + 2n). Clearly, ;N EF;_p, = =F,NF 4, , n=-=F_4, | onNFiy, =
o= Fipyy —20 N Fiop,,, = {i}.

Since byj 1 = 2bayj — bej—y for all j, Fi_y,, | N Fi_y,, is the edge {4,714 by — by—1}, Fip,, N
Fi vy, is the edge {i+by —boy1,1} for 1 <1 <m—2, F;_y, NFiy,  ,nisthe edge {i,i+
bom—1—bam_o+n}and F;_y, . NF;_y, o, isthe edge {i+bay,_3—bom_2—n,i}. Again,
since 20,1 +4n =0 (mod 2(3™ ' +2n—1)), F;_y,, 2, NF; is the edge {7,i+ bay,_1 +2n}.
Thus, any pair of faces containing 7 intersects in either at ¢ or on an edge through ¢ and the
faces containing ¢ form a single cycle of adjacent faces (sharing a common edge). Therefore,
Moy, —1,2(3m-142n-1) is a polyhedral map.

The faces in Moy, gmy9,—1 containing ¢ are C;, Ci_p,, Ci_py, ..., Cizpy, 15 Cipy,—n, Where
Cz‘ = Fi,2m = (Z—f—bl,l—f—bg, .. ,i+b2m_1,i+b2m+n) and Ciﬂci—b:; == C’iﬂC’i_bszl =

o =Cipy - NCipy =+ =Cipy —nNCip,. , = {i}. Also, since 2byy,, — bo—1 +2n =0

(mod 3™ +2n — 1), Ci_s,,, NCi_y,, is the edge {i,i+ by — by—1}, Ci—p,, NCiy,,,, is the edge
{i + by — byyyq,i} for 1 <1 <m—1, Ciy,, , NCip, _, is the edge {i,i — by,, — n} and
Ci_by,—n N C; is the edge {i + by, + n,1}. Thus, any pair of faces containing ¢ intersects in
either at ¢ or on an edge through ¢ and the faces containing 7 form a single cycle of adjacent
faces. Therefore, My, 3m 42,1 is @ polyhedral map. O

From the uniqueness of 16-vertex {5, 5}-equivelar polyhedral map it follows that Ms; ;¢ is self
dual. Here we prove.

Lemma 3. My, _123m-142n—1) and My, 3m 0,1 are self dual for m > 3 and n > 0.

Proof. Let @: Mop,_1 a3m—142n-1) — Mop_1,233m-142n—1) be the mapping given by ¢(i) =
F, :== F_;9,,—1. Clearly ¢ is a bijection. Consider the face F; = (i + by,..., i + bop—3,7 +
bam—2 + 1,0+ byp—1 +2n). Now, (@(i +b1), ..., (i + bam—3), 0(i + bam—2 +n), (i 4 b1 +
2n)) = (Fi by Foip s Foity s Fiy,1—2n) = F_; (say). From the proof of
Lemma 2, F_; is a cycle of adjacent faces (sharing a common edge) containing the common
vertex —i. Therefore, by the definition, F_i is a face of M2m71’2(3m71+2n,1). This implies
that Mzm_m(gmfl”n_l) is isomorphic to Moy, 1 93m-142,—1). Similarly, ©: Moy, 3m 40,1 —
MQm’gm_A'_Qn_l, given by 9 (i) = F_; 9,,, defines an isomorphism. O

Clearly, I'(Ma,—1,2(3m-142n-1)) and (Mg, 3myon—1) are transitive on the vertices and the
faces. Here we prove.

Lemma 4. My, 1 o3m-14on—1) and Moy, 3m9n—1 are not combinatorially reqular for all m >
3 andn > 0.

