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Abstract. The Wills functional of a convex body was originally de-
fined as the sum of its intrinsic volumes. Meanwhile, various integral
representations of the Wills functional have been introduced. In this
paper we will introduce and examine the weighted parallel volumes as a
class of functionals generalising the integral representations of the Wills
functional. We will discuss to which extent the weighted parallel vol-
umes are the linear combinations of intrinsic volumes and vice versa.
The weighted parallel volumes can be considered as functionals defined
on the set of all compact sets. We will study their properties and char-
acterise the weighted parallel volumes which are continuous, additive
resp. submodular. We will obtain most of our results in unsymmetric
Minkowski spaces. Finally we apply some of our results to the capacity
functional of Boolean models.

1. Introduction

Let C denote the set of all compact subsets of R?, C’ the set of all bodies, i.e. non-
empty compact subsets of R?, and /C the set of all convex bodies. The dimension
d will always be clear from the context.
Let
d(K,z) :=inf{d(y,x)|ly € K}, K €C, v €R"

where d(y, x) denotes the Euclidean distance between two points x,y € R%. Recall
that
K+L:={x+y|lreK,ye L}, rK = {rz|z € K}
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for K, L C R? and r in the set of non-negative real numbers Ry . Clearly we have
K+rB'={r e RYd(K,r)<r}, Kl recR{,

where B¢ denotes the d-dimensional unit ball. This set is called the parallel body of
K at distance r. Moreover, the parallel volume V(K +rB?), where V; denotes the
d-dimensional Lebesgue measure, is known to be a polynomial in r for K € K.
This can be used in order to define the intrinsic volumes Vy(K),..., Vy(K) of
K € K by

Vy(K +rBY) = Zmd V(K (1)

for all r € Ry, where k; denotes the volume of the j-dimensional unit ball. For
further 1nformation, see [10].

Wills [16] investigated bounds for the number of lattice points, i.e. points with
only integer coordinates, contained in a convex body K, and he conjectured that
an upper bound is given by

Hadwiger [5] proved that this functional equals

/ e—ﬂd(K,z)2 dr
Rd

and called it the Wills functional. A probabilistic representation is
E Vy(K + ABY), (2)

where A is a random variable with distribution function 1 — ™™, ¢ > 0. A
representation quite similar was already obtained in [5], but Vitale [15] was the
first to use probabilistic notions in this context.

Hadwiger [6] showed that Wills’ conjecture is wrong. However, the Wills
functional turned out to have various applications, e.g. in the geometry of numbers
[17] or in deriving exponential moment inequalities for Gaussian random processes
[15].

The aim of the present paper is to study generalisations of the Wills functional.
which functionals beside the Wills functional have the property that they allow
representations similar to the three representations above and thus find out which
generalisations of the Wills functional can reasonably be investigated further to-
gether with it. In Section 2 we will examine the relation between generalisations
of the three representations of the Wills functional. We will show that a functional
on K is a linear combination of intrinsic volumes, iff it allows a representation of
the form

/ N V(K + ABY) dp()N), (3)
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where p is a signed measure on Ry fulfilling some weak integrability conditions. In
fact we will derive these results not only in Euclidean space, but also in unsymmet-
ric Minkowski spaces (i.e. finite-dimensional linear spaces with a not necessarily
symmetric norm).

The original definition of the Wills functional does only make sense for convex
bodies, whereas in the other two representations and their generalisations we can
consider arbitrary bodies. We will show that the generalisations of Hadwiger’s and
the probabilistic representations are equivalent. Therefore it suffices to consider
generalisations of the probabilistic representation as defined by (3), which we shall
call weighted parallel volumes.

Considering the results mentioned so far, which are obtained in an arbitrary,
but fixed dimension, the Wills functional does not play a special role. However,
it can be characterized by a dimension invariance property.

Section 3 is devoted to the further investigation of weighted parallel volumes as
functionals from C to R. First we shall examine translation invariance, continuity
and additivity. Here we will be able to derive characterisation results even for
the more general functionals f,(K) := [ Va(K + A) du(A), where 4 is a signed
measure on KC, saying that these functionals are

e always translation invariant,

e continuous, iff we can neglect the contribution of lower-dimensional bodies
to p in a certain sense, and

e additive, iff they are multiples of Lebesgue measure.

After this, we will show that f, is submodular, if ¢ is a measure and prove that a
weighted parallel volume is submodular, iff the restriction of the signed measure
p appearing in (3) to the positive real numbers is a measure. Then we derive
some necessary and some sufficient conditions for weighted parallel volumes to
be monotone. We will point out a connection to the Kneser-Poulson-Conjecture.
Finally we show that a signed measure 1 is essentially determined by f,.

The results of this paper are of potential interest in stochastic geometry and
spatial statistics. As a first application of our results we examine the capacity
functional of Boolean models in Section 4. Moreover, Meschenmoser and Spodarev
[8] will use these results in order to estimate intrinsic volumes.

2. The three representations

In this section we consider three classes of functionals, namely the linear combina-
tions of intrinsic volumes, and the functionals given by (3) and (4). We examine
whether a functional which is contained in one of these classes is also contained
in the other two classes. There will be a positive answer in any fixed dimension.
However we can characterise the Wills functional among these generalisations by
a dimension invariance property.

In the first part of this section, there is no need to restrict to Euclidean
space. We will replace the unit ball by a convex body B C R?. It is well-known
that V4(K + rB) is a polynomial in r. Thus we can define the mized volumes
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V(K[d—j],B[j]),j=0,....d, K € K, by

d
Valtc + ) = 3 () viela - 51 Bl (@)
§=0
for all » > 0. For further information on mixed volumes, see [10, Section 5.1].
Now we introduce the notion of a signed measure. A signed measure (of finite
total variation) on a measurable space (£2,.4) is a g-additive function from A to
R. So a signed measure is a measure, iff it assigns a non-negative value to each
set of A. It is well known that a signed measure p has a unique decomposition
i = pt — p~ with measures ™ and p~ that are singular with respect to each
other, the so-called Jordan decomposition. For a measurable map f : 2 — R the
integral with respect to u is defined by

/fdu:/fdu*—/fdu‘,

whenever both integrals are defined and at least one of them is finite. Moreover

| = p"
is the variation measure of p.

