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Abstract. Denote by K,, the mirror image of a planar convex body
K in a straight line m. It is easy to show that K = conv(K U K,,)
is the smallest (by inclusion) convex body whose axis of symmetry is
m and which contains K. The ratio axs(K) of the area of K to the
minimum area of K is a measure of axial symmetry of K. A question
is how to find a line m in order to guarantee that K, be of the smallest
possible area. A related task is to estimate axs(K) for the family of
all convex bodies K. We give solutions for the classes of triangles,
right-angled triangles and acute triangles. In particular, we prove that
axs(T) > %\/5 for every triangle 7', and that this estimate cannot be
improved in general.
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1. Introduction

Denote by E? the Euclidean plane, and let K C E? be a convex body, i.e., a
compact, convex set with interior points. The mirror image of K in a straight line
m is denoted by K,,,. We call m the mirror line and put K}, = conv(K U K,,). It
is easy to show that K, is the smallest (by inclusion) convex body containing K
whose axis of symmetry is m. We omit proofs of the following claims.

Claim 1. Let K C E? be a conver body. If the position of a straight line m
changes continuously, then area(K},) changes continuously.

Claim 2. Let K C E? be a convex body and let m and n be two parallel straight
lines such that only m passes through K. Then area(K},) < area(K).

By the above claims and by compactness arguments we conclude that the infimum
of the area of K, over all straight lines m is attained. So using the term minimum
instead of infimum is correct here (the same remark concerns many other places
of the paper where we consider compact families of straight lines m). If area(K},)
attains the minimum value for a line m, we call it a best mirror line of K. The

number
area(K)

axs(K) = min area(K}))
is the measure of azxial symmetry of K, mainly studied in this paper.

We conjecture that axs(K) > %\/5 for every convex body K C E? and that
this value cannot be improved. In [10] it is shown that for every K we have
axs(K) > 2. The papers [1] and [2] refer to the related question of finding
an axially symmetric set of possibly small area containing K; the approach is
algorithmic. Miscellaneous measures of axial symmetry are discussed in [1-7], [9]
and [11]. We also refer to the well known survey article [8], concerning mostly the
measures of central symmetry of convex bodies. Moreover, Part 4.2 of the survey
article [9] considers measures of symmetry of convex bodies, and in particular
their measures of axial symmetry.

Denote by T" an arbitrary triangle. In Sections 2-6 we find the minima of the
area of 17 when m belongs to an arbitrary pencil of parallel lines and to pencils
of lines which give the angles of T'. It allows us to find the best mirror line (or
lines) for 7', and we obtain a formula for the minimum area of 7). In Section
7 we present a formula for axs(T'). Next we prove that axs(T") > 1v/2 for every
triangle T and that axs(7T") > %\3/4_1 for acute and right-angled triangles 7. We
show that both the estimates cannot be improved.

Let T' = abc be a triangle and let |bc| < |ac| < |ab]. We put A = Zbac,
B = Zcba, and C = Zacb. The measures of A, B, and C' are denoted by «, (3,
and v, respectively. For every other angle the same symbol denotes the angle
and its measure, and instead of “measure of angle” we simply say “angle” as well.
Clearly, « < 8 < 7. In order to shorten considerations, right-angled triangles are
treated as obtuse triangles.
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By A (respectively, B and C) we mean the pencil of straight lines through a
(respectively, through b and through ¢) and through a different point of 7' (over
all such points).

Let D be any of the angles from amongst the angles A, B, C of T'. Denote by
bi(D) the straight line containing the bisectrix of D and by per(D) the straight
line through the vertex of the angle D perpendicular to the opposite side of T

2. Translating the mirror line m in order to minimize area(T}})

Proposition 1. Consider a triangle T and the pencil of all straight lines m
parallel to a fixed straight line. The family of the straight lines from this pencil
for which area(T},) is minimal forms a strip. A straight line from AUBUC is in
this strip.

Proof. Having in mind Claim 2, we consider only the lines m from our pencil
which have nonempty intersection with 7T'. It is easy to show that there is exactly
one line [ € AU B UC in the pencil. Let us assume that [ € C. If € Aor [ € B,
the considerations are similar (what is more, Case 1 is then impossible).

If p is a point, then by p,, denote the mirror image of p in the line m.

For the need of further Subcases 1.2 and 2.2 denote by a’ the intersection of
the straight line through a perpendicular to m with the line containing bc, and
for the need of the remaining subcases, by b’ the intersection of the line through
b perpendicular to m with the line containing ac. Let a” be the midpoint of ad’,
and 0" of bb'.

Qb[
\

Figure 1. Figure 2.

Below by the angle between ca (respectively, between cb) and [ we mean the angle
Zacd (respectively, Zdcb), where d is the intersection point of [ with ab.
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Case 1. The straight line through ¢ perpendicular to m intersects the segment ab.
Subcase 1.1. The angle between ca and [ is smaller than that between cb and I.

In this subcase denote by & the strip of all straight lines between the following
two straight lines from our pencil: the line n through a and the line k through b”.

