Beitrage zur Algebra und Geometrie
Contributions to Algebra and Geometry
Volume 48 (2007), No. 2, 423-434.

Squaring the Circle via Affine
Congruence
by Dissection with Smooth Pieces

Christian Richter*

Mathematisches Institut, Friedrich-Schiller-Universitdt
D-07737 Jena, Germany
e-mail:richterc@minet.uni-jena.de

Abstract. For every k > 2, we construct a dissection of a square into
finitely many topological discs, each having a piecewise k times differ-
entiable boundary, such that images of these pieces under appropriate
maps of the group Aff, of orientation preserving affine transformations
of the plane form a dissection of a circular disc. The dissections consist
of six pieces in the case k = 2 and of 14 pieces for every k > 3.
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1. Introduction and results

Motivated by Tarski’s set theoretical circle squaring problem (see [6]), Dubins,
Hirsch, and Karush have shown that a circular disc cannot be dissected into finitely
many topological discs such that images of these pieces under suitable Euclidean
motions form a dissection of a square (see [1]). In contrast with that, positive
results are possible if the group of Euclidean motions is replaced by appropriate
other groups of affine transformations. In [2] one can find first observations of
that kind including a circle squaring result based on the group of homotheties.
We recall the corresponding definitions.
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A topological disc D C R? is the image of the closed unit disc of the Euclidean
plane under a homeomorphism of the plane onto itself. We denote the set of all
topological discs by D°. Let D" be the family of all D € D° whose boundary is
rectifiable in the sense that its one-dimensional Hausdorff measure is finite. The
class D¢ contains all D € D° whose boundary splits into finitely many subarcs
each being a subset of the boundary of some convex topological disc. More-
over, DF, k € {1,2,...}, is to denote the class of all D € D° whose boundaries
are finite unions of k times continuously differentiable closed subarcs. Similarly,
D> includes all discs whose boundaries split into a finite number of infinitely
differentiable arcs. (In the end-points of an arc one has to consider one-sided
differentiability.) Note that D> # (0, .y D*. Indeed, the convex hull of the graph
of f:[-1,0] = R, f(z) = > 2, 5(max{z + 277, 0})", belongs to (e D" \ D=,
since the restrictions f[_1 -1, fl—2-1,-2-2), - - -, fl_a=t—1) ok}, and f[_y-x o) are
k times continuously differentiable, but f is not k times differentiable at the points
ol 92 ok

A disc D € DY is said to be dissected into the pieces Dy,...,D, € D if
D=D;U---UD, and int(D;) Nint(D;) =0 for 1 <i < j <n.

Given a group G of affine transformations of R?, two discs D, E € D are
called congruent by dissection with respect to G if there exist an integer n > 1
and dissections of D and E into subdiscs D;,...,D, € D’ and E},...,E, € D°,
respectively, such that D; and E; are congruent with respect to G, 1 <1 < n
(that is; E; = 7;(D;) with some v; € G).

The paper [3] is devoted to the question if (or under what conditions) two discs
of a class D € {D°, D", D!, D?} admit a congruence by dissection with respect to
one of the groups Isom (isometries), Aff; (equiaffine maps), Hot (homotheties),
Sim (similarities), Aff, (affine transformations preserving the orientation), or
Aff (general affine transformations) such that all pieces of dissection belong to
D.

The main results of [4, 5] comprise the following: Given a subgroup G of Aff,
any two discs from D° are congruent by dissection with respect to G if and only
if G contains a contraction and every orbit G(z), r € R?, is dense in R?. In this
case any two discs from DY admit a congruence by dissection realized by only
three pieces of dissection from DY. The number three is minimal in general, in
particular for the circle squaring problem. The same are true if D° is replaced by
Dr.

