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Abstract. The present paper continues the study of the nature of the
variety X [M] of directions of pointwise planar normal sections for the
manifold M of complete flags of a compact simple Lie group G,,.

The main results concern submanifolds embedded in RP™ ! (m =
dim M) which are subsets of X [M]. One of them is an open set in
the natural topology of X [M] whose dimension is related to that of M
and the rank of the Lie group G,. Others are projective subspaces of
“minimal” dimension contained in X [M] for the groups G, = SU(n+1).

MSC 2000: 53C30, 53C42, 32V30

1. Introduction

In [5] the variety X [M] of directions of pointwise planar normal sections of a
natural embedding of an R-space M, was introduced. This is a real algebraic
variety in the real projective space RP™~ !, where m = dim M and in some sense
it measures the difference between the given manifold and a symmetric R-space.
This variety in general has singularities but in the present paper, when M is the
manifold of complete flags of a compact simple Lie group G,, we observe the
presence of an open set in the natural topology of X [M] which is a differentiable
manifold whose dimension is related to that of M and the rank of the Lie group
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G.,. The presence of this manifold gives some indication of the “size” of X [M]
inside the projective space RP™ !,

On the other hand, the existence of certain submanifolds such as projective
subspaces in an algebraic variety like X [M] indicates that the variety is rather
special. Therefore the knowledge of the presence of these submanifolds seems to
be desirable. In a couple of papers [6] and [7] the presence of these submanifolds
in X [M] was considered when the R-space M is the manifold of complete flags of
a compact simple Lie group G,. In the first one, a family of maximal projective
subspaces in X [M] was described. In the second one, the study of projective
subspaces of X [M] was continued and the main result there relates a family of
these subspaces, which are of the maximal possible dimension with tangent spaces
to some of the inner symmetric spaces corresponding to the group G,.

Also in [12], related to the study of extrinsic symmetric CR-structures on the
manifold of complete flags M, it was observed a strong connection between the
holomorphic tangent spaces of these structures and those subspaces of the tangent
space to M which give rise to projective subspaces in X [M]. This particular fact
throws new light on the interest of the study of these subspaces in X [M].

Following this line, in the present paper and for the manifold M, =SU(n+1)/T",
we obtain information about the minimal possible dimension of those maximal
Ad(T™)-invariant vector subspaces in the tangent space defining projective sub-
spaces in X [M]. Since we have already determined the maximal possible dimen-
sion for these subspaces we have thus a description of the range of the admissible
dimensions for them.

This paper is organized as follows. Section 2 contains the notation and basic
facts necessary to get acquainted with the theme of the paper. Section 3 contains
information on the nature of the polynomials associated to the variety X [M].
The main result here is Theorem 3.2 which shows the existence of submanifolds
in X [M] when M is the manifold of complete flags of a compact simple Lie group
G,. It is proven that the variety X [M] contains an open set (for the induced
topology from RP™!) which is a differentiable submanifold of dimension m — n
embedded in RP™ !, where n is the rank of the Lie group G,. This set is the
projection of the non-singular points in R™ of the function whose coordinate are
the polynomials defining the variety X [M].

In Section 4, for the family M,, = SU(n+1)/T™ we study the varieties X [M,,].
In the first place we give recursive formulae for the polynomials defining them
which allows us to show that, for certain natural embeddings, the set of directions
of pointwise planar normal sections of M, is contained in that of M, ;. In the
second one we obtain Theorem 4.4 which is the main result of this section. It shows
that a subspace of the tangent space of M,,, which is maximal among the Ad(T™)-
invariant subspaces defining projective subspaces in X [M,,], must have dimension
greater than or equal to 2n. Furthermore this results gives a characterization
of those of dimension 2n relating them with tangent spaces to inner symmetric
spaces for the group SU(n+ 1). We conclude that, if we pose no restriction, when
the dimension of the Ad(7T™)-invariant subspace defining projective subspaces in
X [M,] is not one of the extreme cases, there is no connection between them and
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any tangent spaces to a homogeneous manifold of the group SU(n + 1).

