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1. Introduction

Borel ideals, are special monomial ideals, occurring as generic initial ideals of
homogeneous ideals a C P(n) := k[X}, ..., X,,], widely studied after Galligo’s and
Bayer-Stillman’s results ([6] and [1]). More precisely (under the action of GI(n, k)

onP(m) : g(X;) =>" 9:;Xi, g = (gi;) € Gl(n, k)), given any term-ordering < and
i=1

homogeneous ideal a C P(n), there exists a non-empty open subset U of Gl(n, k)
such that as g ranges in U, gin(a) := in(g(a)) is constant. Moreover, gin(a) is
fixed by the group B of upper-triangular invertible matrices, if X; > --- > X,
while gin(a) is fixed by the group B’ of lower-triangular invertible matrices if
X; < --- < X,,. Monomial ideals a C P(n), can be studied via the associated
order-ideal N(a) consisting of all the terms (= monic monomials) ‘outside’ a and
called sous-éscalier of a ([6], [8] and [10]). For a Borel ideal b C P(n), N (b) is
fixed by B"if X; > --- > X,,, and by B if X; < --- < X,,. Studying Borel ideals
through their sous-éscaliers, following A. Galligo ([7]), we consider X; < -+ < X,,.

In Section 2 we fix our notation. In Section 3 we introduce the Borel subsets of
the multiplicative semigroup of terms in P(n), illustrating some of their features
and giving a ‘general construction’ to produce Borel subsets of assigned cardinality
in each degree. In Section 4 we describe the Borel ideals b C P(n); in particular,
basing on the combinatorics of N(b), we associate to every O-dimensional b C
P(n), generated in degrees < s+1, an n by s+ 1 matrix M (b) with non-negative
integral entries 77, ;(b). Since on M(b)'s rows one reads the Hilbert functions of
sections of P(n)/b with linear spaces (see Definition 4.10 and Remark 4.12 a)),
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inspired by [2], M(b) is called sous-éscalier sectional matriz. In Section 5, given
any O-sequence h = (1,n,ha, ..., hq, ..., hs) of positive integers we introduce an
equivalence relation ~ on the set B} of 0-dimensional Borel ideals corresponding
to h via: b ~ b’ if they have the same sous-éscalier sectional matrix. We also
introduce a poset structure on Bj/ ~, by means of the partial order relation <
defined via: b < b’ if b # b’ and 7, ;(b) < 1, ;(b’) for each representatives b, b'.
The Lex-segment ideal L£(h) gives the unique maximal element of B}/ ~. In the
3-variable case, by the combinatorial character of <, we construct the general-
ized rev-lex segment ideal £(h) and prove our main results: for any O-sequence
h = (1,3, hy, ..., hs) € N*6+D the poset B/ ~ has a ‘natural’ lattice structure
and £(h) is its unique minimal element; if n > 4, B/ ~, only admits a poset
structure having, in general, several different minimal elements (see Theorem 5.6
and Example 5.3).
We are grateful to D. Bayer for suggesting us to investigate this subject.

2. Notation

In this section we fix our notation, recalling some general facts which will be used.

For each positive integer n, P(n) is the polynomial ring in the variables X1, ..., X,
over a field k of characteristic 0. If n < 4, XY, Z, T replace ordinately X1, ..., X4.
For1 <i<n,P(@i):=k[Xy,...,X;] and P'(i) := k[X,,_;41,..., X, are thought
as subrings of P(n) = P’(n).

For every j € N let P(n); denote the j-homogeneous part of P(n) and similarly,
for M a subset of P(n) let M; denote the degree j part.

The multiplicative semigroup of terms T(n) is the set of monic monomials
X2 = X" X592 X0 with a; € N, for 1 <i <n, T(i) and T'(i) denote respec-
tively the terms involving the set of variables { X7, ..., X;} and {X,,_;11,..., X, }.
For each subset N of T(n), we let N(i) be the intersection N N T(i) and N'(i)
the intersection N N'T’(i). If no confusion can arise, we ordinately write P, T, T
and T’ for P(n), T(n), T(n—1) and T'(n —1). On T among the possible term-
orderings, we will consider the lexicographic (1), degree-lexicographic (dl) and
degree-reverse-lexicographic (drl) with X; < -+ < X,,. The following decomposi-
tions (in increasing order) hold for all j € N* and n # 1, (see [10]):

r=0
(e0) T, =X,T;,UT, = || X;T'(n—i+1); ; (w.rt. drl).
i=1
Foreachi,j e N*, 1 <i:<n, 1 <w< (i+§_1), the set of the w smallest terms
of T(i); w.r.t. 1 (resp. rl) is denoted L, ; (resp. A;, ;), and called w-(initial)-I-
segment (resp. w-(initial)-rl-segment) of T(i);.

As usual, the leading term (w.r.t. the given term-ordering) of an f € P is
denoted T'(f) € T; for a homogeneous ideal a C P, T(a) := {T(f) : f € a}
is a semigroup ideal and in(a) C P is the generated monomial ideal. We call
sous-éscalier of a the order ideal N'(a) := T\ T'(a).