The situation is more difficult if one considers dissections into discs with piece-
wise continuously differentiable boundaries (see [3]): A congruence by dissection
of a circular disc and a square with respect to Sim cannot be realized with pieces
of dissection exclusively from D'. But for any two discs from D! there exists a
congruence by dissection with respect to Aff, whose pieces of dissection are from
D!. Although the last general statement becomes false if D! is replaced by D2,
there exists a solution of the circle squaring problem with respect to Aff, based
on pieces of dissection from D?, more specifically even from D? N D¢. This is
shown in [2]. However, there one uses a large number of pieces (about 100). In
the present paper we improve this result in two directions.
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(1, v3)

(1,0)

Figure 1. Proof of Lemma 1

Theorem 1. There is a congruence by dissection of a square S and a circular
disc C' with respect to the group Aff, realized by only siz pieces of dissection from
D? N De.

Theorem 2. For every k > 3, there is a congruence by dissection of a square
S and a circular disc C' with respect to the group AfE, realized by 14 pieces of
dissection from DF.

It is shown in [4] that any congruence by dissection of a square and a circular
disc with respect to Aff requires at least three pieces of dissection, even if the
pieces are allowed to be arbitrary topological discs. We do not know if the number
six given in Theorem 1 is optimal if the dissections are restricted to pieces from
D? N D¢. In contrast with that, we expect that a refined analysis of the following
proof of Theorem 2 would allow a reduction of the number 14 to 13.

The question for an affine congruence by dissection of a square and a circular
disc with pieces exclusively from [,y D* or even from D> remains open. We
conjecture that such realizations do not exist.

2. Proof of Theorem 1

Lemma 1. Let 0 < b < a < 1 and let a : R? — R? a(z,y) = (az,by). Then
there exists an arc T between (a,b) and (1,1) with the following properties:
(i) T is the image of © = {(cos(¢),sin(p)) : 0 < ¢ < 2=} under a map from
Aff,.
(ii) T is the graph of a strictly increasing convex function f : [a,1] — [b, 1] whose

a(1-b)
b(1—a) "

(iii) T U (") is a twice continuously differentiable arc.

slope in the point (1,1) is less than

Proof. Let t be a straight line through (a,b) such that (1,1) and (a?,b?) belong
to the same open half plane generated by ¢ (see Figure 1).

The lines ¢ and o~ '(¢) have an intersection point in the interior of the triangle
A((a,b),(1,b),(1,1)). We find v, € Aff; such that v(1,0) = (a,b), 7(— 3 ‘/3) =

T2 2
(1,1), and (1, v/3) is the intersection point of ¢+ and o~ (). Then 7,(0) is an arc
between (a,b) and (1,1) that certainly satisfies (i) and the first part of (ii). The



426 C. Richter: Affine Congruence by Dissection of Square and Circle

slope of 7;(0) in (1,1) agrees with that of the tangent a~!(¢). Since the slope
of t is strictly less than that of the straight line ¢, through (a,b) and (1,1), the
slope of a~1(t) is less then that of a~!(¢,). Passing through (1,1) and (a=*,b7 1),
a~1(ty) has a slope of Z:ij = Z((ll:sg

The arcs v,(0) and ay,(0) have the end-point (a,b) in common. Since o' (t)
is the tangent of v,(0) at (1,1), t = aa™'(t) is the tangent of ay,(0) at the point
(a,b) = a(1,1). So %(0) and av,(©) have the same tangent ¢ in the common
end-point; that is, the arc v(0) U ay(©) is continuously differentiable.

The arc 7:(0) would satisfy condition (iii) if the curvatures ro(t) of (O)
and r1(t) of ay(©) at the point (a,b) would agree. This is not the case in
general. If t approaches the extremal position ¢, then rg(t) tends to zero. If ¢
is sufficiently close to ¢, there exists a neighbourhood Uy of (a,b) such that the
elliptic disc F containing v(©) in its boundary covers the part Uy N a(E) of the
disc a(E) associated with ay:(0). Hence ro(t) < k1 (t) if ¢ is close to ¢. Similarly,
Ko(t) > k1(t) if t approaches the other extremal position ¢_, which is the straight
line through (a,b) and (a? b?). By the Intermediate Value Theorem there is a
position ¢y of the tangent ¢ such that xo(ty) = x1(to). Hence the arc I' = ~,,(0)
satisfies (iii). O

. This gives the second part of (ii).