Observe that for m € § we have T} = aa,,bb,, (see Figure 1) and that
|aa,| 4+ |bby,| is constant here. So area(T)) is constant here. In particular, it
equals area(T}").

Ifm ¢ S, then m and [ are on the opposite sides of k and thus T} = aa,,¢,,bb,,.c
(see Figure 2). Imagine T as the union of two trapezia: the first with bases aa,,
and cc,,, and the second with bases cc,, and by,b. Hence area(T,) = 1(|aa,| +
|cem|)h1+ 5 ([ccim |+ |bmb|) ha, where hy and ks are heights of the first and the second
trapezium, respectively. If the distance of m from S increases, |aa,,| + |ccnl
increases and |cc,| + |by,b| is constant. This and the fact that hy; and hy are
constant imply that area(T) increases. So area(1}") < area(T}).

Subcase 1.2. The angle between ca and [ is at least the angle between cb and [.

Clearly, the first angle must be greater than the second. We repeat the con-
siderations of Subcase 1.1 taking this time in the part of S the pencil of straight
lines between the following two lines parallel to [: the line through b and the line
k through a”.

Case 2. The line through ¢ perpendicular to m does not intersect ab.

Subcase 2.1. The angle between ca and [ is smaller than the angle between cb
and /.

By & we mean the pencil of lines between [ and the parallel line k& through b”.

First assume that m and [ are weakly on one side of k (see Figure 3). Since b,, does
not belong to the interior of 7', we conclude that 77 is the hexagon aa,,bc,,cby,
when m € § and the hexagon aa,,bcc,, by, in the opposite case. The hexagon 7},
is the union of two trapezia: the first with bases aa,, and bb,,, and the second
with bases b,,b and ¢,,c.

Consequently, area(T7,) = 1(|aan| + [bby|)h 4+ 5(|bby| + |ccm|)ho, Where hy is
the height of the first trapezium and hs is the height of the second. Observe that
|bby |+ || and |aay,,| + |0y, | are constant for m € S. Moreover, if the distance of
m from S increases,then |aa,,|+ |bb,,| does not change and |bb,,| + |ccp,| increases.
Thus from the fact that h; and hs are constant we obtain that area(7}},) is constant
for m € S (since [ € S, it is equal to area(7}")) and larger if m ¢ S.

Now assume that m and [ are strictly on the opposite sides of k (so m ¢ S).
Then T, = aacpc (see Figure 4). Clearly, |aa,,| and |cc,,| grow as the distance
of m from S grows. Since the height of 7% does not change, we see that area(7})
grows. This, the preceding paragraph, and k € S give area(7}") = area(T}) <
area(T) for every m ¢ S.

Subcase 2.2. The angle between ca and the straight line [ is at least the angle
between cb and [ and simultaneously at most § — a.

Now the strip S is the pencil of straight lines between [ and the parallel straight
line k through a”. If k = [ (that is, if  is the bisectrix of C'), then only [ belongs to
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I oy
Figure 3. Figure 4.

S. For this special situation the proof is left to the reader (hint: look to Figures
5 and 6 with £ = [). Since now assume that k # [ (that is, [ is not the bisectrix
of C).

First assume that m and [ are weakly on one side of k (observe that this side
is the one which does not contain a). Hence T}; is the trapezium aa,,c,,c if m ¢ S
(see Figure 5), and aap,cc, if m € S. Thus area(T,) = 1 (|aam| + |ccim|)h, where
h stands for the height of this trapezium. Observe that |aa,,| + |ccy,| is constant
for m € § and that it grows when the distance of m from S grows. Moreover, h is
constant. Thus area(T,) is constant for m € S, and it grows when the distance of
m from S grows. So from [ € § we obtain that area(7}*) < area(T,) with equality
if and only if m € S.

Now assume that m and [ are strictly on the opposite sides of k (so m ¢ S).
Clearly, T¥ = aa,,bccy, by, is the union of the trapezia aa,,bb,, and b,,bcc,, (see
Figure 6). Thus area(T,) = 3(|aam| + [bbm|)h1 + 5(|bbn| 4 |cem|)ha, Where Ry
denotes the height of the first trapezium and hs denotes the height of the second.
If the distance of m from S increases, |aa,,|+|bb,,| does not change and |bb,, |+|cc,, |
increases. Hence the first trapezium has constant area, and the area of the second
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one grows. Consequently, area(7:) grows and thus area(7}") < area(7}).
Subcase 2.3. The angle between the side ca and the straight line [ is over § — a.

We repeat the considerations of Subcase 2.1 exchanging always the letters a and

b (so, for instance, exchanging also the symbols a,, and b,,). O
Corollary 1. For every triangle T we have minarea(T) = min area(T).
m meAUBUC

Remark 1. Let P be a convex n-gon. An algorithm for finding a mirror line
m parallel to a given line which minimizes area(P}) is presented in [2]. It asks
to choose a line m from amongst a finite number of specific straight lines which
minimizes area(P). Our proof of Proposition 1 shows all such best straight lines
for a triangle 7. What is more, without evaluating area(7};). But as far as we
see, our approach works only for n = 3.