Proof. Let p = 2(3™™' +2n —1). If m > 3 then consider the flags F; = (0,{0,b,, —
bns1}, Fop,,y) and Fo = (0, {0, bpora — bimga }s Flp,, ) in May,—q . If possible let there exist
¢ € I'(Map—_1,) such that ¢(F;) = Fo. Then ¢(0) = 0, p(FL, = F,, and hence

m—+41 ) m—+41
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O(1 = bpy1) = —bpmyr and (1) = 1. If m > 5 then, by considering the faces containing 1,
OF1byys) = Fiopyny @(F1-ppis) = Fiop,,y,- These imply 14 b4 — biiz = ©(1 = byy1) =
—byt1 in Z,,, a contradiction. If m = 5 then ¢(Fi_p;) = Fi_pg—p, and hence 1 +by —bg —n =
©(1 — bg) = —bg in Z,. This is not possible. If m = 4 then ¢(Fi_y,) = Fi_p,—2, and hence
14+bs—b; —2n=¢(1 —b_5) = —bs in Z,,, a contradiction.

For m = 3, if ¢ € I'(M5 ,,) such that ¢ ((0,{0,3+n}, F_y,_,)) = (0,{0,13 4+ 3n}, F_y,_p)
then ¢(12 4 3n) = 11 4+ 3n and Y(F_p,—,) = Fy and hence 3 = (124 3n) = 11+ 3nin Z,,.
This is also not possible.

Thus, Myy,—123m-142n—1) always has a pair of flags F; and JF, such that o(F1) # F» for
all € I'(Mapm—1,2(3m142n-1))- SO, Map_12(3m—112,—1) is Nt combinatorially regular.

Let n = 3™ +2n — 1 and C; = F,5,. Consider the flags C; = (0, {0, (=1)"(bimt2 —
bm+1)}707bm+1) and Cy = (07 {07 <_1)m(an+2 - berl)}?C*bm-FQ) in M2mm' If € F(M%Wi)
such that ¢(Cy) = Ca, then ¢(Ca) = C1, (1 — byi2) = —bpy1 and ¢(1) = 1. If m > 3 then
©(Ci—p,nys) = Ci-s,,,, and hence 1 +by —bpi3 = (1 —bppyo) = —byyr in Z,), a contradiction.
If m = 3 then ¢(Ci_y,) = Ci_ps—n and hence 14 by — b +n = ¢(1 —bs) = —by in Z,. This is
not possible. Therefore, by similar argument as before, My, 3m9,—1 is not combinatorially
regular. O

Example 2. Let C4 be the collection of 4-cycles of the complete graph K5 on the vertex set
Zy U {u} given by Cq = {(0,1,2,3), (u, 4,7+ 1,0+ 3) :4 € Zs}. Then |Cy| is the torus and
hence (|C4l, K5) is a non-singular {4, 4}-pattern.

Lemma 5. Suppose C(m,) = {(0,1,....,p— 1), (w,i +m,(1),...,i+mp(p—1)) : i € Z,} is
a collection of cycles of the complete graph K,.1 on the vertex set Z, U {u}, where p is an
odd prime and w, is a permutation of Z, \ {0} ={1,...,p —1}. If

(ppl) mp(21) +mp(p—i) =p for1<i<p-—1,

(pp2) my(1) =22 and

(pp3)_exactly one of j, —j is in {my(2) — mp(1), 7p(3) — mp(2), ..., mp(EE) — mp(5H)}
then C(mp) is a connected combinatorial 2-manifold.

Proof. Since edges of cycles of C(m,) form a connected graph, EG(C(7,)) is connected.
Let a; = m,(i + 1) — m,(i) for 1 <4 < p—2. Then, by (ppl), a; = a, 1. Let r = 22

Then, by (ppl), (pp2), a,+1 =1 and, by (pp3), {a1,..., a1, —a1,...,—a,41} = Z, \ {0}.
If r is even then the cycles containing ¢ are (i,u,...,i+ay), (3,7 + a1,...,1 —az), (1,1 —
Qs yid8)yes (i Gty ey — )y (10— Qpy eyt 1), (654 1,042, i+ p—1),
(i,i—i—p—1,...,i—l—a,urg),...,(z',i—l—a%,...,i—awﬂ), (’i,i—azr+1,...7U).
If r is odd then the cycles containing ¢ are (i,u,...,i + aq), (i, +ay,...,i —az), (i,i —
oy i gy (Byi— Gty ey ibay), (it itp—1), (Gi4tp—1,...,i+2,i+1),
(z’,i+1,...,i—ar+2),...,(i,i+a2r,...,i—a2r+1), (i,i—a2r+1,...,u>.