Also we obtain, as an application, a result about the holomorphic tangent
spaces of SU(n+ 1)-invariant minimal almost Hermitian extrinsic symmetric CR-
structure on M, related to [12].

2. Notation and basic facts

Let f: M — RY be an isometric embedding. We may identify M with its image
by f. Let p be a point in M and X a unit vector in the tangent space 1), (M). If
T, (M )l denotes the normal space to M at p, we may consider the affine subspace
of RN defined by S (p, X) = p + Span {X, T, (M)L}

If U is a small enough neighborhood of p in M, then the intersection U N
S (p, X') can be considered as the image of a C* regular curve v (s), parametrized
by arc-length, such that v (0) = p and 7/ (0) = X. This curve is called the normal
section of M at the point p in the direction of X.

Following B. Y. Chen, we say that the normal section v of M at p in the
direction of X is pointwise planar at p if its first three derivatives 4/ (0) ,~” (0)
and " (0) are linearly dependent, i.e. if v/ (0) A~" (0) A+ (0) = 0.

In previous papers we have studied the pointwise planar normal sections of
an orbit of an s-representation; i.e. of a natural embedding of an R-space or real
flag manifold (the reader is referred to [5, p. 225] and references therein, for basic
information concerning R-spaces, canonical connections, etc.). In order to recall
one of the results obtained there, that is needed in the present paper, we introduce
Nnow some necessary notation.

Let f : M — RY be a natural embedding of an R-space and let V denote
the Riemannian connection associated to the metric induced from the Euclidean
metric. Let V¢ denote the canonical connection associated to the “usual” reductive
decomposition of the Lie algebra of the compact Lie group defining M. Let
D =V — V¢ denote the difference tensor and let o be the second fundamental
form of the embedding f. The indicated result is the following.

Theorem 2.1. [5, p. 226,(2.5)] If f : M — RN is a natural embedding of an
R-space and p is a point in M, then the normal section vy with v (0) = p and
v (0) = X is pointwise planar at p if and only if the unit tangent vector X at p

satisfies the equation
a(D(X,X),X)=0. 0

This result allows us to define X, [M] as the image (for the canonical projection)
in the real projective space RP™ ! (m = dim M) of the set of those directions
that define pointwise planar normal section at p. Since M is an orbit of a group
of isometries of the ambient space RY, it is clear that X, [M] does not depend on
the point p and we may denote it by X [M].

It is known that X [M] is a real algebraic variety of RP™! defined by homo-
geneous polynomials of degree 3 (see [5, p. 227, (2.9)]).
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In this paper we restrict our attention to manifolds of complete flags which
have been the subject of our work for some time and where we have obtained the
most interesting results. These are, among complex flag manifolds M, those where
X [M] presents the greatest simplicity in geometric terms (i.e. minimal number of
defining polynomials). At the same time, these manifolds are sufficiently compli-
cated to yield interesting information about the varieties of planar normal sections.
This is so because they are the flag manifolds which stand further apart from the
corresponding Hermitian symmetric spaces, if the group under consideration has
one (this is not the case for Es, Fy and G3). For a Hermitian symmetric space
H, by results of Chen [3] and Ferus [10] (compare [5, p. 224]), it is known that
the variety X [H] is the real projective space RP"~! where h = dim H.

We need to introduce the following notation.

Let G be a simply connected, complex, simple Lie group and let g be its Lie
algebra. Let h be a Cartan subalgebra of g and A = A (g, ) the root system of
g relative to h. We may write

g=bheo Z(gv@gfﬂy)

yeEAT

where A7 indicates the set of positive roots with respect to some order.
Let us consider in g the Borel subalgebra

b=bho Zg_y.

yEAt

Let B be the analytic subgroup of GG corresponding to the subalgebra b. B is
closed and its own normalizer in GG. The quotient space M = G/B is a complex
homogeneous space called the manifold of complete flags of G.

Let m = {71,...,7} C AT be a system of simple roots. We may take in g
a Weyl basis [13, 111, 5] {X: 8 € A} and {H,, : v; € 7}. The following set of
vectors provides a basis of a compact real form g, of g

U, = \/Lj(XV -X_,) yeA”
Uy = ﬁ (Xy+Xy) veAT (1)
ifﬂw v €.