Corollary 1. Let a,b,c, and T be as in Lemma 1 and suppose that b < a®>. Then
A={0,0)} U2, () is a twice continuously differentiable arc between (0,0)
and (1, 1) that is the graph of a strictly increasing convez function g : [0,1] — [0, 1]
and is contained in the triangle /\((0,0), (1,1), (25,0)).

a—ab’
Proof. The arcs o'(T'), i = 0,1,2,..., are graphs of the increasing convex
functions gi(z) = V'f(a7'z) : [0, a’] — [P 0] with gi(a™') = b and

gi(a') = b Since lim; ., [a", a’] x [0, 07 = {(0,0)} in the Hausdorff dis-
tance, A = {(0,0)} U Uj, '(T') is the graph of a strictly increasing continuous
function g : [0, 1] — [0, 1] with g(0) = 0 and ¢g(1) = 1. By claim (iii) of the lemma,
aHT) U a'(T) is a twice continuously differentiable arc for all ¢ > 0. So A is
twice continuously differentiable in all points apart from (0,0). This proves in
particular the convexity of g, because all functions g; are convex.

By (i) and (ii), there is a bound r > 0 such that | f'(z)| < r and |f"(z)| < r for

all z € [a,1]. Hence |g/(z)] = &|f/(a'2)| < (2)'r and |¢/(2)| = L[ f"(a"2)| <
(&) for i > 0, z € [, a’]. The assumptions b < a and b < a? yield
lim; o0 (2)1 = lim;_, (a%)l = 0 and give lim, o ¢'(z) = lim,0¢"(x) = 0 and
g'(0) = ¢"(0) = 0. Hence A is twice continuously differentiable in (0, 0), too.
Since A is the graph of an increasing differentiable convex function, it is
contained in the triangle whose vertices are the end-points (0,0) and (1,1) of
A and the intersection point of the tangents ¢, and ¢, of A in (0,0) and (1,1),
respectively. We replace ¢; by the straight line ¢ through (1,1) of the slope
Z((ll:sg By (ii), the slope of ¢} exceeds that of ¢;. Therefore the replacement of
t; by t leads to a triangle covering the previous one. The third vertex of the
enlarged triangle is (aa__;’b,O), because the slope of #y is ¢’(0) = 0. This yields

A C A((0,0),(1,1), (22,0)). O

a—ab’
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Lemma 2. Let b= #g and let a,c € R be such that the numbers

_ 2a+(1-v5)a’+(3-v5)(c—1)
2c

(6—2v/5)a?+(1-/5)a’4+-(7—3v/5) (c—1)
2a2+(1—+/5)a3c+(3—v5)(c—1)

and q =

are well-defined and coincide. Then there exists an affine map § : R? — R2
satisfying B(a;) = b;, i = 1,2,3,4, where

a; = (1 2_ C2a 1)7 g = (17 1)7 as = (a27b2)7 aqg = (aab)7
bl = <a 71b—§)1270)70>7 b? = (CL3C, 0)7 b3 = (CLQ, b2>7 b4 = (a37b3)'

Proof.  The vectors aja; = (c,0) and ajaz = (a®> + ¢ — 1,0 — 1) are linearly
independent, for ¢ # 0 and b® — 1 # 0. Hence there is an affine map 3 : R? — R?
—
such that ((a;) = b;, @ = 1,2,3. The relations ajay; = pajas + bajas, bjby =
— —
qbiby + bbibs, and p = ¢ yield 5(ay) = by. (The numbers p and ¢ as well as
the following particular value of ¢ were found by the aid of the computer algebra
system Maple 9.01.) g

An example of numbers a, b, ¢ satisfying all assumptions of the lemmas and the
corollary are

a=4=08, b="14Y=061803..., and

c— L (4809 — 1281+/5 + /17699286 — 5344658\/5> — 0.67846. .. .

T 6400

We fix these values for the further constructions and illustrations. (Other choices
of a and ¢ are possible.)
Since 0 < aa::b < ¢, the triangle A((O,O)7 (1,1), (a“::b,O)) is a subset of the

parallelogram P with the vertices (0,0), (¢,0),(1,1), and (1 —¢,1). Hence, by the
corollary, the arc A = {(0,0)} U;2, o*(T) is contained in P (see Figure 2).