Remark 1. If i is a signed measure on 2 and ' C () is measurable, then we
denote the restriction of u to ' by . It is easy to see that (po)™ = (1)

and (/JJ|Q/)7 = (Mi)m/ Hence |,u‘Q/| = ‘M“Q/

If Q CR, then [ 27 du(x) is called the j-th moment of . For more information
on signed measures see e.g. [3, §4].

Now we consider the relationship between linear combinations of mixed volumes
and certain functionals that allow integral representations.

Proposition 2. Let p be a signed measure on RY such that the j-th moment p;
is finite for j =0,...,d. Then we have

d
d . .
Valk +2B) ap0) = Y (VK- LB, KK 9
Ry §=0
On the other hand, for arbitrary constants «, ..., aq there is a signed measure p

on RS such that

/R+ Va(K +AB)dp(N) = Y a;V(K[d — j], B[j]), K € K. ©)

J=0



J. Kampf: On Weighted Parallel Volumes 499

Proof. From (4) we conclude

/Ré Va(K +AB)dp(\) = zd: (d_)V(K[d—j],B[j])/ N dp(\)

which shows the first statement.
To prove the converse statement, let

G:K—R, K~ Z%V(K[d—j]»BUD

=0
and choose 71, ..., 7441 € Ry pairwise different. Then by (4) and the well-known
fact that the Vandermonde matrix (r]), where 7 denotes the j-th power, is regular,

it is easy to see that there are ¢y, ..., cqq1 such that G(K) = Zjill V(K +r;B)

for all K € K. Now put p := Zfill ¢;0r;, where 0, denotes the Dirac measure in
r. Then G(K) = [ V4(K + AB) dp(N). O

Whereas the right-hand side of (5) is defined only for convex bodies, its left-hand
side is defined for arbitrary compact sets. So for a signed measure p on RJ, for
which the 0-th to d-th moments are finite, we consider the functional

C—R, K [ Vy(K+\B)dp()\)

+
RO

and call it the p-weighted B-parallel volume. (We will omit the p and the B if they
are clear from the context or in statements that hold for all p resp. B.) In fact
the requirement that the 0-th to d-th moments of p are finite ensures the integral
fRSr Vi(K 4+ AB) dp(X) to be finite: Since every body is contained in a ball and the

volume is monotone, this requirement implies that both ng Va(K + AB) dpt(\)
and fRoJr Va(K + AB) dp~()) are finite and thus ng Va(K + AB) dp()\) exists and
is finite.

Now we start to prepare a statement generalising the equivalence of Hadwiger’s
and the probabilistic representation of the Wills functional.
The total variation of a function f: Rj — R is

N-1
sup {Z|f(sm)—f(sz)| |s1,...,SNERY, 81 < 89 < +++ < SN,NGN} eRU{o0}.
i=1

For a signed measure p we consider the function G on R{ defined by

G(r) = p([r,)), r e R{. (7)
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It is obviously left-continuous, has finite total variation and fulfills lim, ., G(r) =
0. On the other hand for each function G having these properties there is a unique
signed measure p such that (7) is fulfilled (see e.g. [3, Prop. 4.4.3]). It is easy to
see, that the j-th moment of p exists and is finite, iff [/7'G(r)dr exists and is
finite.

From now on we assume that the origin 0 lies in the interior of B. Then we
can define

dp(K,z) :=inf{r > 0|z € K + rB}

for an arbitrary body K € C' and a point z € R%. So we have
r€ K+rB < dg(K,z)<r
for all K € C', z € R and r > 0.

Proposition 3. Let p be a signed measure on RS for which the k-th moment is
finite, k = 0,...,d, and let G : R — R be the function from (7) with p instead
of w. Then we have

/+ Vi(K + AB) dp(\) = / G(dp(K,z))dz, K €C'.

R4

Proof. The proof is based on Fubini’s theorem. Indeed with help of the Jordan
decomposition one can easily show that Fubini’s theorem holds for signed mea-
sures, where the integrability conditions have now to be satisfied with respect to

the variation measure. (In the present proof they will obviously be fulfilled.)
Let K € C'. Then

/RJ Vi(K +AB)dp()) = /R(T /Rd i pan(z) do dp(N)

= // Liap(r)<ny dp(A) dx
R JRT

— [ pllda(f,2),50)) do
Rd

— /Rd G(dp(K,x))dx. 0

So there is a universal one-to-one relation between the generalisations of Had-
wiger’s and the probabilistic representation. The functionals connected by this
relation coincide for all bodies and the only difference is that the probabilistic
representation assigns 0 to the empty set, whereas Hadwiger’s representation is
not defined for it. So there is no need to consider the generalisations of Hadwiger’s
representation anymore.

However we still have to distinguish between the generalisations of Wills’ rep-
resentation — the linear combinations of mixed volumes — and the generalisations of
the probabilistic representation — which we called weighted parallel volumes. The
linear combinations of mixed volumes are only defined for convex bodies, whereas
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the weighted parallel volumes are defined for all compact sets. Therefore it is
not surprising that the relation is not one-to-one. Moreover, the relation involves
the dimension d of the surrounding space. However considering the probabilistic
representation of the Wills functional itself, we see that Hadwiger managed to
find a universal measure p such that the p-weighted B¢parallel volume represents
the Wills functional in all dimensions. So the question arises whether the lack of
dependence on the dimension can be overcome in a more general situation.
We will treat this problem only in the Euclidean case (B = BY), since there is
no canonical way of making this problem precise for general gauge bodies. A
functional defined on subsets of R for every d is called dimension invariant, if
for any n > m and any isometrical embedding of R™ into R”, the functional on
the subsets of R™ is the restriction of the functional on the subsets of R™. For
example, the intrinsic volumes are dimension invariant.