We shall denote by $ the real vector space generated by {iH%. 1y € 7r} and by
m, that of {U,,U_,}. Then we may write

=90 ) m=Hom

yEAT

Let G, be the analytic subgroup of G corresponding to g,. G, is compact and
acts transitively on M which can be written as M = G,/ (G, N B). The subgroup
T =G,NB =exp$ is a maximal torus in G,. Then M is a compact, simply
connected, complex manifold called manifold of complete flags for the simple Lie
group G,,.
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Let E € g, be a regular element [15, p. 48]. We want to consider the orbit of
E by the adjoint action of G, on g,, i.e. Ad(G,)FE ={Ad(g)E:g¢€ G,}. Itis
clear that the isotropy subgroup of the point E is precisely G, N B and we have
a natural embedding of M in g,. We may take in g, the inner product given by
the opposite of the Killing form and therefore the induced Riemannian metric on
M, by the embedding f : M — g,, is invariant by the action of GG,,. Then the
tangent space to M at E is T (M) = [g,, E] = [m, E] = m and T (M)" = 9 is
the normal space there.

3. Polynomials associated to X [M]

In order to study the variety X [M] for M a complete flag manifold for the com-
pact, connected, simple Lie group G,,, we need to consider the polynomials defining
it. These polynomials are the components of the second fundamental form with
respect to a convenient basis in the normal space.

If « is the second fundamental form of the imbedding f : M — g, and
X =3 ca+(@U, +2-,U_,) €m , we may write

Oé([X, E] 7D<[X7 E] ) [X7 E])) = Z p'l’iH'Yr' (2)

1<r<n

In [6, Lemma 3.1] we obtain the following expression

o(X,B],D(X,E|,[X.E]) = Y dorsyiHs+ Y beppily
o,1,0€AT e,p,BEAT
d=o+7 le—pl=5

where

d(o’,T,&) = T((Z\/g) NU,T {(1’5377— - $’_Jllf_7—)l'5 + ('IU:I;—T + $—0"ET)$—5}
p(iE

bep.8) = \/5 Ne—p {(:ngp + )5+ 8Gpc(Tw )y — T_.T,)T_p}

and
le—pl=e—p and sg._, =1 if e—pe A"
le—pl=p—c and sg._,=—1 if p—ec e AT

In the previous expression, we may cluster the coefficients corresponding to the
terms (o, 7,d) and (7,0,0) and similarly those of (¢, p,3) and (p,e,5). Let us
denote by d{o’.r} = d(omg) —i—d(T’g’(;) and b{s,p} = b(s’pﬂ) —i—b(p,g’g). Since Naﬂ. = —]\77.7(7
and N, _, = N, _. follows that

N, u
diory = 3 {(zowr — 10w )25 + (ToX—r + T_or)T_s}
N, _ v
biepy = 77; {(zewp + 0ct_p) 15 + 5gp-c(Tet—p — T_cTp)T_p}

where uw = 7 (iE) — 0 (iE) and v = p (iE) + ¢ (i E).
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Set ' = {{o,7} : o7, 0 +7 € AT} and T = {{g,p} : &,p,le —p| € AT}
Then we have

a ([X7 E] 7D ([X> E] ) [X7 E])) = Z d{a,f}iHU-i—T"‘f_ Z b{a,p}iﬂla—pk (3)

{o,7}el {e,p}ET
To express each root (3 in terms of the simple roots, it will be useful the following
notation
B=>" k(B (4)
1<j<n

The coefficient p, in (2) is obtained as sum of all the coefficients dy, ., and by.
in (3), such that k.(c +7) # 0 and k,(¢ — p) # 0.
In order to simplify notation, if {o,7} € I" we write

Yory = (Tl = T o) Toir + (Lol r + T_oZr)T_(o4r). (5)

Since each of the sets I' and T gives rise the other one, we may adequately change
the clustering of the terms in (3) to conclude