(1—c1) (1,1)

0.0)  (@e.0)  (c0) (<52 0)

Figure 2. Dissections of the parallelogram P and the triangle T’
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We obtain a dissection
P=PUPRUPUPUPUPF;

of P into the discs P, = conv(a'}(T)), i = 1,2, 3, the disc P, bounded by A and
the polygonal arc (0,0), (¢,0), (1, 1), the disc Ps bounded by {(0,0)} U2, o/(T")
and the polygonal arc (0,0), (1 — ¢, 1), (a?,b?), (a3, b?), and the quadrangle Ps with
the vertices (1 —¢,1),(1,1), (a,b), and (a?,b?).

The triangle T' = A((0,0), (1—¢, 1), (%212_0), 0)) splits into Ps, into ®(Py),
which is the disc bounded by {(0,0)} U U;=; o/(I') = a*(A) and the polygonal
arc (0,0), (a®c,0), (a®,b%) = *( (0,0), (c,0), (1,1) ), and into the quadrangle with
the vertices (%,O), (a3c,0), (a®,0%), and (a? b?) (see the dotted lines in
Figure 2). By Lemma 2, there is an affine map [ such that the last quadrangle
can be written as 3(Fg). The particular choice of a and ¢ yields g € Aff,. Thus
we have the dissection

T =a*(P)UPsUB(Ps) with «,3 € Aff,.

We come to the claim of the theorem (see Figure 3).

Figure 3. The constructed congruence by dissection

The square S can be represented as S = (P) with v € Aff,. This gives the
dissection

S =y(P1) Uy(P) Ury(P3) U (Py) Uy (Ps) Uy(Fs) with v € Aff,.

The circular disc C' is dissected into an equilateral triangle, that can be expressed
as 0(T) with § € Aff,, and into three discs C;, i = 1,2, 3, each of which being
the convex hull of a circular arc covering an angle of size 2*. By Lemma 1 (i), the
discs P; = conv(a~}(T")) and the discs C;, i = 1,2, 3, are congruent with respect
to Aff,. We pick n; € Aff, such that C; = n;(P;), i = 1,2, 3. Using this and the
above representation of 7" we obtain the dissection of C' = C; U Cy U C5 U §(T)
into

C =m(P)Una(Ps) Uns(Ps) Uda®(Py) US(Ps)USB(Ps) with «,3,6,m; € Aff,.
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The boundaries of the pieces P;, ¢ = 1,...,6, split into finitely many line seg-
ments, elliptic arcs, and affine images of A. The corollary shows that A is twice
continuously differentiable and convex, as well as the line segments and the elliptic
arcs are. This proves Theorem 1.

3. Proof of Theorem 2

Lemma 3. For every k > 1, there exist numbers 0 < a < a1 < as < az < ag < 1
and 0 < b < af and a strictly increasing and infinitely differentiable function
f :la, 1] — [b, 1] with the following properties:

(i) f(a)=b, f(1) =1, af'(a) = bf'(1), fP(a) = fO(1) =0 for all | > 2.

(i) The graph Lo of flas,ay and the arc © = {(cos(y),sin(p)) : 0 < ¢ < 27}
are congruent with respect to Aff, .

(iii) The arc Ty and the line segment Ao = (as, f(as))(as, f(as)) bound a disc Dy
situated below Ag.

(iv) The graph I'y of f|ia,1) and the line segment Ay = (a4, f(a4))(1, f(1)) bound
a disc Dy situated above A, .

(v) The graph T'_ of f|ay.as and the line segment A_ = (ag, f(a2))(as, f(as3))
bound a disc D_ situated above A_.

(vi) The graph f__of fliar.an) and the line segment A_ = (ay, f(ay))(as, f(az))
bound a disc D_ situated below A_ and congruent with D_ with respect to
Aff, .

(vii) The graph Ty of fliaa] and the line segment Ay = (a, f(a))(a1, f(a1)) bound
a disc D, situated below Ay and congruent with D, with respect to Aff,.