We let W denote the probabilistic representation (2) of the Wills functional
defined on C.

Theorem 4. (i) The functional W is dimension invariant.

(ii) Let p be a signed measure for which all moments are finite. Suppose that
there is an m € N with

/ Vi (K + AB™) dp()) = / V(K + AB") dp(\) (8)
Ry Ry
for all convex bodies K C R™ and all n > m. Then there is a constant c
such that
/ V(L +ABY) dp(\) = ¢- W(L) (9)
Ry

for all convex bodies L C R%, d € N.

(iii) If the signed measure p from (ii) is a measure, then it is up to a constant
factor ¢ the measure from the probabilistic representation of the Wills func-
tional. In particular

/ V(K + ABY) dp(\) = ¢ W(K) (10)
Ry
for all compact sets K C R? d € N.

Before we come to the proof, we remark that we do not need to assume equation
(8) for all convex bodies K C R™, but it suffices to assume it for convex bodies
Kiy,...,Ky € R™ such that the vector (V,,,(K1),...,V(Kx)) is not a linear
combination of the vectors (V;(K),...,V;(Ky)), j=0,....,m — 1.

We like to show that there are really convex bodies having this property.

Example 5. Choose ty,...,ty € R} pairwise different and put K; := ¢,B™, i =
1,...,N. Then

(Vi(Ky), ..., Vi3(KN)) = V;(BY(E, ..., th), j=0,...,m.
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Since a Vandermonde matrix is regular unless it has two identical rows, these
vectors are linearly independent, if N > m + 1.

Proof of Theorem 4. (i) This is equivalent to saying that Hadwiger’s represen-
tation of the Wills functional is dimension invariant and thus is already proven
by Hadwiger [5, (2.1)] using Fubini’s theorem. Hadwiger states the dimension
invariance only on K, but his proof works on C’.

(ii) Let K C R™ be a convex body. Then, using the Steiner formula (1), one can
rewrite (8) as

Z/IR+)‘mde o V(K Z/R+)‘njdp hin— Vi (K).

Since this holds for all convex bodies K, by Example 5 we conclude

/R+ NI dp(N) - K j = / N dp(N) - kg, j=0,...,m.

+
RO

For an arbitrary number k& € N this gives, if we put j =mandn=k+m=~k+j
—(®f) = [ Ndpln) - (1)
RO

So for a convex body L C R? d € N, we have

/+vd<L+ABd dp(\ Z/gdﬂdp VaVi(L) = 3 e V(L) = e W(L).

Jj=0

(iii) Let po denote the probability measure with distribution function 1 — e It
p = ¢+ po, then equation (11) is fulfilled. So in order to conclude p = ¢ - py from
(11), it suffices to show that there is at most one measure p fulfilling (11). By [12,
p. 20] for a sequence (u)ren, With limsup,_ . 1 /1 < oo, there is at most one
measure such that its k-th moment equals py for all £ € Ny. Since

for k € N, we have
1 1,
limsup — % < < limsup — Ve kb = lim sup 2\/_£ =
k—oo K\ Kg k—oo K koo

So the measure fulfilling (11) is unique and hence p = ¢ - py.
The second assertion is an immediate consequence. O]
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3. Properties of the weighted parallel volume

In this section we will characterise the signed measures whose weighted B-parallel
volumes are translation invariant, continuous, additive resp. submodular, where
the gauge body B is a convex body, sometimes with interior points. After this
we will derive some results on signed measures whose weighted Fuclidean parallel
volumes are monotone. Finally we will show that the p-weighted B-parallel volume
determines the signed measure p uniquely.

We will not just prove the desired characterisation results for signed measures
whose weighted parallel volumes are translation invariant, continuous resp. addi-
tive, but we will show more general statements and then get the desired results
as corollaries.

In the following we always consider K with the Fell-Matheron o-algebra, which
is the Borel o-algebra of the Hausdorff topology as well as the Borel o-algebra of
the topology of closed convergence (see e.g. [11, p. 20 f]). For a signed measure p
on K with

/ V(K + A) dlpl(A) < o0, K €€, (12)
K

we define
fu:C—R K~ / Va(K + A) du(A). (13)
K

A functional ¢ : C — R is called translation invariant, if
(K + 1) = ¢(K)
for all K € C, z € RY where K + 1z := {y + x|y € K}.

Proposition 6. Let p be a signed measure on K satisfying (12). Then f, is
translation invariant.

Proof. This follows immediately from the translation invariance of the ordinary
volume. O

The following corollary is an immediate consequence of this proposition.

Corollary 7. Let p be a signed measure on RS whose 0-th to d-th moments are
finite and B C R? a convex body. Then the p-weighted B-parallel volume is
translation invariant.

Now we turn to continuity with respect to the Hausdorff metric (see e.g. [11,
Section 1.2]). We start with two lemmas concerning the continuity of the parallel
volume.

Lemma 8. Let K C RY be a body and B C R? be a convex body with interior
points. Then
Ry — RS, r— Vy(K +1rB)

18 continuous.
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This was proven by Baddeley, Gill and Hansen [2, Lemma 3].

Lemma 9. Let B C R? be a convex body with interior points. Then the functional
C - Ry, K+— Vy(K+ B)
15 continuous w.r.t. the Hausdorff topology.

Proof. Let € > 0. Let K € C'. Then, according to Lemma 8, there is § > 0 such
that

Va(K +B) —e < Vg(K+(1—0)B) < Vao(K + (1 +6)B) < Vo(K + B) +e.

Moreover, B has interior points and therefore contains a ball Bgr(z) of radius
R > 0 with center z € R, say. Now let K € C with Hausdorff distance from K
less than 0 R. Then

K CK+0RB*CK +6B -z,

hence K + (1 — §)B C K + B — 6x. Just the same way one shows K+ BC
K+ (1+0)B—ox. Thus
Va(K+B)—e < Va(K+(1—6)B) < Va(K+B) < Va(K+(1+8)B) < Va(K+DB)+e.