Q ([Xv E] ) D ([X7 E] ) [X7 E])) = Z {]:[/Cfg(T (ZE> -0 (iE))Q{U,T}iHU+T+

{o,7}el’
Na-i—'r,—a . . . No—i—T,—T . . .
+ o (20 (iE) + 7 (iE))q(oiH; + N5 (0 (iE) 427 (iE))q(oriHy
= Z O'Tq{O'T}{T(ZE)ZH _U(ZE)ZH}
{o, T}EF
=) \/— Nor4o.r) { > (T(iE) k(o) — o (iE) k‘r(T))in}
{o,7}el’ 1<r<n

and then
a([X,E],D([X,gE],[X,E])) _ . ‘
= 2 {2 Nos(r(iE) k(o) — 0 (iE) k(7)) oy Yis,.
1<r<n  {o,7}€ll
The preceding development may be summarized in the following lemma.
Lemma 3.1. For each r, 1 <r <n, the coefficient p, in (2) is given by
D Now (T (E) k(o) = 0 GE) k(7)) goy (6)
\/_ {o,7}el

where qgory s defined by (5). O

This result allows us to obtain information about the family of polynomials defin-
ing X[M] as follows:
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Theorem 3.1. The polynomials p, (1 <r <mn) given in (2) satisfy:

(i) > w(E)p,=0.

1<r<n
ii) For any j such that 1 < j < mn the set{p, : 1 <r <mn, r # j} is R-linearly
yJ
independent.

Proof. (i) By Lemma 3.1 and (4) we have

> %lE)p,

1<r<n

-2y Nm{ > W'E)[k?«(a)f(w)—mr)a(iEﬂ}qw

\/_ {o,7}el’ 1<r<n
3 . .
_ NG Z Nor{o(iE)T (iE) — 7 (iE) 0 (iE)} q(o,ry = 0.
{o, 7}l

(ii) Let us fix j such that 1 < j < n and assume that there are some real numbers

¢, such that
Z ¢pr = 0. (7)

Since given two polynomials g, ,} and g4 with {o,7} # {¢,¢} in I' their
monomials are all different, by Lemma 3.1, we have that (7) implies

S Glr (iB) ky(0) - 0 (i) k()] = 0 (8)

1<r<n

r#j

for every o, 7 such that {o,7} €T,
For o = v; let 7 = v, be such that 0 +7 € A*. By (8) we have —cyv;(iE) =0
and therefore

cs = 0. (9)

If r # j # t are such that v, + v, € AT, taking 0 = v, and 7 = v, in (8) we may
write ¢,y (1E)— ¢v-(1E) = 0 and then

Y (1E)

— Ct
Y (iE)
By connectedness of the Dinkyn diagrams, if m # j, there exist positive, distinct

integers j = ko, k1, ..., k, = m such that v, + 5, € AT,0<1 < h—1. By (9)
and (10), we have 0 = ¢, = - -+ = ¢x, = ¢, Therefore (ii) follows. O

Cp =

(10)

The following observation with respect to the partial derivatives of the polynomials
4{o,ry Will be useful below:
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Remark 3.1. For {o,7} € I" and 0 + 7 = § it occurs

a o,T a o,T

%{T:s} = X,0r — T gl gg{c—;; = XoTr + T_glr
a o,T 8 o,T

%{T;} =TT + T _sT_ g;—_’a} = T_§T, — TsT_r
aq{o‘,r} 8q{‘777’}

oz, =25y T T_sT_g oz, = X_§Tyg — T§T_&
%ory _ (;

Oz —01f8¢ {0',7',5}.

Then it is easy to see that at the point X = 37 _\.(2,U, +2_,U_;) of m,
<M M) # (0,0) if and only if (z,,2_,) # (0,0) and (z,,z_,) # (0,0).

dxrs 7 Oxr—;g
Theorem 3.2. The variety X [M| contains an open set which is an embedded
submanifold in RP™ ' of dimension m — n, where m = dim M and n = rank g.