(viii) The segments Ay, Ao, A_, and A_ are subsets of the tangent of f at the point
(1,1).

(ix) The segment A, is a subset of the tangent of f at the point (a,b).

Proof. The graph of hg : [— ‘/73, ‘/75] — R, h(x) = % —+/1 — 22, can be described
as Yo = {(cos(),sin(p) +3) : = < ¢ < 87} and therefore is congruent with ©

(see Figure 4).

- 43,34 3)

Figure 4. The arc X
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Let hy : [¥%3 ,2} — R be a function with hy (%) = hy(2) = 0, hy ((L,2)) C
(0,00), W' ([*2,2]) € (—¥,00), and h(2) = 0, 1 > 1, such that ho and hy
together form an infinitely differentiable function on [— ‘/73, 2} . A reflection of the
graph ¥, of h, with respect to the vertical axis yields the graph ¥ _ of a function
h_ on [— 2, —‘/7?:} such that h_, hg, and h, together are an infinitely differentiable
function.

Let X7 and X% be the images of X} and X_ under the rotation

(_1 V3 +\f\/§ _%y+§l)

(r,y) — PR 2?/ 10 2

with center (0, 1) and angle 27) and its inverse
2 g€ 3

() = (ot oy =48 oty 3)

respectively. Then X7 U X* is infinitely differentiable, because its differential

behaviour at (O, %) coincides with that of the unit circle centered at (O, %) Next

we apply the map (z,y) — (\/393, \/Tgy) to obtain 3*%* U ¥**. Then we use
(z,y) = (Lo +Jy—4+ %, — Lo+ Ly — 3)

(a rotation mapping the right-hand end-point of ¥** onto (—2,0) and (0 \[) onto
(—4+ %g,(])) and arrive at Y, UX_.

The resulting arc ¥ = Lo U ¥, U X_ U X, U X_ is infinitely differentiable,
because all derivatives of the subarcs ¥_ and Y_ at the common point (—2,0)
vanish. Note that X is the graph of a function h. This is obvious for XoUX, U _.
The arc 3, is obtained from ¥, by the map

(,9) = (= g2 = 2Py =4+ 20 P+ 5y - 4).

The slope of ¥ in the image of a point (z,h,(z)) € ¥, is given by the deriva-

) d £m+lh+(r)—§ Bilp (x . . . . L.
tive 1( - \/; 42 AU 5334’/( ). This derivative has no singularities,
d(fﬁszh+(z)f4+T) —5— 2§ R (2)

because we have chosen I/, (x) > _\/?g' Therefore 3, describes a function. Simi-
larly, ¥_ is obtained from ¥, by

(z,y) — (v + 22y — 4, —y).

d-he@) W@
d(c+28h, ()—4) 1+2fh’ (x)

Now we pick a map p € Aff, transforming > into the graph of strictly in-
creasing and infinitely differentiable function h, : [0,1] — [0,1] with h,(0) = 0,
he(1) = 1, and 0 < h},(0) < h’( ). (One fixes a straight line [y through the left-
hand end-point ( — 5 + —‘[ —3 +V/3) of ¥ whose slope is less than min, #'(z)
and a straight line [y through the right-hand end-point (2,0) of Y with a slope

larger than max, h/(z). Then one defines ¢ by o( — 5 + 3\[ 3 +V3) =(0,0),

The derivative is not singular, for A/, (z) > 3

2
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0(2,0) = (1,1), and o(lo N {y) = {(1,0)}. The result is illustrated in the left-hand
part of Figure 5. The dotted lines are the tangents at (0,0) and (1, 1).

1 1 T,

' +

D

I_ B
o(%) D
D S I
b T.