M. G. Marinari, L. Ramella: Borel Ideals in Three Variables 197

For each subset N of T and positive integers 7, j with 0 < i < n — 1 we denote by
Aij(N) the number of egree j terms of N involving the variables X;q,...,X,:

Aij(N) = #(N'(n = 1);), (1)

it may be useful to conventionally put A, ;(N) := 0. If N C T; for some j € N*,
then A; j(N) =0 for all j # j, thus we write A;(IV) instead of A; ;(NN).
Fort = X{"-X3?--- X2 €T, NCT,j5€N with 1 <i<mn, we put

wu(t) :==min{l € {1,...,n} : ay # 0}, (2)

Vg (N) = #{t € Ny + pult) = i}, 3)
As for 1 <i<n wehave t € T'(n —1i) iff u(t) > i+ 1 for all N C T, it holds:

Vig(N) = Xim1j(N) = Ay (N). (4)
If N C T; for some j € N* we set N := N and, for all £ € N~
Ney =T \{X1, .-, Xo} - (Tjre—1 \ Nee-ny), (5)

calling it potential expansion of N in T,4,.
By definition, for each homogeneous ideal a C P, as T; \ NV (a); = anN'T;, one has

(N(a);) @y = Ty \ T{a;P1}, (6)
and, since a;P; C a;41, one also has
N(a)j41 € (N(@);)q)- (7)

For a monomial ideal a C P(n), G(a) denotes its minimal system of generators.
If a is generated in degrees < s+ 1, with initial degree d € N*, then

#G(a); = #(N(a)j—1)q) — #(N(a);) holds for every d < j <s+1. (8)

Note that, in the 0-dimensional case, one has in particular G(a)s41 = (N (a)s) ().

3. Borel subsets of T

In this section we give the notion of Borel subset of T and some useful properties.

Definition 3.1. A subset B of T is Borel if t € B and X; | t imply X;t/X; € B
for all 1 < 7.

Remark 3.2. a) For a Borel B C T(i); it holds X/ € Biff B=T(i);, if B has
cardinality w < (”;.71), then \g(B) = w and \;_1(B) = 0. So, if i = 3, only A\;(B)
is meaningful.

b) Foreachi,j e N*, 1 <i<n, 1 <w< (i+§_1), L;. ;and A, ; are Borel subset
of T(i);, moreover L; , ; = A, ; iff w € {1, 2, (”;,_1) -2, (”;,_1) -1, (”;_1)} and

Ligy =AMy ={X{} Lo =Aouy = {X{,.. . X{ Xy}
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Notation 3.3. For all a,j € N*, a{j} means the j-binomial expansion of a,

(D) () ()
with k(j) > k(j—1)>--->k(r)>r> 1

Moreover, for all ¢ € Z we let:

(i) = <k(j)j+ £> N (k:(j —1) +€) - (k(riﬁ E)’

j—1
where (k(j]f_”gﬁ) =0ifk(j—m)+{¢ < j—m for some 0 < m < j—r. In particular
(a{gH' T =1ifa= ("), (a{s)" " =0ifa < ("),
Lemma 3.4. Foreach j e N*, 0<i<n—1andl <w< ("Jr;f*l) — 1 4t holds:
Ai(Lnw,) = ({7} ™"
Proof. We prove by induction onn > 2 and j € N* that A\; (L, ;) = (w{j})~*, this
1

if n = 2 is trivial for all j € N*. Assume our contention for m <n —1,h < j—1
and deduce it for n and j. For 1 < w < (”+§_1) — 1 we set o(w) := —1 and
A o(w) A
aw) =wifw < (”+§_2), otherwise we set a(w) := w — 62:30 (”J“;:j_g) with o(w)
defined via:
n+j—2 n+j—2—o(w n+j—2 n+j—2—o(w n+j—2—o(w)—1
( § ) oot ( ;—U(w)( )) <w< ( j ) et ( ;—U(w)( )) + ( ;—a(w)(—l) )

As §)<n+§_§£> = ("Jr;*l) > w, we have o(w) = j — 1 iff w = ("*j.'*l) -1,

ie. for all w # (”‘Lj.'*l) — 1, it holds j — o(w) — 1 > 1. By (e) of Section 2,

every 7 € Ly, ; is not divisible by X2  thus, o(w) = —1 implies Ly, ; C T},

and the inductive hypothesis on n applies. Otherwise, j — o(w) —1 > j — 1 and

o(w)
Ln,w,j = X;;Tj—f U Xg(w)+1Lnfl,a(w),jfa(w)fl-
=0
o(w) .
Asw{j} = 1320 (”*;j’e) +a(w){j—o(w)—1}, we end by the inductive hypothesis

on j. Simila;ly for ¢ > 1.

Remark 3.5. a) One computes \;(A,, ;) similarly (for this reason we gave our
proof of Lemma 3.4 different from [11], Theorem 5.5). For each j,w € N* and
1<w< ("+j_1) — 1, by (ee) of Section 2, we have:

_Jo if w < (nﬁf)
M(ANpw) = {w _ (”jzf) otherwise '

Defining p(w) via: (";LSQ) +ot (”H;i’)(“’)) <w< ("jﬂf) +-- ("+j_§:’1'(w)_1),

n—1 . .
> (n+j:124) = (n+571) > w implies p(w) < n — 2 and again by (ee) of Section 2
=0
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we have
0 if p(w) <7 —1,

— i—1 )
Ailbnws) =1 - T ("N i p(w) 2 i L.