Proof. The proof consists of showing that there exists a point X in S™7!, the

sphere unit of m, such that a ([X, E], D ([X, E], [X, E])) = 0 and where the Ja-

cobian matrix of the function P : S™~! — R"! given by P = (p1,p2,---,Pn_1)

has rank n — 1. Then the theorem follows from the Implicit Function Theorem.
Let

X = Z(%U%. +r_,U_,)em
j=1

be a unit vector such that (z,,,r_,;) # (0,0) for each j (1 < j < n), where v; are
the simple roots.

By Theorem 4.2 in [6, p. 226], p = >_ Yyen My defines a projective subspace in
X [M] and therefore it follows that « ([X, E], D ([X, E], [X, E])) = 0.

To show that the rank of the Jacobian matrix of P at this point X isn — 1
we shall consider the partial derivatives of the polynomials p, with respect to the
variables x5 and x_s moving d over the set of the n — 1 positive roots of height 2.

When the simple Lie algebra is different from 9,, and ¢; (n > 4 and j =6, 7,38),
by (6) and Remark 3.1 (using the notation from [13, p. 470]) we get for each r,
such that 1 <r <n — 1, at the point X

% apr — (CL, b) 7& (07 O) 1f (5 = ’YT + 7r+1 (11)
Oxs Or_s (0,0) if 0 = y5+ Ysy1 for r < s <n—1.

and therefore the rank of the Jacobian matrix of P at this point X is n — 1.
For the other Lie algebras we get analogous expressions to (11) and so the result
follows. O

Remark 3.2. Let us notice that the open set obtained in the proof of the previous
theorem is the projection of the whole set of non-singular points of P that give
rise to pointwise planar normal sections.
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4. 0On X[SU(n+1)/T"|

The present section is devoted to study of the variety X [M,] of directions of
pointwise planar normal sections of a natural embedding the manifold of complete
flags M,, = SU(n+1)/T", where n > 2 and T™ is a maximal torus in SU(n + 1),
for which we shall indicate some results that we feel are interesting.

We shall add to our previous notation, an extra subindex n which is the rank
of the Lie algebra sl(n + 1, C). Let us recall that su(n+1) = 9, ® > n+ Moy =
Hn DMy,

We use for the Lie algebra a,, the notation given in [13, III, 8] and so e;(H)
(1 <i < n) are the diagonal elements of H € §,,. It is known that, for g = e, —es,

Xpn = (2n + 2)_% Er sin+1

where E, ;.11 denotes the (n+ 1) x (n+ 1) matrix with entry 1 where the r-th
row and the s-th column meet, all other entries being 0.
Therefore, if v; € m, and (3,7 € A,, we have

Hw;n = [ij;m X*’ij] (2n + 2)_1 (Ejvj;nJrl - Ej+1,j+1;n+1)
Nao — :I:(2n+2) it 64+~v€ A,
o if B+ ¢ Ay

_1
2

We consider the inclusion of the algebra a,_; into the a, given by the natural
inclusion of m,—1 = {71, ..., Yu_1} into 7, = {7, ..., 7} Then for g,y € A,,_1 C

A,, it follows that
n 5
Ngn = Ng 1.
ﬂv’% (n+ 1> 5777 1

For each n we consider in the Cartan subalgebra b, C sl(n + 1,C) the Wolf basis
[16]
{vi}; defined by v;(v) =, 1 < 34,1 <n. (12)

Set i E,, the point in sl(n 4 1, C) defined by

iE, = Z 2l

1<I<n

It follows that:

(a) For B,y € AL, B # v, B(iE,) and v(iE,) are different positive real numbers
(see for instance [12]).

(b) For v; € 1,

27 if j<n

0ifj>n - (13)

%’(Z‘En) = {
(c) E, € $n, it is a regular element and then the orbit Ad(SU(n+1))E,, gives rise
to a natural imbedding f, of the manifold M, into the Lie algebra of su(n + 1)
defined by f,(¢T™) = Ad(g)E.,.
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X =5 car(zUy+2-,U_y) €m, and a, is the second fundamental form
of the imbedding f,, we may write (2) as

an ([X, Enl, D ([X, Bl [ Z PrintHy, n (14)
1<r<n
In order to obtain, for n > 2, a recursive formula of the polynomials p,., (1 <r <
n) we write