0 1 0 aaiasas ay 1

Figure 5. End of the proof of Lemma 3

Finally, we fix 0 < b < a < 1 such that ah(0) = bh/(1) and b < a®. Application of
the map o(z,y) = (1 —a)z+a, (1 —b)y+b) to o(X) yields the graph oo(X) of the
strictly increasing and infinitely differentiable function f : [a,1] — [b, 1], f(z) =
(1=b)hy(222)+b. We obtain f(a) = (1—=b)hy(0)+b = b, f(1) = (1=b)h,(1)+b = 1,
and af'(a) = a=2h}(0) = bi=2h!(1) = bf’(1). The derivatives f)(a) and f(1)
vanish for all [ > 2, because in certain neighbourhoods of (a,b) and (1,1) the
graph of f is an affine image of the graph of h. close to (2,0) and all derivatives
hgf)(Q) are zero.

The other claims of the lemma follow easily. The right-hand part of Figure 5
shows the final situation. (The illustration is highly simplified in order to improve
the visibility of the curved arcs.) O

Corollary 2. Let a : R? — R?, a(xz,y) = (az,by), and let T be the graph of f,
a,b, f being chosen as in Lemma 3. Then A = {(0,0)} U2, &'(T) is the graph
of a k times continuously differentiable function g : [0,1] — [0, 1].

Proof.  The arcs /(") describe the functions g;(z) = 0" f(a""z) : [a""! a’] —
(b1, 0], Consecutive functions fit continuously together, because g;y1(a’™') =
b = g;(a’t1). Hence A is the graph of a continuous function g : [0,1] — [0, 1].
The functions g; are infinitely differentiable, because f is. Property (i) yields in
particular

; i i+1 .
gi(a) = L f'(a) = B f(1) = g (@) and
g.(l)(a“'l) _ b_li_f(l)(a) _ pitl

0= 2D (l)(l) = 91(21(@”1) for 1> 2.
Thus ¢ is infinitely differentiable on (0, 1].

Since f is infinitely differentiable, there exists a bound r such that | f D (z)
for x € [a,1], I € {1,...,k}. Consequently, |g§l)(:v)‘ = (2)[fO@a2)| < (
for x € [a"*!a'], I € {1,...,k}, and in turn ¢V(0) = lim, ;o gV (z) = 0, [
{1,...,k}, because 0 < b < a* < a'. This is the claimed smoothness at 0.

| <

)i

<

b
al

Om =
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Si3 Sia

S

iS4
S12 (a, b)fo7

Sy

2 123,455
(aé:b i

3‘b3 ~y
U S

(a®,0) (c,0)

Figure 6. The dissections of a square and a circular disc

We come to the proof of Theorem 2. Given k > 3, we apply Lemma 3 and
Corollary 2. Then the square S, say S = [0, 1]*> without loss of generality, admits
the following dissection

S=5U---USu
(see Figure 6):
S; = a"Y(Dy) for i =1,2,3, S; = a*(D_) for i = 4,5,6, and S; = o'~ (D)
for i = 7,8,9. The boundary of Sy consists of the polygonal arc (0,0)(1,0)(1,1)
and A.
Si1 is bounded by {(0,0)}UUre; o (T) = a®(A), (a?,b%)a?(a1, f(a1))a?(as, f(az)),

a?(T'-), o®(as, f(as))o* (a4, f(as)), o*(T'y), and (a2, b*)a(as, f(a1))(0,1)(0,0).
The boundary of the disc S15 splits into the arcs

(a,b) (a1, f(a1))(0, N)a(ar, f(ar))e(az, f(az)), a(I'-), alas, f(as))(as, f(as)), and
a(Ty). Sz is the triangle A((0,1)(ar, f(a1))(3,1)). The disc Sy4 is bounded by

(1,1)(3,1) (a1, f(ar))(az, f(as2)), T—, (as, f(as))(as, f(as)), and ;.

Let (¢, 0) be the intersection point of the horizontal axis with the straight line
through (0, 1) and «(ay, f(a1)). The triangle T = A((0,0)(¢,0)(0,1)) is dissected
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into
T =a*(Sp)UShpUa*(Dy)ua®(D_)UP (1)

where P is the non-convex pentagon with the vertices (a*,0), (c,0), (a1, f(a1)),
a?(ay, f(ar)), and (a*,0*) = a?*(a,b) (see the dotted lines in Figure 6). The
triangles conv(S12) and conv(Sy4) admit the dissections

conv(Syy) = SppUa(Dy)Ua(D-), conv(Syy) =SuUDLUD_. (2)

We split P into three triangles 7;2(conv(Sis)), m13(S13), and ny4(conv(Sy4)) with
e, s, ha € Aff,. Using (2) we can refine the dissection (1) to

T= Oég(Slo) U Sn U &2(D+) U 042<D_) U 7712(512) U 77120Z(D+) U
Umaa(D_) Ums(Si3) Unia(Sia) Una(Dy) Una(D-).