Since () is an isolated point in C w.r.t. the Hausdorff topology, we have proven the
statement. n

Further we let ICy denote the set of all convex bodies with interior points and R*
the set of all positive real numbers.

Theorem 10. Let i be a signed measure on K satisfying (12). Then f, is contin-
uous (w.r.t. the Hausdorff topology), iff f. = fa, where ji := pyx, is the restriction
of i to Ky.

Proof. First let f, = fu. Let K € C and (K;);en be a sequence converging to
K. Then the dominated convergence theorem, whose conditions we shall check
below, and Lemma 9 give

lim f,(K;) = lim fz(K;)

1—00 1—00

— / lim Vy(K; + A) dji(A)
K

= / Vi(K + A) dfi(A)
Ko
= fu(K)

We have to justify the application of the dominated convergence theorem. Since
the sequence (K;);eny convergences, there is S > 0 such that K; C SB? for all
i € N. Now we have Vy(K; + A) < V4(SB? + A) for all i € N and A € Ky and
according to Remark 1 and (12)

/ Va(SB* + A)d|ji|(A) S/Vd(SBd—i—A)deA) < 00.
Ko K
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Now assume that f, is continuous. Recall /i := px, and put  := pu — fi. Then

fo=Tu—Tfa (14)

Since f, is assumed to be continuous and fj is continuous by the direction already
proven, f, is continuous, too. Let K C R? be finite. Then V(K + A) = 0 for any
lower-dimensional convex body A and therefore [ V(K + A)dn(A) = 0. Since
f 1s continuous and the finite sets lie dense in C, we conclude that f, = 0 and
therefore by (14) that f, = fa. O]

The condition f, = f; is not equivalent to p = fi. We will comment on this
further at the end of this section.
From Theorem 10 we obtain the following corollary:

Corollary 11. Let p be a signed measure on RS whose 0-th to d-th moments
are finite and B C R? a convex body with interior points. Then the p-weighted
B-parallel volume is continuous, iff p({0}) = 0.

Proof. Put p := pr+. Then

/R ValK +AB)dp(\) = | Va(K +AB)dp(\) = p({0})Va(K).

R+

So the p-weighted B-parallel volume coincides with the p-weighted B-parallel
volume, iff p({0}) = 0. Thus the result follows from Theorem 10. O

The convex ring is
R = {iglKi\Kl, K, €K, reN}uU{p}
A functional ¢ : R — R is called additive, if
YK UL)+¢(KNL)=o(K)+ (L)

for all K, L € R and ¢(0) = 0.

Lemma 12. Let p be a signed measure on K satisfying (12), for which the re-
striction of f,, to the convex ring is additive. Then f,(K) =0 for all sets K € R
which are contained in a finite union of hyperplanes.

Proof. We start by proving the assertion for an element K of the convex ring that
is contained in one hyperplane. We let u denote a unit vector orthogonal to that
hyperplane and put

K, = ZQI(K +1u), i €N,

and

L= {k+Xuk e K, \e0,1]}
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Then K; € R,i € N, and L € R. Using that f, is translation invariant and
additive by assumption we get

Z|fu<K)| = |fM(KZ)|
< / Va(K; + A) dju| (A)
K

< / Va(L + A) d|ul(4).

Since ¢ € N was arbitrary and the right-hand side is independent of 7, we conclude
fu(K) = 0.

Since f,, is additive and the intersection of two elements of the convex ring,
which are contained in at most n hyperplanes respectively, n € N, is again an
element of the convex ring lying in at most n hyperplanes, an easy induction shows
that f,(K) =0 for any K € R contained in at most n hyperplanes, n € N. [

Theorem 13. Let u be a signed measure on K satisfying (12). Then the restric-
tion of f,, to the convex ring is additive, iff f, is a scalar multiple of the volume.

Before proving this theorem we state the desired corollary:

Corollary 14. Let p be a signed measure on RS whose 0-th to d-th moments
are finite and B C R? a convex body. Then the restriction of the p-weighted B-
parallel volume to the conver ring is additive, iff the p-weighted B-parallel volume
1s a scalar multiple of Lebesque measure.

Proof. This is an immediate consequence of Theorem 13. Besides, this is a
corollary to Theorem 16 below. [

Proof of Theorem 13. Since the Lebesgue measure and hence restrictions of its
scalar multiples are additive, we only have to prove one direction. Let K C R? be
a compact set and € > 0. Then

{int B(z)|x € K}

is an open cover of K, where int denotes the interior and B.(z) denotes the ball
with radius € and midpoint x. Since K is compact, there is a finite set A° C K
such that

{int B.(z)|z € A}

is a cover of K. Now we have obviously A€+ eB% € R and
K C A4 eB*C K + B, (15)
For 7 € N we put

K= {(21,...,04) € A4+ eB? | therearesc {l,...,d}, j€Z
such that z, = j - 27"},
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This means that K¢ is the intersection of the set A° + eB% which approximates
K with a hyperplane lattice that is the finer the greater i is.
Let B € K be a convex body containing more than one point. Then we have

Awa¢+B:@2@7+Bﬂu¢eR%m¥+Bﬂg:q. (16)

The set on the right-hand side is obviously contained in the set on the left-hand
side. In order to prove the converse inclusion, let # € A + eB% + B. Then
d(A°+ B,z) < e. If d(A°+ B,x) = ¢, then z is contained in the set on the
right-hand side of (16), so that we can assume d(A° + B,z) < ¢ from now on.
Then there is € < € with z € A° + B 4 ¢ B? and hence we get a decomposition
r=k+bwith k = (k... ,kg) € int(A° + eB?) and b = (by,...,bs) € B. Now
there is 0 > 0 such that

{(v1,...,vq) ERY| |ky —v,| < d forall s € {1,...,d}} C A°+ eB%. (17)

Choose a point &' € B\ {b} and i € N such that 27° < min{4, \%Hb —bV||}. Then
there are A € [0,1] such that there is S € {1,...,d} and j € Z with

ks + /\(bs - bg) =7 2%,
Choose the smallest such A\. Then
|ks - (ks + A(bs - b;))l =A- |bs - b;| < 27

for all s € {1,...,d}, since otherwise A could be decreased. By (17) it follows that
k+Xb—V)e A°+eB So k+ A(b—1V) € Kf. Since \b' + (1 — \)b € B, we get

r=k+b=k+XNb—=b)+ X'+ (1-A\be K+ B.
So (16) is proven.