Ojk = Z Vs (15)

j<s<k

and we shall use indistinctly o; ; or «; to indicate the simple root «y;. Then
At ={ojp:1<j<k<n}and T'={{ojk 0641} :1<j<k<l<n}

It easy to verify that, for 1 <j <k <l <n, Ny, 0101m = \/ﬁ
For the algebra sl(n + 1,C), if o, 7 € A} and k(0 4+ 7) # 0 only one of the

numbers k, (o) or k,(7) is 1 and the other one is 0. By Lemma 3.1 we have

_ 3 .
Drin = 5771 Z Cj,hl(r)q{aj,kﬁkﬂ,l}
G,k EIrin

2l+1_2k+1 lfJSTSkf (16)
2 — kL if k< <
and I, = {(j,k,1):j <k <l<nandj<r<I}

where ¢; (1) =

The previous development allows us to obtain recursively the polynomials p,.,, as
follows.

Proposition 4.1. Keeping the previous notation, the polynomials p,.,, n > 2 of
(14) for the manifold M, = SU(n+ 1)/T™ are

P12 = 2\/56]{71772} y P22 = _\/gq{’h,'m}

and given pr.p,—1, for1 <r <n-—1,

1<j<r<k<n

Prin = /747 Prin—1 + 2\/% { 2 (2 — Qk“)Q{%kﬂkH,n}—i_

+ Z (2j - 2k+1) q{aj,kzakﬂ,n}}

1<5<k<r<n
and

k 1
Prn = 2W Z — 2% ) Ao k0k1.0}

1<j<k<n

Proof. The proof follows from (16) and the fact that in order to get p,., from
Drn—1 (1 <7 <mn—1), it is just necessary to consider the terms of (16) coming
from the triples (j,k,n) with 1 <j <k <mnand j <r <n. O

Corollary 4.1. X [M, ;] C X [M,,].
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Proof. Tt follows from the previous proposition because (o, , 0,1} (X) = 0 for
X = ZWGA;‘L—71 <x7UV + x*’YU*'Y) € my_1. n

It is well known that the group SU(n + 1) gives rise to a family of irreducible
symmetric spaces of type I [13, p. 518] and among them, there are those which
are inner; i.e. the spaces in which the symmetry at each point belongs to the
group SU(n + 1). They are of the form SU(n + 1)/K where K is a subgroup of
maximal rank in SU(n + 1). By conjugating K if necessary, we may assume that
K contains T".

It is known that, among irreducible symmetric spaces G/K of a simple group
G, just for the inner ones there exists a simple root v* such that the tangent space
Tik) (G/K) = p* satisfies

p*:z:m7 WithA*:{7€A+:k7*(7):1}

yEA*

and also that p* gives rise to a projective subspace in X [G/T] which is maximal
if and only if 73 (G/K) # 0 (see [6, Remark 4.1, Theorem 4.4 and [12, p. 408-9)).
This fact motivates the study of the subspaces of m,, = TjznSU(n+1)/T™ of

the form p = Zwe X M., with AcC AT with the goal of getting information about

the existence of projective subspaces in X [M,,]. These subspaces are exactly those

invariant by the natural action of the torus 7" on m,, (see for instance [12, p. 407,
Thb]).

Following the notation in [7, p. 418] we say that a set A in AT is a presym-
metric set if it satisfies the following property

epeEAN = c4+pdA
We know the following results.

Theorem 4.2. [6, p. 216, (4.2)] Set p =Y. xmy, with A C Af. Then

RP(p) C X [M,] <= A is a presymmetric set. O

Set
Ko — S(U(2+1)xU (%)) if niseven,
" LS (U () X U (1)) if s odd:
g - "("; 22) if n is even,
" e if n s odd.

Theorem 4.3. [7, p. 416, (1.1), (1.2)] Let p = 3. .z My, be such that A € A}
1s a presymmetric set. Then
(i) dimp < d,.
(ii) If dimp = d, then p is the tangent space to the inner symmetric space
SU(n+1)/K, at a fized point of the action of the torus T™. O
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These two theorems are written in the indicated references for the manifold of
complete flags of any compact simple Lie group. Here we are considering the case
of the group SU(n + 1) and in this case, the irreducible inner symmetric space of
maximal dimension associated is SU(n + 1)/ K.