Note that p(w) 4 1 is the greatest ¢ between 0 and n — 2 with (A, ;) # 0 (i.e.
p(w) + 2 gives the greatest i between 1 and n — 1, for which X! € A, ;.)

b) Moreover, by Remark 3.2 b) and Lemma 3.4, for all Borel subsets B C T,
consisting of w elements, with 3 < w < (”Jr;_l) — 3, we have

Ai(Linw,j) = Mi(B) 2 Xi(Anw,;)- (9)
Lemma 3.6. If B C T is Borel then By is so, with cardinality il)‘i_l(B)'
Proof. Note that for each r € N*, ' C T, is Borel iff
t €T, \ C and X,|t imply X;t/X, € T, \ B for all i > /. (10)

By definition, By = T30 \ {X1,..., Xy} - (T;\ B) and we will show that (10) is
verified by {X1,..., X,,} - (T;\ B). Namely, t € {Xi,...,X,,} - (T; \ B) implies
t = X,t forsome 1 < o <nandt e T;\B. Clearly X,|t and for all i > «a we have
Xif/Xo = X;t € {X1, ... X, }-(T;\ B). If X[ for £ # a, then X;t/ X, € (T,\ B)
for all ¢ > ¢, since B is Borel, so X;t/X, = X;Xot/X, € {X1,..., X} - (T, \ B)
for all ¢ > ¢. Moreover, X; - B'(n —i+1)N{Xy,...,X,} - (T;\ B) = 0 for each
i,1 <i<n—1andforall 7 € B it holds 7 € X,y - B'(n — pu(7) + 1). Thus

Byy=JXi-Bn-i+1) (11)

i=1

and the union is disjoint because of (ee) of Section 2. Thus, by the definition of
)\i—l(B) :

#(B()) = Z Ai-1(B). (12)

Theorem 3.7. If B C T is Borel, then for every { € N*, By C Ty is so and

1<ip <---<ig<n i=1
Proof. Clearly B, is Borel being defined iteratively as (B-1))a) (see (5) of
Section 2). Since By = (Bq))a) and, by the proof of Lemma 3.6, By = | | X -
i=1

n

B'(n —1i+ 1), one has By = || X - le)(n —i+1)= || X[l X,B'(n—r—+
i=1 '

)(n—i+1).

Since t € T'(n —i+ 1) iff p(t) > i (see (4) of Section 2), one has

=1 r=1

1] if r <1,

(X, B —r+1)f(n—i+1) = {XTB’(n r41) ifr >
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Thus, B = || Xi[|| X;Bn—-r+1)] = || XX,B'(n—-r+1)]. Assume
i=1  r=i I<i<r<n

our contention for £ € N*, and deduce it for £ 4 1. As B(y41) = (B) (), one has

n

Buy =UX[ U XyXe X, -Bn—r+D(n—i+1)

= |_|X”L[ I_l X7’1XT2"'XW'B/(n_rf+1>]

=1 1<r1<-<ry<n

= |_| Xilxig cee X’ie+1 . B’(n — ig+1 + ].)

1<i1 <--<ip<igp1<n

By counting how many times B’(n—i+1), ¢ running from 1 to n, contributes to the
above union, one gets #(B()). B = B'(n) only occurs multiplied by X!, B'(n—1)
occurs (efl) times (multiplied by the ¢ € T(2), divisible by X5) and B'(n—i+1)

occurs (’Jgf_lz) times (multiplied by the ¢t € T(i), divisible by X;). Thus, as

claimed, #(B)) = 3 (15,5 A (B).

=1
Theorem 3.7 shows how to construct Borel subsets of given cardinality in each
degree (for Lex-segments see [8], for the general case see [9]).

General Construction 3.8. Fixd<se N and 1 < w < ("+g_l) — 1, for all
0<j<d-1,welet B; := T, and B; C T, a Borel subset of cardinality wy := w.
We also let By € (Bgie—1)1) be a Borel subset of cardinality wy for all 1 </ <
s —d and wy < #(By) (), and B; = 0 for all j > s. As clearly (B;)a) = T4, for
all 0 < j < d—1, we have B,;1 C (B,)), for each r € N. Thus, N:= | | B, is
-1 s—d e
an order ideal and a Borel subset of T, with #N = > (""71) + 3 wy.
i=0 =0
Remark 3.9. a) From Lemma 3.4 and Lemma 3.6, we get:
® Ly C© (Ln,w,j)(l) for every n < #((Lnw;)@), vet
o Apyit1 € (Apwy)a) only for n <w.

n—2
b) For each r between 0 and n — 2, we have A\.(B)) = > A\i(B) .
If n=3,#(Bu) = M(B) + A (B), i.e. \i(B(y)) = Ai(B) for each £ € N.