By Lemma 3 (vi) and (vii), the discs S; = o'~*(D_), i = 4,5,6, and S; =
o'~"(Dy), i = 7,8,9, can be written as Sy = n;'a*(D_), S5 = 05 'maa(D-),
Ss = m5 ma(D-), S; = n;'a*(Dy), Ss = 15 'mea(Dy), and Sy = 15 ' mia(Dy.
with appropriate 7y,...,n9 € Aff,. This yields

T = U, m:(S:) Ua®(Sip) U Siy U Uilim 1i(Si). (3)

As in the proof of Theorem 1, we dissect the circular disc C' into an inscribed
equilateral triangle, that we express as §(7") with § € Aff,, and into three discs
C;, 1 = 1,2,3, each of which being the convex hull of a circular arc covering an
angle of size 2°. By Lemma 3 (ii), the discs C; and the discs S; = o'~ }(Dp) =
a~Y(conv(Ty)), i = 1,2, 3, are congruent with respect to Aff,. We pick n; € Aff,
such that C; = n;(5;), ¢ = 1,2, 3. Using this and (3) we obtain the final dissection
of C =C1UCyUC3U0d(T) into

C = UL, mi(Si) U, 0ni(Si) U 6 (S10) U 6(Si) U UL, 9mi(Sh),

where «,d,m; € Aff_. Corollary 2 implies that all pieces S; belong to D*. This
completes the proof.

We would like to remind that the arc A is infinitely differentiable in all points
apart from (0, 0) (see the proof of Corollary 2). So the discs Sy, ..., So, Si2, S13, S14
belong to D> and Sy, S11 are “not far” from D.

We finally remark that the congruence by dissection of S and C' uses a piece-
wise congruence of the quadrangle conv(S12) U Si3 U conv(Sy4) with the pen-
tagon P C S (dotted in Figure 6). This is essentially realized by the three
triangles conv(Sia), Si3, conv(S14) and by their images n12(conv(Si2)), m3(513),
nia(conv(Siy)), respectively. By a good use of the freedom in the construction of
A, one could probably obtain a situation where a congruence by dissection of the
quadrangle and the pentagon can be realized by the aid of two pieces. This should
be the key to a congruence by dissection of S and C' based on 13 pieces only.



434 C. Richter: Affine Congruence by Dissection of Square and Circle
References

[1] Dubins, L.; Hirsch, M. W.; Karush, J.: Scissor congruence. Isr. J. Math. 1

(1963), 239-247. Zbl 0171.43002
[2] Hertel, E.; Richter, C.: Squaring the circle by dissection. Beitr. Algebra Geom.
44 (2003), 47-55. Zbl 1040.52006

[3] Richter, C.: Congruence by dissection of topological discs — An elementary ap-
proach to Tarski’s circle squaring problem. Discrete Comput. Geom. 28 (2002),
427-442. Zbl 1019.52009

[4] Richter, C.: The minimal number of pieces realizing affine congruence by dis-
section of topological discs. Period. Math. Hung. 46 (2003), 203—-213.

Zbl 1049.52014

[5] Richter, C.: Affine congruence by dissection of discs — appropriate groups and
optimal dissections. J. Geom. 84 (2005), 117-132. Zbl pre05024128

[6] Tarski, A.: Probléme 38, Fund. Math. 7 (1925), 381.

Received March 20, 2006


http://www.emis.de/MATH-item?0171.43002
http://www.emis.de/MATH-item?1040.52006
http://www.emis.de/MATH-item?1019.52009
http://www.emis.de/MATH-item?1049.52014
http://www.emis.de/MATH-item?05024128