Theorem 4.3 characterizes those subspaces p of m,, which are Ad (T™")-invariant
and define projective subspaces of maximal dimension in X [M,,]. Making a deeper
analysis in this direction we study now those subspaces p that are Ad(T")-
invariant and define projective subspaces in X [M,] but in some “interesting”
sense are of “minimal” dimension. It is easy to see that these subspaces are those
p which are of minimal dimension not properly contained in any other Ad (T™)-
invariant subspace defining projective subspaces in X [M,,]. For these subspaces
we have obtained the following

Theorem 4.4. Let n > 2 and M, = SU(n + 1)/T"™ be embedded in su(n+ 1)
as orbit of any reqular element E. Let p = Zﬁeﬁ mg., (ﬁ C Af) be a subspace
of m, = Ty (M,) C su(n+ 1) which is mazimal among the subspaces Ad (1T™)-
invariant of m,, defining projective subspaces in X [M,]. Then
(i) dimp > 2n.
(ii) If dimp = 2n then p is the tangent space to the projective space CP™ =
SU(n+1)/S(U(n) x U (1)) at a point By = &(iv,) where v, is given by
(12) and 7 is an element in W, 41, the Weyl group of the pair (SU(n + 1),
).

Proof. Let us recall that we are using for the Lie algebra sl (n + 1, C') the notation
given in [13, ITI, 8]. Thus, if § € A} then there exist i,7 (1 <i < j <n+1) such
that ﬁ =€ — €.

It is well known that if 7 € W,,,1 then

n(ei—e;) = En(i) — En(j) (17)

where 7 is a permutation of the set {1,...,n+ 1}, that is n € &,,,1. Conversely
if n € 6,41 the equality (17) defines an element 77 in W, .

First we shall prove (ii). Let A be the set {3 = e, —e€j,: 1 <1<n}. We
consider two cases.
(ii,a): Let us assume that there exists k such that k& € {i;, 5;} for all [ such that
1 <1 < n. Then by taking n € &,,41 such that (k) = n+1 and the corresponding
7 defined in (17), we obtain the following subset of Af

Al = {’ﬁ(ﬂl)‘ 1 < ! < n} = {el —€ntls--56n _enJrl}'

Then
> mgn =T, (SU(n+1)/S (U (n) x U (1))
/3651

and therefore p is the tangent space at E; = 7 (iv,) where & = 7L
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(ii,b): Let us assume now that for every k (1 < k < n+ 1) there is at least one
set {i;, 71} (1 <1 < n) such that £ ¢ {i;,7}. In this case we shall arrive to a
contradiction by showing that A is not a maximal presymmetric set.

Let us associate to each r (1 <r <mn+ 1), the number r, defined by

ro=#{l: 1< <nandre{i,j}}.

Then, by our assumption, max{r,: 1 <r <n-+ 1} < n. Let s be such that the
corresponding s, = max {r,: 1 <r <n+ 1}.
Let us choose n € &,,41 such that n(s) =n+ 1 and

fer = ensrsoes, = ennn} C {17(8)]: B € A} = Ay,

Then B
e — eny1 & Ay for i > s,. (18)

We shall see that A is not a maximal presymmetric set by showing that A, is not
maximal presymmetric. To that end we shall consider two possibilities.

(ii,b,1). There exists a j, s, + 1 < j < n such that for every i, 1 < i < s,,
e; —e; ¢ Ay. In this case, we define

32 = 31 U{e; —ent1},

and we shall prove that 32 is a presymmetric set.

Let € be the added root e; — e,41. If there are two positive roots v and
such that v + 0 = ¢, they will be of the form v = ¢e; — e, and 0 = e, — e, 41 With
S, < j < k. Then by (18) the root § cannot belong to A;. On the other hand,
if there are two roots v and ¢ in A; such that § = v + €, then v = e; — ¢; with
1<i<jandi<s, By the assumption in (ii,b,1), this root v cannot belong to
&1 which shows that &2 is a presymmetric set. Then &1 is not maximal.