4. Borel ideals

In this and next section, h := (1,n,...,hq,...,hs) € N*6*D is the O-sequence of
a homogeneous O-dimensional ideal a C P with initial degree d < s and generators
in degrees < s+ 1 (i.e. Hp/q(j) = h;j for 0 < j < s and Hp/q(j) = 0 for j > s+ 1.
In particular we will say that such an h is not increasing if A(h) = (1,n —
L,...;hg—hg1,...,hs—hs 1) =(1,n—1,...,A(h)g,...,A(h),) € Z*! satisfies
A(h); <0, forall j > d+1 (n.b. forn >2, A(h); = (") > 0if 1 < j < d—1;
no assumption is made on A(h),).
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Notation 4.1. The [-segment ideal associated to h is L(h) with N (L(h)), =
T;if 0 < j<d—1N(L(h); =Ly, ifd <j<sand N(L(h)); = 0 if
s+ 1 < j (see [8]). For h non-increasing, the associated ri-segment ideal is A(h)
N(A(h)); =0if s+ 1 < j (see [3] and [10]).

Definition 4.2. A monomial ideal b C P is Borel if N'(b); is so, for all j € N
and By s the set of 0-dimensional Borel ideals b C P(n) corresponding to h.

For n = 2 all notions coincide. If n > 3, then [-segment and r/-segment ideals are
Borel, yet there are Borel ideals neither [-segment nor ri-segment. For a Borel
ideal b C P of initial degree d € N* X2 € G(b), thus v, 4(b) = 1 and v, ;(b) = 0
for all j # d.

Remark 4.3. a) By # 0 as it contains £(h); if A(h); > 0 for some j > d+1, by
Remark 3.9 a) there isn’t corresponding rl-segment ideal.

b) If b € By, as G(b)s41 = (N(b)s)1) and v, ;(b) = 0, for all j # d, Lemma 3.6
applied to N (b)s implies v; 541(b) = \i_1 5(N (b)) for each ¢ in the range between
1 and n. Moreover, for each ¢ in the range between 0 and s — (d + ¢):

haverr = #(N(0)are) 1) \ G(0)arer1) ZA”M — #(G(b)arer1).

c) By Theorem 3.7 for constructing b € B} one needs, for r varying from 0 to
s —d, Borel subsets B, C T;., of cardinality hgy,, with the following constraints:
L. By C (BT)(l)a
2. #(Bw) > hqgrye for each £ in the range between 0 and s — (d + ).

Lemma 4.4. A monomial ideal a C P corresponding to h satisfies M j(N(a)) >
A(h);, for all j in the range between 0 and s.

Proof. By (ee) of Section 2, N (a); = (M(a);NX1T;_1)U(N(a);)'(n—1). Letting
& =#WN(a); N X1T;-0),

we have h; = #(N(a);) = & + A ;(NM(a)). Moreover, a;_1P; C a; implies

Clj_le - a; N XlTj—l or, which is the same, N(Cl)j N XlTj—l - N(Cl)j_le,

i.e. fj < hjfl. So A(h)] = hj — hjfl = é}- + )\173'(./\/(&)) — hj,1 < )\1,]'(./\/(&)).

Corollary 4.5. A b € By satisfies A j(N (b)) = A(h); exactly for those j in the

range between 0 and s, such that G(b); does not contain any term divisible by X;.

Proof. As clearly G(b); =0 foreach 0 < j<d—1,only j=d+/¢, 0<{<s—d,
matter. Moreover, from Lemma 4.4 one infers that Aare(N(B)) = A(h) gy iff

bare = haye—1. As G(0)are = N(0)gre—1)a) \ N(b)gpe and (N(b)aio—1)1y =
n—1

L] Xj(N(b)are—1)'(n—j+ 1), this means exactly X 1, for all t € G(b)gs.

j=1

If n = 3, we can say more and therefore, from now on, unless otherwise noticed,

T := T(3) endowed with drl and h := (1,3, ha, ..., hg,..., hs), asif d = s+1 then
B} = {(X,Y, Z)*}, one can take d < s. We begin giving the following definition:
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Definition 4.6. ([9], [10]) For je N* and 1 <i<j+1,0<a <j+1 we set:
Gy = {XIT L Xy 2 YT Y and R, = |_|eij.

i=1

Note that: Ro;=0, Rj11;=T(3);, and R, ; is the (initial)-l-segment L, a@j—a+s) i
’ 2 2,

If B C T(3); is Borel, then #(B N {;;) > #(B N {;4q;) for every 1 <i < j+1;if

BN # 0, for some 1 < 1 < j+1, a full segment (from the left) of 4 lies in B.

Definition 4.7. For each 0 < ¢ < s —d, the increasing character of h in degree
d+ ¢ is a; := max{0, glg)%{A(h)z}}
1>d+

In Definition 4.7 we have d > a9 > a1 > -+ > as_q := max{0,A(h)}. Thus,
ay = 0 for some 0 < /¢ < s —d, implies apy,, =0 forall 0 <r <s—(d+ 7).
We point out that bonds of Remark 4.3 ¢) reduce (by Remark 3.9 b)) to:

® Bii1 C (Bé)(1)7

e \(By) > ay forall 0 </ <s—d.

Definition 4.8. 1. Denoting m(h) < s — d the index of the last positive in-
creasing character of h, we introduce h € N*(+mM+D) = defined by:

o AMh);=j+1 f0<j<d-1,
7 aj-a ifd<j<d+m(h).