As a consequence of Lemma 8, the set {x € R¥|d(A° + B,z) = ¢} has Lebesgue
measure 0. Therefore we can conclude from (16) that

lim Vy(K¢ + B) = Vy(A° + eB* + B). (18)

Moreover, Lemma 8 shows that

gyMK+B+£%:wm+B)
and by (15) we conclude

gy@m+3+£%:wm+3) (19)
Now let ' denote the restriction of i to the set of all convex bodies containing

more than one point. Then ( := u — i/ is concentrated on the set of bodies
containing only one point and therefore f; is a scalar multiple of Lebesgue measure
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and thus additive. Since f, is assumed to be additive, f,, is additive, too. As
K¢, i € Nje > 0, is an element of the convex ring contained in the union of finitely
many hyperplanes, Lemma 12 gives

fuw(K§) = 0. (20)

Using (19) together with the dominated convergence theorem, on which we will
comment below, (18) together with the dominated convergence theorem and (20)
we get

fu(K) = /K Va(K + A) dy(A)

= lir% Va(A°+ eB* + A) dy/ (A)
K

€E—

= lim lim [ Vu(K{+ A)dy/'(A)

e—0i—o00 K

= lir% lim f,/(K;)

= 0.

We were allowed to apply the dominated convergence theorem, since for ¢ € N
and € € (0,1) we have

Va(AS+ eBY 4+ A) < V(K + B + A) resp. Vy(K¢ + A) < Vy(K + B4 A)

for all A € K and
/Vd(K+Bd+A)d|;/|(A)S/W(K+Bd+A)d|M|(A)<oo
K K

by Remark 1 and (12).

So we have f, = f¢ and therefore f, is a scalar multiple of the Lebesgue measure.

m
A functional ¢ : C — R resp. ¢ : R — R is called submodular, if
QK UL)+o(KNL)<P(K)+ (L)

for all K,L € C resp. K,L € R. For properties and applications of submodular
functions defined on arbitrary lattices see [14].

Proposition 15. Let p be a (non-negative) measure on K satisfying (12). Then
fu is submodular.

Proof. For K, L € C, A € K we have

Vai(KUL)+A) = Va(K+AU(L+A))
= Va(K+A)+Vy(L+A) —Va((K+A)N(L+ A)).



J. Kampf: On Weighted Parallel Volumes 509

Hence f, is submodular, iff
/ Val(K + A) N (L + A)) = Val(K O L) + A) dpu(A) = 0
K

for all K, L € C. However, this is always true for measures u, since
(KNL)+AC(K+A)N(L+A4), K LeC, Acek. m

Theorem 16. Let p be a signed measure on Ry with finite k-th moment, k =
0,...,d, and B a convex body consisting of more than one point. Then the follow-
g are equivalent:

(i) The p-weighted B-parallel volume is submodular.
(ii) The restriction of the p-weighted B-parallel volume to R is submodular.

(iii) The restriction of p to R™ is a measure.

Proof.  The implication (i)=-(ii) is clear.

In order to see (iii)=-(i), put n := p — pr+. Then 7 is concentrated on {0},
hence f, is a scalar multiple of Lebesgue measure. Moreover, by Proposition 15 the
pir+-weighted B-parallel volume is submodular. Hence the p-weighted B-parallel
volume is submodular, too.

Now assume (ii) is satisfied. In order to verify (iii), we first show that for the
functions

r—a ifa§r<“7+b,

fap : RT >R, r—<b—r if“T*bgr<b, b>a>0,
0 elsewhere ,
we have
fap(AN)dp(A) >0, b>a>0. (21)
R+

The idea of this first step of the proof is to construct two bodies K, L € R for
which the functional

r—Vi((K+rB)Nn(L+rB))\ (KNL)+rB))

is proportional to f,;, if we neglect boundary effects, and to justify that we can
neglect them.

So let b > a > 0. Choose an unit vector u in the linear space parallel to
the affine hull of B and denote the Euclidean ball of radius R in the hyperplane
orthogonal to uw by B} for R > 0. By the translation invariance of the volume we
may assume max{(z,u)|xr € B} = max{(z, —u)|xr € B}. Now put

h = max{(z,u)|x € B} and h, :=max{(z,v)|z € B,v € S* ' v L u}.
Then h >0 and h; > 0. Let r € R™ and R > h r. Now set

K := ({—hb-u}Ulha-u, hb-u])+ By and L := ([-hb-u, —ha-u]U{hb-u})+ B},
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a+b

where [z, y] denotes the line segment from x to y. Then one has, if a <r < 422,

(K+rB)n(L+rB)\ (KNL)+rB)C
[h(a — r) - u, h(T - CL) : U] + (leé_t,_}ur \ B}ua_hlr) U [h(a - T‘)U, h(?" - a)“] + B}L?—hl(r' )
22

Indeed, let x € ((K+rB)N(L+7B))\ ((KNL)+rB). Then there are k € K and
m € B such that z = k+rm. Since x ¢ ((KNL)+rB), we have k € K\ L. Hence
(x,u) = (k,u)—r{m,—u) > ha—rh. The same way one shows (x,u) < (r—a)h and
(z,v) < R+hyrforve S withv L u. Hence x € [h(a—r)u, h(r—a)ul+ By, ,
and thus z is contained in the right-hand side of (22).

On the other hand one has

[h(a —r)u, h(r —a)u] + By}, . € (K+rB)N(L+rB))\ ((KNL)+rB).
Indeed, let x € [A(a — 7)u, h(r — a)u] + Bf_;, .. Now
—h < t(h(a—r) + ha) < 2({z,u) + ha) < 2(h(r — a) + ha) = h.
Hence there is m € B with (m,u) = £((z,u) + ha). Put | := z — rm. Then
(Luy = (x,u) — - L((z,u) + ha) = —ha.