The cycles containing u are (u, mp(1),...,mp(p — 1)), (u, 1 +my(1), ..., 1+ m(p—1)),.. .,
(u,p—14m,(1),...,p—14m,(p—1)). Since {m,(p—1),1+7m,(p—1),...,p—1+7,(p—1)} = Z,,
the cycles containing u can be arranged as (u, my(i1),. .., mp(J1))s - -, (U, p(ip),s - - o, Tp(Jp)),
where j; = i2,. .., jp—1 = Ip, jp = %1. The lemma now follows by Lemma 1. a
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Clearly, 73 is the identity permutation and C(r3) is the 4-vertex 2-sphere S2. Also, x(C(r,)) =
2(p+1) — ((,;;1) +p(p+ 1)) +(p+1)p=(p+1)(4—p)/2. So, if p =4k +1 for some k > 1

then x(C(m,)) is odd and hence C(,) is non-orientable. Here we prove.

Lemma 6. C(m,) is non-orientable for p > 3.

Proof. Let FF=(0,1,...,p—1) and F; = (u,i + m,(1),...,i +mp(p—1)) for 1 <i <p—1.
We can choose a p-gonal disc (not necessarily convex) in the plane for each cycle in C(m,)
so that the disc corresponding to F; is attached with that for [’ along the common edge
{i + my(551), i + my(EE2)} for each i and there are no other intersections. This gives us a
p(p — 1)-gonal disc D(m,). Then there are two edges in D(m,) corresponding to an edge jk
(j,k € Zy, —1 # j—k # 1) in some cycle F; and they appear in the same direction (clockwise
or anti-clockwise). Since |C(m,)| is homeomorphic to the space obtained by identifying such
pairs of edges (and some more) of D(,), |C(,)| is non-orientable. O

Lemma 7. Let p > 3 be a prime.
(a) Ifp =4k+3 for some k > 1 then the permutation o, = (2,4k+1)(4,4k—1)--- (2k, 2k +
3) of Z, \ {0} satisfies (ppl), (pp2) and (pp3) of Lemma 5.
(b) Ifp=4l+1 for somel > 1 then the permutation p, = (1,41)(3,41—2)--- (21—1,2(+2)
of Z, \ {0} satisfies (ppl), (pp2) and (pp3) of Lemma 5.

Proof. Clearly, o, and p, satisfy hypothesis (ppl) and (pp2).

Now, {0,(2) — 0,(1),...,0,(E) — 0,(E2)} = {4k, —(4k — 2),4k — 4,...,4,-2,1} =
{—2,4,—-6,...,—(4k — 2),4k, —(4k + 2)}. Thus o, satisfies (pp3).

Againv {pp(Q)_pp(1)7 st 7101?(1%1)_&)(%)} = {_(4l_2)7 4l_47 _(4l_6)7 4,2, 1} =
{—2,4,—6,...,(4l —4),—(4l — 2),—4l}. Thus p, satisfies (pp3). O

Proof of Theorem 1. Let m > 3 and n > 0. By Lemma 2, My,,_1 3i3m-142,-1) IS @ 2(3m 1 +
2n — 1)-vertex polyhedral map and hence a {2m — 1,2m — 1}-equivelar polyhedral map.
Again, by Lemma 2, Mo, 3mi2n-1 i a (3™ + 2n — 1)-vertex polyhedral map and hence a
{2m, 2m}-equivelar polyhedral map. The theorem now follows from Lemma 3. O

Proof of Theorem 2. Let p > 3 be a prime and K,;; be the complete graph on the vertex
set Z, U {u}. By Lemma 7, there exists a permutation 7, of Z, \ {0} which satisfies (ppl),
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(pp2) and (pp3) of Lemma 5. Let C(m,) be as in Lemma 5. Then, by Lemma 5, C(7,) is a
connected combinatorial 2-manifold. So, if N, := |C(7,)| then (N,, K,.1) is a non-singular
{p, p}-pattern and the cycles in C(m,) are the boundaries of the faces of (N,, K}+1). Finally,
the 4-vertex 2-sphere S? gives a {3, 3}-pattern. This completes the proof. O
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