2. Following our General Construction 3.8, we define the order ideal L(h) :=
|| L(h);, where:
jEN
o L(h); := Rﬁj,j L {tq,. .. ,tb(j)} if d < j < d+m(h), with b(j) = h; —
M and t; < .-+ <ty the smallest terms of (L(h);-1)1)\ By, 5,
o L(h); :={t1,...,tp,} ifd+m(h) +1 < j <s, witht, <--- <ty the
smallest terms of (IL(h);_1)n),
3. The generalized-rl-segment-ideal £(h) € B} is the monomial ideal with sous-
éscalier L(h).
Let 51 < -+ < s, € N(£(h));and 7y < --- < 7y, eN(b), forbe B}, 0<j<s,
be the respective elements, one has s, <7, for all 1 <r < h;. As Ay g40(N (b)) >
a; for each b € By, the trace of N'(£(h))qse in Tl ,, ¢ varying from 0 to s — d, is
minimal among the elements of B;. If h is not-increasing, then L(h) = A(h).

Remark 4.9. a) The sequence h of Definition 4.8 a) is an O-sequence being the
Hilbert function of the Borel ideal:

(£(h), X1)/(X1) € P'(2).

b) Letting, for all homogeneous ideal a C P and ¢ in the range between 1 and n,
afi] == (a, X1,...,X;)/(Xq,..., X;), we have:

Aij(N (@) := #((N(a);)'(n = 1)) = Hpap ().



M. G. Marinari, L. Ramella: Borel Ideals in Three Variables 203

Drawing inspiration from [2], we associate to every 0-dimensional Borel ideal b C
P, generated in degrees < s+ 1, a matrix in M, ;11(N), defined as follows:

Definition 4.10. The sous-éscalier sectional matriz (ses-matriz) of a 0-dimen-
sional Borel ideal b C P, generated in degrees < s + 1, is M(b) = (m; (b)) €
Mn75+1(N).’

Thm’(b) = )\1;17];1(./\[([])), 1< < n, 1 S] <s+1.
In general different ideals in B} can share the same ses-matrix.

Example 4.11. If h = (1,3,4,3), then both A(h) = (Z2,YZ Y3 XY? X327,
X3Y, X% and L(h) = (Z22,YZ,Y3, X?2Z, X?Y? X3Y, X*) are in Bj. Note that

M(A(h)) = M(L(h)).

— =

N W

S = o

o O W
I

Remark 4.12. a) By Definition 4.10 and Remark 4.9 a) we have:

o (mi1(b),...,Mis41(0)) = (Hpjpi—1)(0), ..., Hp pi—1)(s)) as i ranges between 1
and n, in particular, for each i the 0 # m, ;(b) form an O-sequence.

o (m;(b),. .. .M (b)) = (Hppwo(j — 1), Hppepo-1(j — 1)), 1 <j < s+ 1.
b) Given any O-sequence h = (1,3, (3), o (gf}),hd, ..., hg), by Lemma 3.4, the
second row of M(L(h)) is

(123 o d (hafd})™" - (hfs}h) ™),
while, by construction, the second row of M(£(h)) is
(123 - dayg ~— apm 0 - 0).

In general, for all O-sequence h = (1,n,..., (”;‘_112), hg, ..., hs), the i-th row of

ML) is (1,n—i+1, ("72F2), o, (") (hg{d}) =D L (he{s}) 67D,

A well-known result of Eliahou-Kervaire [4] gives a handy formula for the graded
Betti numbers of a Borel ideal b C P. Namely, if X; < --- < X,,, it holds:

s = 3 (") = 3 (" st ()

teG(b) 9 =1 9

degt=j
(where p(t) is defined in (2) and v, j(b) stays for v; ;(G(b)) (defined in (3))).
In particular, for a O-dimensional Borel ideal b C P of initial degree d and gener-
ated in degrees < s+ 1, j and ¢ in (x) vary respectively between d and s+ 1, 0
and n — 1.

Proposition 4.13. Two 0-dimensional Borel ideals b,b" C P(n) have the same
ses-matrix iff they have the same graded Betti numbers.
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Proof. Let b, b’ have either the same ses-matrix or graded Betti numbers, and let
d (resp. s+ 1) be the initial (resp. greatest) degree of generators. Denoting *
either of b and b’, from (%) above we get linear relations between the f_ _(*)'s and
V4 +(*)'s, more precisely, for j varying between d and s+1, we get a Gauss-reduced
linear system of n equations, ¢ varying between n — 1 and 0. Namely, ¢ =n — 1

implies B,_1j4n-1(x) = > ("21)vi (%) = v1,;(%), substituting it in ¢ = n—2 we get
i=1