(ii,b,2) Let us assume now that for every j, s, + 1 < j < n, there exists 1,
1 <4 < s,, such that the e; —¢; € &1.

Since the cardinal of the set {j : s, + 1 < j <n}is n—s,, for each j in this
set, there exists a unique ¢ (1 <7 <'s,) such that e; —e; € Kl.

Let us consider the set of positive roots

R(sp) ={ei—e; 11 <i<s,s,+1<j<n+1}

then

Z Mg
BER(so)
is the tangent space to the symmetric space SU(n + 1)/S (U (s,) x U (t,)) at
some point (t, = n+ 1 — s,). Therefore, by [6, Proposition (4.1)], R(s,) is a
presymmetric set. _
Since Ay & R (s,) we conclude that A; is not maximal.
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To prove (i) we assume that dimp < 2n, i.e. A= {Br,..., B} with t <n. We
shall see that in this case the subspace p is not maximal. By proceeding as in (ii)
above, it is easy to see that only case (ii,b,1) can occur because #& < n. This
leads us into proving that A is not maximal which contradicts our hypothesis. [J

This result allows us to complete [12, Theorem 8] for the groups SU(n), keeping
the notation of that paper, as follows.

Corollary 4.2. Let o be mazimal among the holomorphic tangent spaces at the
base point of SU(n + 1)-invariant minimal almost Hermitian extrinsic symmetric

CR-structure on M, = SU(n+1)/T™. Then
(i) dimpto > 2n.

(ii) If dimg o = 2n then to is the tangent space to the projective space CP™ =
SUn+1)/S(U (n) x U (1)) at some point.

Proof. 1t follows from the previous theorem by noticing that the proof of [12,
Theorem 8] reduces essentially to show that to is an Ad(7T™)-invariant subspace of
m and gives rise to a projective subspace in X [M,,]. O

Due to the fact that the converse statement of (ii) in Theorem 4.4 is obviously
true, this theorem gives us a geometric characterization of the subspaces p of m,,
which are of dimension 2n and maximal among the subspaces Ad (T")-invariant
of m,, defining projective subspaces in X [M,].

Joining Theorems 4.3 and 4.4, the subspaces p of m, which are maximal
among the subspaces Ad (T")-invariant of m,, defining projective subspaces in
X [M,], satisty

2n < dimp < d,

and also, when dim p is one of the two ends of the above inequality, the subspace
p is tangent to the inner symmetric space of minimal and maximal dimension
associated to the group SU(n + 1).

When the subspace p is such that 2n < dimp < d,,, if we pose no restriction
on n and dim p, we cannot assure that p is tangent to some inner symmetric space
of the group SU(n + 1). Furthermore we cannot assure that p is tangent to a
homogeneous manifold SU(n + 1)/K with 7" C K, as the following examples
show.

Example 4.1. For n = 6 we consider the following two subspaces p of mg which
are maximal among the subspaces Ad (T°)-invariant of mg defining projective
subspaces in X [Mg).

(i) p = Zﬁeﬁ mg with A = {e; —e5,e1 — e7,e9 — €5, €3 — €7, €3 — €6, €3 — €7,
€4 — €5,64 — €7,€E5 — 66}.
Since dimp = 18 and the inner symmetric spaces associated to the group
SU(7) are of dimension 12,20 and 24, p is not tangent to an inner symmetric
space of the group SU(7). Furthermore, p is not tangent to a homogeneous
space of the group SU(7) because the orthogonal space p* is not a subalgebra
(note that e; — ey, eg — €5 ¢ A and e; — es € &)
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(i) p = Zﬁeﬁ mg with A = {e; —e5,e1 — e, €3 — €4, €3 — €6, €2 — €7, €3 — €4,

€3~— €g,€3 — €7,€4 — €5,€5 — 66}.
Even when the dimension of p coincides now with the dimension of one of
the symmetric spaces of SU(7), it is not tangent to a homogeneous space
because pt, as above, is not a subalgebra.
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