For v € S%! with v L u one has |(m,v)| < h) by the definition of i, and hence
(l,v) < R. Thus | € L and z € L + rB. The same way one shows z € K + rB.
For k € K N L one has either (k,u) = —hb or (k,u) = hb. So for any point
y € (KN L)+ rB either (y,u) < h(r —b) or (y,u) > h(b—r) must hold. Since
b—r >r—aand h(a —r) < (x,u) < h(r —a) by the choice of z, this shows
r¢ (KNL)+rB.

Similar for aTH’ < r < b one shows

(K+rB)Nn(L+rB)\ (KNL)+7rB) C
[h(a = r)u, h(r — a)ul + (Biin,, \ Bip,») U (h(r = b)u, h(b = r)u) + Bp

and
(h(r — b)u, h(b — r)u) + By, . (K +rB) N (L+rB)\ (KNL)+rB),
where (z,y) == [z,y]\ {z,y}. Forr < a
(K+7rB)N(L+rB)=(KNL)+rB
holds and for r > b we have
(K+rB)N(L+rB))\((KNL)+rB) C [h(a=r)u, h(r—a)u]+ (Bgh, » \ Br_n,r)-
Hence we have

2R+ fop(r)ka—1(R—hir)™ " < Vy((K+rB)N(L+7rB)) \ (KNL)+rB)) <
2h-max{0,7—a}kg1((R+h ) —(R—hyr) ) 420 fop(r)kg_ 1 (R—hyr)*t
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So
™ Va(((K +rB)n (L +};ﬂfl>> \KAD+B) o b ke, € R

By the majorized convergence theorem, which can be applied, since
Vi(K +7rB) < 2h(b+7)kg 1 RTH(1 + hyr)®!
for R > 1, we get

Vi ((K4AB)N(LAAB)) \ (KNL)+AB))

2hkq—1 fap(N)dp(X) = [or limp_o0 =T dp(\)
R+
, Vi ((K+AB)N(L+AB))\ (KNL)+AB)
= Mg oo fos o == )dp(A)
> 0,

where the last inequality can be deduced from the submodularity by arguments
used in the proof of Proposition 15 in the reverse direction. So (21) is proven.

Next we prove p((z,y)) > 0 for y > x > 0. Define z(n) := z+27"(y — ) and
y(n) :=y—2""(y —x), n € Nt where N* is the set of positive integers. Then
another application of the majorized convergence theorem gives

e = [ TenOdpy)

=y - i LA D2 foam ) + Y 2" fym (V) dp(N)
2 - n—1
= y—z (/R+ fa:,y()\) dp()\) + ; 2 /R+ fx’x(n)(/\) dp(>\)

+ g n—1 ) (A) dp(\
n:12 éy fy( ),y( ) dp( ))
> 0

by (21).
In order to prove that pjr+ is a measure, it suffices to prove that x — p([0, z])
is monotonically increasing on R*. So let y > = > 0. Then

p([0,9]) = p([0,2]) = p((z,y])
= p( 0 (@y+3))
= lim p((x,y + 7))
> 0. 0

Another interesting question is, for which signed measures the weighted parallel
volumes are monotone, where a functional ¢ : C — R is called monotone, if for
K, L € C one has

LCK = ¢(L) < ¢(K).
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Even in the Euclidean case we are not able to answer this question. However, the
following proposition answers a related question and gives a necessary condition
for the weighted parallel volume to be monotone.

Proposition 17. Let p be a signed measure on Ry with finite 0-th to d-th mo-
ments. Then the restriction of the p-weighted Fuclidean parallel volume to K is
monotone, iff the 0-th to (d — 1)-th moments of p are non-negative.

Proof. By Proposition 2 and the fact x;V;_;(K) = (?)V(K[d — 4], B44]) (see [10,
(5.3.8)]) we have after changing the summation variable from j to d — j

d
Va(K +ABY) dp(A) = ) Ka-jtta—;Vi(K)
/R0+ jgo JHd—j5Vj

for K € K, where p; denotes the j-th moment of p.

So if g, ..., g—1 are non-negative, then the monotonicity of the restriction
of the p-weighted parallel volume follows just from the facts that the intrinsic
volumes are monotone and Vo(K) = 1 for all K € K.

The ideas for the proof of the converse statement are extracted from the end
of the proof of Hadwiger’s characterisation theorem ([4, Section 6.1.10]). For
i€{l,...,d} and R € R let

Bl = {(xy,...2;,0...,0) € RY|(x1,...,2:)| < R}.

Then by using the dimension invariance of the intrinsic volumes and the Steiner
formula in R™>{%7} one gets
RJ(;)% if § <1,

0 if j > 1.

Vi(B}) = {

The function

d i .
. . 1\ Rd—i K .
/+ Va(Bly + ABY) dp(\) =~ ka_jpa—;V;(By) = () I g R
R ..

J=0 J=0

cannot tend to —oo as R tends to co, since we assumed the p-weighted parallel
volume to be monotone. Therefore py_; is non-negative. O]

As mentioned before, this proposition yields that a necessary condition for a
weighted parallel volume to be monotone is that the 0-th to (d —1)-th moments of
the signed measure are non-negative. However, this condition is not sufficient. In
fact, obviously there is a signed measure p whose restriction to [0, 1] is —1 times
the Lebesgue measure and whose 0-th to (d — 1)-th moments are non-negative.
Since the parallel bodies of the sphere S?~! and the ball B¢ at distance greater
than 1 coincide, the p-weighted parallel volume of the sphere is greater than that
of the ball. So the p-weighted parallel volume is not monotone.
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On the other hand an obvious sufficient condition for the parallel volume to be
monotone, is that the signed measure p is a measure. We think that this condition
is far from being necessary. In order to construct an explicit example of a signed
measure which is not a measure but whose weighted parallel volume is monotone,
we introduce some notion:

Let K € C' and x € R% Then there is p € K with d(p,z) = d(K,z). If p is
unique, we call it the metric projection of z onto K, p(K,x) := p. The exoskeleton
exo(K) of K is the set of all points = for which p is not unique.