Br-2,jn—2(x) = Z (P5)vii () = (n = D)w i (6) + w2 (6) = (n = 1) B jym—1(x) +

vy (%), ie. 1/2,]( ) Br—2j+n—2(x) — (n — 1)By_1,j4n—1(x) and so on, until ¢ = 0.
Thus B, j4+4(*)’s are function of v; j(x)’s, 0 < g<n—1,d<j<s+1, 1<i<n,
and conversely. As v, 4(x) =1 and v, j(x) =0, for all j between d 4+ 1 and s + 1,
dependency relations between the 5_ _(%)’s hold. By (8) and (11) we have also

vij(x) = #N =) (n=i+1);-1)q) — Z Vith,j(*

from which, recalling that A\, ;(N (%)) = 0 for d < j < s, we get the following
relations between v; ;(*)’s and \; j(N (x))’s:
OI/i?d(*) = (n itd— 1) + )\Z d(N( )) - )\i—l,d(N<*))7 n — 1 Z 7 Z 1,
o Vi i(*) = Ai1,5- I(N(*)) i1, jN () +Ai (N (%), n=1>i>1,d<j <s,
oui1(*¥) = N1 s(N(x) for1<i<n-—1,
which allow to express the last ones in terms of the first ones.
We get our contention taking into account (¢) and e’s and recalling that m; j(x) :=
Ni—1,j-1(N (%)) for ¢ and j respectively in the range between 1 and n,1 and s + 1.

Remark 4.14. Let n = 3, h an O-sequence and b, b’ € B}, then:

a) Vg,d(b) = 1, 1/27d<b) =d— Al,d(N(b))7 Vl’d(b) = (d+1) hd + /\1 d( ( ))

b) as G(b)arer1 = (XN (0)are U Y (N (0)are)'(2)) \ N(0)gses1, for £,1 < ¢
s —d, we have V3,d+£+1<b> =0, V2,d+z+1(b) = >\1,d+€(N(b)) A1 d+£+1< ( ))
V1,at041(0) = hare — harer1 + A arer1n (N (D));

c)if 0 — Ly — Ly — Ly— P — P/b— 0 isthe minimal free resolution of
s+1

(P/b), with L; = @ P(—j — i)+, letting 0 = hey1 = Aosr1(N (b)), since
i=d

<
d

j_
A j(N(b)) = Bojt1 — hj + hjq for j in the range between d and s, the above
found values, inserted in the [4]’s formula () give:
d+2 i
s L) it~ d
7 hj—1—h; + A j—1(N(b)) if j varies from d + 1 to s + 1
By = d(d+2) — 3hg + hay1 + Bo.d+1 if j=d
L+l hj,1 — Qh] =+ hj+1 + ﬁo,jJ’»l + 607]' lfj varies from d +1tos+1
Baj42 = hj_1 —2h; + hjy1 + Bo 41 if j varies between d and s + 1.
From the above consideration we get

ﬁq7j+q(b) > ﬁq,Hq(b/) if and only if mq,j+q(b) > mq,j+q(b,)-
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If n # 3, graded Betti numbers of a 0-Borel ideal are not characterized only in
terms of its h and 3y ;’s.

Example 4.15. In P := P(4) (with X <Y < Z < T) let a and b be the two

Borel ideals:

a= (X% XY, X1Y? X3Y3 X2Y4 XY Y6 X°Z XY 7 X3Y?Z X?Y3Z XY*Z,
YOZ X472 X3Y 72, X2Y?2 7% XY3 72 Y472 X373 X2?Y 73 XY?2Z3 Y373,
X274 XY Z4 Y2724, 78 XOT, X4Y' T, X3Y 2T, X2Y3T, XY*T,Y°T, X*ZT,
X3YZT, X?Y?ZT, XY3ZT,Y*ZT, X?Z*T,Y Z*T, Z3T, X?T? XYT?,
Y212, XZT? Y ZT? Z*T% XT3, YT3, ZT3,TY),

b= (X% X5V, X1Y?2 X3Y3 X2Y* XY5 Y X5Z XY Z X3Y?Z X*Y3Z XY*1Z,
YOZ X472 X3Y 72, X?Y? 7% XY3 22, Y472 X373, X?Y 73, XY?2 73 Y3273,
X274 XY Z4 Y274 XZ5,Y 725, 78 X°T, X4YT, X3Y?T, X?Y3T, YT,
X4ZT, X3Y ZT, X?Y2ZT,Y3ZT, X3Z*T,Y Z?T, 73T, X*T?, XYT?, Y?T?,
XZT? Y ZT? Z°T?, XT3 YT3 ZT3 TY).

We have a,b € B with h = (1,4,10,20,23,29), P/a and P/b have the same

Bo,;’s, but different 3; ;4; for i > 1, indeed their minimal free resolutions are:

0 — PYH=7) ®P(-8) ® P¥(-9) — P%(—6) ® P3(-7) ® P*(-8) — P®B(-5) ®

P!(—6) @ P1%(=7) — P*(—4) ® P*(-5) @ P**(-6) = P — P/a — 0,

0— PY=7) dP?®(-9) — P%(—6) ® P?(—T7) ® P*(—8) — P?*(-5) ® P*(—6) ®

P19(-7) - P2(—4) @ P?(-5) ® P*(-6) - P — P/b — 0.

5. The poset structure

In this section, for each h = (1,n, ha, ..., hg, ..., hs), with n > 3, we first introduce
an equivalence relation ~ on the set B of 0-dimensional Borel ideals of P(n)
corresponding to h. Then we define a partial order < on By'/ ~, which endows it
with a poset structure, some features of which are studied.

Definition 5.1. 1. Two Borel ideals b, b' € By are equivalent (in symbol b ~
b’) if share the same ses-matriz (see Definition 4.10).
2. Two equivalence classes b, b’ € B/ ~ satisfy b < b’ if b # b’ and for all
representatives b, b’ the ses-matrices’s entries satisfy m; j(b) < m; ;(b').

Remark 5.2. a) In Example 4.15, the rl-segment ideal A(h) and the l-segment
ideal L(h) are distinct but A(h) ~ L(h).

b) By Proposition 4.13, equivalent elements of B have the same minimal free
resolution. After Proposition 4.13, tedious but easy computations show that b <
b’ € B/ ~ implies 3;;(b) < Bi;(b'), for all b € b, b’ € b'.

c¢) The ses-matrices of Example 4.15 are not comparable w.r.t. <, indeed:

1 4 10 20 23 29

- 13 6 10 7 7

M@= 5 3 4 1 o and
11 1 1 0 0
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1 4 10 20 23 29

~ 1 3 6 10 7 6
M(b) = 12 3 4 1 1
1 1.1 1 0 O

Yet, as their minimal free resolutions show: 3, ;(b) < G, ;(a), for all i = 0,1,2, 3,
7 =4,5,6, this means that < is a partial order stronger than the one given by the
graded Betti numbers.

d) By (9) and Remark 3.9 a), the class £(h) of the l-segment ideal corresponding
to h is the maximum element of B/ ~.

e) If h is not increasing, (9) and Remark 3.9 b) imply that the la class A(h) of
the rl-segment ideal corresponding to h is the minimum element of B}/ ~.

f) If n = 3, by Remark 4.9 b) the class £(h) of the generalized-rl-segment ideal
corresponding to h is the minimum element of B}/ ~, whatsoever h could be.
Altogether we have that B/ ~, endowed with <, is a poset with universal

extremes 0 = £(h) and 1 = L(h).

Example 5.3. Let h = (1,4,10,20,35,46,59). Then A(h) = (1,3,6,10,15, 11,
13), in.deg.(h) = 5, as A(h)g = 13 > 0, does not exist rl-segment ideal. By
Lemma 4.4 ma6(b) > 11 and ma7(b) > 13 for all b € Bi. We have to look for
A16(N (b)) = 13, by Proposition 3.6 and Remark 4.3 €), Ay 5(N(b))+A25(N(b))—
#(G(b)g) = 13 so the minimal values of A\ 5(N(b)) and Ay 5(N (b)) are for G(b)s =
(). We have for this only the following possibilities:
A1 5(N(6)) = 11 and Ay 5(N(b)) = 2; or
A s(N(B)) =12 and Mg 5(N (b)) = 1; or
As(N (b)) = 13 and Ao 5(N (b)) = 0, which give ordinately:
by = (T°, ZT*, Z°T3, Z3T2, Y T*, Y ZT%,Y Z°T?, Y T3, Y22 T2, Y3T2, 7T, 77,
Y Z5T Y 28, Y22, Y225, Y3 23T, Y3 24 YA 72T, YA 23 Y5 2T, Y5 72, Y OT,
YOZ YT XZ5T. X 25, XY ZAT. XY 7%, XY2Z3T, XY2 X 74, XY3 72T,
XY3Z3, XYAZT. XY* 72, XY5T, XY5Z, XY, X275 X275, X2Y 75T,
X2Y 24, X2Y2 22T, X2Y2 78, X2V 3 2T, X2Y3 22, X2Y T, X2Y*Z, X2Y") +
X3(Y, Z,T)* + XMY, Z,T)* + X3(Y, Z,T)> + XS(Y, Z,T) + (X7),

4 10 20 35 46 59
3 6 10 15 11 13
M(b1) = 2 3 4 5 2 2|
1

1 1 1 0 0

R
— = = =

by = (15, ZT%, Z°T3, Z3T2, ZAT, YT, Y ZT3,Y Z2T? Y T3, XT4, 27, Y 75, Y 27,
Y3Z3T, Y3724, YAZT?, YAZ2T, Y423, Y5T?, Yo ZT,Y° 22, YOT, Y 7,V 7,
XZ8 XY2Z3T, XY 75, XY2Z4, XY3ZT?, XY3 22T, XY3 73, XYT?,
XY4ZT, XY422, XY5T, XY°Z, XY®) + X2(2°, Y Z°T, Y Z4 Y ZT?,
Y2Z2T, Y228, Y372, Y3 2T, Y322, YAT, Y4 Z, Y®) + X3[(Y, Z, T)* \ {T*}] +



M. G. Marinari, L. Ramella: Borel Ideals in Three Variables 207

X4(Y7 ZaT)B +X5<Y> ZaT)Q +X6<Y7 ZaT) + (X7)7

4 10 20 35 46 59
3 6 10 15 12 13
M(bz) = 2 3 4 5 1 11|
1

1 1 1 0 0

— = = =

by=(T°,ZT*, Z°T3, Z3T? ZAT, YT, Y ZT?, Y Z*T?, Y 23T, XT*, 727, Y 78, Y* 7,
Y3ZA YA YAZT? YA 22T, YA 23 YoT? Yo ZT,Y° 722 YST,Y°Z, Y™, X 75,
XY Z5 XY?7Z4 XY3T3 XY3ZT? XY3Z°T, XY3 73 XY*T? XY*ZT,
XY*Z2 XYST, XY5Z, XY®) + X% Z5, Y Z* ) Y?T3, Y2 ZT? Y*Z*T,Y? 23,
Y312 Y3ZT, Y322 YAT, YA Z, Y®) + X3([(Y, Z, T)* \ {T*}] + X*(Y, Z,T)* +
X5(Y,Z,T)? + XY, Z,T) + (X7), with