Lemma 18. Let K, M C R? be two compact sets satisfying M C K. Letr < s.
Then

S—in((K +sBY)\ (M + sB%)) < TidVd((K +7rBH\ (M +rB%).

Proof. The special case, where M = (), is already proven in [7, Hilfssatz 7]. In the
present, more general, setting only one additional idea is needed. Let f be the
function from the proof of [7, Hilfssatz 7], which satisfies

s
and is defined on some set L C R? with L Nexo(K) = (). We have to show that
f(M +rBYNL)C M+ sB®.

Let z € (M+rB*)NL. Thend(p(K,z),z) < d(M,z) <r. Hence d(z, f(x)) < s—r
and thus
d(M, f(z)) < d(M,z) +d(z, f(x)) <7+ (s —7) = .

So f(z) € M + sB. O
Stacho [13, Section 4] has proven the case, where M = (), of this lemma in general

Minkowski spaces. However, it does not seem to be possible to extend his proof
to more general sets M.

Now we are ready to show that there is a signed measure p which is not a measure,
but whose weighted parallel volume is monotone.

Example 19. Choose two real numbers r < s and set

1 1
p = ﬁér - 555,

where §, and J, denote the Dirac-measures in r and s. Now let K, L C R? be two
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compact sets. If L C K, then by Lemma 18

/+ Va(K + ABY) dp(\) — / Va(L + AB%Y) dp(\)

+
IRO

= [Vl AB\ (L4 AB) dp)

- r_ldVd((K +rBY)\ (L +rB7))

— Val(K + sBY)\ (L + sBY)
>0,

So the p-weighted parallel volume is monotone.

We like to take this opportunity to point out the connection between Lemma 18
and the Poulson-Kneser-Conjecture. This conjecture deals with extensions, where
a tuple (qi,...,qy) of points in R? is called extension of a tuple (pi,...,pn) of
points in R?, if

1pi = pill < llei —q5ll, 4,5=1,...,N.
Recall that Br(p) is the ball with radius R and midpoint p. The Kneser-Poulson-
Conjecture is the following:

Conjecture 20. Let (q1,...,qn) be an extension of (p1,...,py) and R > 0.
Then

Val O Br(p)) < Va( 5, Br(a).

For further information and a partial proof, see [1].

From Lemma 18 we get the following corollary that is, if K is finite, a special case
of the Kneser-Poulson-Conjecture:

Corollary 21. Let K C R? be compact. Then Vy(rK + B%) is monotonically
INCTeasing in 1.

Proof. Let r <r'. Then & < . If M = (), then M +B* = M + L B% = . Hence
Lemma 18 gives

1 1
Va(rK + BY) = rVy(K + ;Bd) < (r")Wu(K + de) = V,(r'K + BY). O

The connection between Lemma 18 and the Kneser-Poulson-Conjecture has not
been realized yet. Stacho [13] does not mention the Kneser-Poulson-Conjecture,
which had already been formulated at that time. Later Rehder [9] proved the
special case of the Kneser-Poulson-Conjecture, where the extension was obtained
by a dilatation, for an arbitrary compact and convex set instead of the unit ball.
So Stacho’s and Rehder’s results generalize the same special case of the Kneser-
Poulson-Conjecture, but Rehder does not quote Stacho. Still in [1] Rehder is
quoted and not Stacho.



J. Kampf: On Weighted Parallel Volumes 515

Now we deal with the question, whether the signed measure p is uniquely deter-
mined by the p-weighted parallel volume, or, more generally, whether a signed
measure & on K is uniquely determined by the functional f,. However, it is quite
easy to see that the answer to the latter question is negative. In fact, let © and n
be two Dirac-measures on convex bodies that are translates of each other. Then
by the translation invariance of the volume we have f, = f,.

We want to exclude such trivial counter-examples. For this we choose a center
map c, i.e. a measurable map c: K — R such that ¢(K + z) = ¢(K) + x for all
K € K, x € R4, for instance, we let ¢(K) denote the midpoint of the smallest ball
in which K is contained. Let

K*:={K € K|¢(K) =0} (23)

be the set of all centered convex bodies. Now we will only consider signed measures
1 which are concentrated on KC*.

Theorem 22. Let ;1 and n be two signed measures on K* satisfying (12). Then

=1, Uf fu= Iy

Proof. Obviously f, = f,, if © =n. So assume f, = f,. We put
poo=ptps+n and =g dp

For a measure p on K* we define a measure M, on IC b
P

M,(A) = / / 14(A + 2) dz dp(A)
K+ JRd
for any measurable set A. Moreover we put
Ko ={KeK|ICNnK #0}, CeC.
Let A* = {—z|z € A}, A€ K. Now

My(Ke) = /zc /Rd Lata)nczo dx dfi(A)
~ / Vi(C + A7) di(A)

— L)+ / Va(C + A% d(u + 7 )(A)

= FCT)+ [ VO A+ )(A)
— My(Ke).

Just like [11, Lemma 1.3.1] one can show that {Kc|C € C} is a generating system
of the Fell-Matheron o-algebra. Since it is intersection-stable, we conclude M, =
M;. Now let A C K* be measurable. Because A+x = A"+, A, A" e K*, z,2" €
R?, obviously implies A = A" and x = 2’, we have

M,({A+z|A€ A zel0,1)7}) = / /R 14(A) 1 ya() da dii( A) = ji(A).
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As this equation holds also for 7 instead of i, we conclude 7 = i and hence
n=p. [

Corollary 23. Let B be a convex body consisting of more than one point and let
p and 1 be two signed measures on Ry with finite 0-th to d-th moments. If the
p-weighted B-parallel volume and the n-weighted B-parallel volume coincide, then

p=1.