M(bs) = M(by);

by=(T5, ZT4, Z°T3, Z3T2, Z*T, 25, Y T4, Y ZT3, XT* X ZT3, Y3 2°T2, Y3 Z3T,
Y3Z4 Y3720 YATS YAZT?, YAZ2T, YAZ3, YoT2, Y5 2T, Y° 72, YT, Y6 Z,
YT+ X(Y2Z2T2, Y2 23T, Y2 24 Y3T3, Y3212, Y3 22T, Y3 23, Y4T? Y4 ZT,
Y422 YST, Y52, YS) + X2(Y Z2T2, Y Z3T,Y 24, Y2T8, Y2 Z T2, Y? Z°T,
Y223, Y3T2 Y3 2T, Y322, VAT, Y4 Z,Y5) + X3|(Y, Z,T)* \ {T*, ZT3}] +
XNY,Z, T+ X5(Y,Z,T)2 + XS(Y, Z,T) + (X7),

4 10 20 35 46 59
~ 3 6 10 15 13 13
M(by) = 2 3 4 5 0 0
1

1 1 1 0 0

—_ = = =

The above Example 5.3 shows that if n > 4, and h is such that A(h); £ 0, for
some j > d + 1,then B}/ ~ does not have minimum element but several minimal
ones. Recently, using different methods, C. A. Francisco in [5] proved a similar
result for the partial ordering on B} given by the graded Betti numbers.

We prove now that for each O-sequence h = (1,3, (3), oyhay .. hy) € NFGTD,
the < above endows B3/ ~ with a lattice structure.

Lemma 5.4. Let g, ..., pus—a € N satisfy M agre(N(L(h))) > e > M ape(N (£
(h))), as ¢ varies from 0 to s—d, then there exists an ideal © € By, with Ay 41¢(N(0))

et /,Lé_

Proof. We argue as in the construction of £(h) :
o forall0<j<d—-1: A; =T,
e for all 0 < l <s-— d : Ad+€ = RMderf UJ {tl, c. ,tc(g)} with C(g) = hd+€ —

w and t; < --- <t smallest terms of (Agye—1)) \ Ry dses

e forall r € N*: Ay, =0, A:= ||A; CTisa Borel subset which is
jEN
an order ideal. The wanted d € B; is the monomial ideal having A as
sous-éscalier.
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Remark 5.5. a) The (d + ¢)-degree terms of G(d) (9 defined in Lemma 5.4 and
0 < ¢ < s—d), are ordinately greater or equal than those of any b € B} with
A (N (0)gre) = pe. In fact G(0)4 consists of the (w hq) biggest elements of
T4\ Ryy.d, G(0)a4e consists of the greatest hqyo+ fte— hayes1 elements of (Agye)(1y\
Ry, aveforall 1 </ <s—d, and G(0)s1 = (As)q)-

b) Lemma 5.4 allows to determine all possible ses-matrix of ideals in Bj. Indeed,
the second row in the matrix of Remark 4.12 b) must be of the form:

(123 - dpo -+ Hs—a)
for all po > -+ > ps_q € N such that ap < pp < (hgo{d +£})7!
Theorem 5.6. The poset By / ~ has a lattice structure.

Proof Given b, b’ € B}/ ~, let b € b,b’ € b/, and pg > -+ > s q (resp. ufy >
- >l ) bethe (d—s+ 1) tuple defined, for ¢ ranging from 0tos—d, by: =
min{)\l(/\f(b)m% AN (6)are)} (vesp. g := max{ A (N (b)ase), M(N(0)are) }).
We set: bAD =10, bVb =0, with 0 € B} (resp. ' € B;), the ideal constructed,
as in Lemma 5.4, from the above (d—s+1)-tuple po, . . ., fts—q (reSp. g, -5 [s_yg)-
Note that if b < b/, then, by construction, b A b’ := b and b Vv b’ := b/
For all b, b’ € B} we have b AbB’ < b,b’, and bV b’ = b,b’. Moreover, @ < b A b/
and @/ > bV b for all a,a’ € B), with a < b, b’ and @’ > b, b’. All this proves that
we have the claimed lattice structure.

Example 5.7. If h = (1,3,6,10,15,16,11), then #B; = 20 and B,/ ~ consists
of six classes by = A(h),...,bg = L(h). The poset structure is described in next
picture where for all 1 < i < 6, i represents the class b; and an oriented arrow
from i to j (i # j) indicates that b; = b;

2 «— 4 «— 6

! l !
1 « 3 « 5.
Moreover, L L
by A by = by by Vb = by
Banbi=b By VB =
by A\ bs = b3 by V b5 = bg

Finally notice that, according to Remark 4.14 c), for all a € by U bg we have
By = 23,21 =39, B, = 17. Of course f3; j1;’s distinguish the elements of by from
those of bs.
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