Proof. This is an immediate consequence of Theorem 22. O]

4. Application to Boolean models

In this section we want to apply the results of the previous sections to the capacity
functional of Boolean models used in stochastic geometry (see e.g. [11]).

A (stationary) Boolean model (with convex grains) is a random closed set Z,
which can be constructed in the following way: Let X = {(X;, Z;)|i € N} be a
marked stationary Poisson process with intensity v on R¢, where the mark space is
the set K* defined by (23) and the mark distribution is a probability distribution
Q on K* satisfying

/ Vy(K + A)dQ(A) < 00, K €C.

Then let -
7 = -91 X, + Z;.

Now ~ is called the intensity, Q is called the grain distribution of the Boolean
model Z and the sets X; + Z;, ¢« € N, are called the grains of Z. For further
information, see [11, Section 4.4].

The capacity functional of a random closed set Z C R? is
Ty :C— (0,1, C—P(ZNC #0).

For further information, see [11, Section 1.4].
Recall the definition (13) of f, and let log denote the logarithm to base e.

Lemma 24. Let Z be a Boolean model. Then Z has intensity v and grain distri-
bution Q, iff
—log(1 —-T%) = fyq.

Proof. The necessity is an immediate consequence of [11, Satz 4.4.4].
Therefore by [11, Satz 1.4.2 and Satz 4.2.2] we have equivalence. O]

Denote the set of all centered convex bodies with interior points by Xg.

Corollary 25. Let Z be a Boolean model with intensity v and grain distribution
Q. Then Ty is continuous (w.r.t. the Hausdorff topology), iff Q is concentrated
on K.
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Proof. First assume that 7’7 is continuous. Then by Lemma 24 f..q is continuous,
too. As a consequence of Theorem 10 we obtain

7-/ Vay(BY + A)dQ(A) = 0.
K\

Since Vy(B? 4+ A) > 0 for all A € K*\ K and Q is a measure, we conclude that
Q is concentrated on K.

Now assume that Q is concentrated on Kj. Then f,.q is continuous by Theorem
10 and from Lemma 24 we obtain that T, is continuous, too. O

Corollary 26. Let Z be a Boolean model with intensity v and grain distribution
Q. Then we have for all K, L € C

(1=Tz(KUL)-(1-Tz(KNL)>(1-TzK)) - (1-Tz(L))  (24)
P(ZN(K\L) =01ZNL=0)>PZn(K\L) =§Zn (KNL)=0). (25)

Proof. From Proposition 15 we have
fro(KUL)+ fro(KNL) < fro(K) + frolL) (26)

So by Lemma 24 we get (24).
Since

1-T;(M)=P(ZNnM=10), MEeC,
we conclude from (24)

P(ZN(KUL)=0) - P(ZNK=10)
P(ZNL=0) ~PZnN(KNL)=0)

Hence

PZN(K\L)=0ZNL=0)>P(ZN(K\L)=0Zn(KNL)=0). O

There is only one convex body which is centered and consists of exactly one point.
In the following we assume w.l.o.g. that this convex body is {0}.

Corollary 27. Let Z be a Boolean model with intensity v and grain distribution
Q. Then equality holds in the inequalities of Corollary 26, iff Q is the Dirac
measure dgoy on {0}.

Proof. All one has to show is that equality holds in (26), iff Q = dg}, since from
there on all arguments in the proof of Corollary 26 hold with inequality replaced
by equality and the direction of conclusion can be reversed.

If Q = 6403, then f,.q is a multiple of Lebesgue measure and hence equality
holds in (26). On the other hand, if equality holds in (26) for arbitrary compact
sets, then Theorem 13 implies that f.,.g is a multiple of Lebesgue measure. Then

v [ Vs A L) o
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where S4~! denotes the sphere, since the sphere has Lebesgue measure zero. How-
ever V(S9! + A) > 0 for every convex body A containing more than one point
and hence Q = dy¢y. n

It is easy to see that the intersection Z’ of a Boolean model Z with an affine
subspace F is a Boolean model in F.

Corollary 28. (i) Let Z C R" be a Boolean model with grains that are a.s. balls
such that the distribution function of the radii is 1 — e, For an affine
subspace E C R™ the grains of Z' := ZNE are a.s. balls and the distribution
function of their radii is again 1 — e~ . Moreover Z and Z' have the same
mntensity.

(ii) Let P be a probability distribution on RS. Assume that there is m € NT such
that for all Boolean models Z C R™, n > m, whose grains are a.s. balls with
radii distributed according to P the following holds: For all m-dimensional
affine subspaces E C R™ the grains of the Boolean model Z' == Z N E are
a.s. balls with radii distribution P and Z' has the same intensity s Z. Then
the distribution function of P is 1 — i

Proof. For both parts of this corollary one has to observe that the capacity
functional 17 is the restriction of T to the set of all compact sets contained in
E, which is an immediate consequence of the definition of 7.

(i) The grains of Z’" are obviously balls. For the computation of the radii distri-
bution, recall that W(K) = E V(K + AB?), where A is a random variable with
distribution function 1 — e, Let ~ denote intensity of Z. By Lemma 24 we
get log(1 —Tz) = —y - W. So by Theorem 4 (i) we have log(1 — T/) = —y - W.
Hence from Lemma 24 it follows that the distribution function of the radii of the
grains of Z’ is again 1 — ™ and Z' has intensity 7.

(i) For all compact sets K C E we have T7(K) = Tz(K) and hence, by Lemma
24,

v / Vi (K + AB™) dP(\) = v / Vo (K + AB™) dP(\),
Rg Ry

where + is the intensity of Z. Hence Theorem 4 (iii) implies that P has distribution
function 1 — e~ ™, O]

We have to confess that part (ii) of Corollary 28 is unsatisfactory for two reasons.
We fix m and then let n run over all numbers greater than m. It would be more
natural to do it the other way round. Moreover, in its proof we only work with
the restriction of T to K and not with T on the whole of C. Thus we believe
the assertion holds under much weaker assumptions — however under these weaker
assumptions one probably has to use different methods in order to prove it.
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