3. Minimizing area(T) for m from the pencil A

Proposition 2. For every triangle T we have mig area(Tr) = w -area(T).
me

This minimum is attained only for m = bi(A).

Proof. In the proof, besides the last paragraph, for simplicity we assume that

™

lab] = 1. Let m € A. The angle between ab and m (smaller than 7) is denoted
by .

Case 1. (for all T): ¢ € [0, §].

Of course, T is the pentagon ac,,bb,c (see Figure 7). Clearly, T} = ac,b U
abb,, U ab,,c. Since b,, is symmetric to b with respect to m, we have Zbab,, =
2¢p. This and |ab| = |aby,| = 1 imply that area(abb,,) = 3sin2i. Obviously,
ZLbpac = Zbac — Zbaby,. Hence Zbjac = o — 2. From this, from laby,| = 1
and from |ac| = sirf(lzfg) it follows that area(ab,,c) = %Sirf(lgfm sin(a — 210). By
axial symmetry, area(ac,,b) has the same value. These facts lead imply that

area(T7,) equals fi(¢) = 2 sin2¢ + Sins(izf 5 sin(a — 2¢)). The second derivative of

this function is f{(¢) = —2sin2¢ — 4Sins(iz_€ﬁ) sin(a — 2¢)). Since 2¢ and «a — 24

belong to [0, 7], we get fi'() < 0. So fi(3) is concave in the interval [0, §].
Case 2. (for all T'): ¥ € [§, 5 — (] for acute T', and v € [§,a] for obtuse T'.

22
We easily conclude that T} = abb,, (see Figure 8). Hence Zbab,, = 2¢. So
area(T)) = £sin2¢y. The function fo(¢) = 3sin2¢ is concave in each of the
intervals (5,5 — (] and [5, a] because its second derivative fy (1)) = —2sin 2 is

negative in both.

Case 3. (only for acute T): ¢ € [§ — 3, a].

In this case T is the pentagon abc,,ch,, (see Figure 9). Observe that T} =
abc,, U acp,c U ach,,. Of course, Zbab,, = 2. This and Zcab,, = Zbab,, — Zbac
imply that Zcab,, = 21 — a.. Since the triangles acbh,, and abc,, are symmetric
with respect to m, we see that Zcab,, = Zbac,, = 2¢ — a. This, Zc,,ac =
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Figure 7. Figure 8. Figure 9.

Lbac — Zbac,, and Zbac = « imply that Ze,ac = 2a0 — 2¢p. Clearly, |ab| =

and |ac| = % The above considerations show that area(7)) is given by

the function f3(¢)) = ;(Sms(lgfﬁ)) sin(2a — 2¢) + SmSlzfﬂ sin(2¢ — a). We have

V() = —2(51§§Efg>) sin(2a — 2¢) — 4sms(12fﬁ sin(2y — «). By the assumption
of Case 3 we get 0 < 2a—2¢) < 7 and 0 < 2¢ — a < w. By both inequalities,
and also since 2a¢ — 21 and 29 — a cannot be simultaneously 0 or m, we have
5(¢) < 0. So the function f3(¢) is concave in the interval [J — (,a]. This

finishes the considerations of Case 3.

The functions f1(v), f2(¢) (and f3(¢) for acute T') are concave in the considered
intervals. So the smallest value of each of them is attained at an end-point, or
at both, of the corresponding interval. Since the three (for acute T") and two
(for obtuse T') intervals are neighboring, glelﬂ area(T"*) is attained at at least one

end-point of these intervals.
From Cases 1-3 and from the above explanation we see that in order to find
the smallest value of area(7}}) for acute T and m € A we choose the smallest from

the numbers f,(0) = S22 f,(2) — fy(2) = Lsina, fo(f — B) = o5 — ) =

sin(m — 20) and f3(a) = lei?ainﬁﬁ Clearly, Ssllrr‘lo;i“ﬁf = 2-area(7’). The remaining

two values 1 sin v and § sin(m — 23) are smaller. Which of them is smaller? From
a+pf+~v=mand g < ywe get oc+25 < m Soa < 7m—23. Moreover,
since T' is acute, a + 3 > 7, and thus f > %, which implies 7 — 23 < 7. Hence
%sma <3 sm(7r —20). We see that 1 3 sina is the smallest possible area of T}, It
is attained for ¢ = §, i.e. for m = bi(A) (if %sina = s sin(m — 20), then 3 = v,
and thus bi(A) and per(A) are the best mirror lines which coincide).

In order to find the smallest value of area(T) for obtuse T over all m € A we

choose the smallest from the numbers f;(0) = ssllﬁaai‘gﬁ fi(%) = fo(%) = 3sina

and fo(e) = 3sin2a. Tt is %sina Here is why. The inequality §sino < 1 sin 2o
follows from 0 < o < 7. Since
is smaller.

We see that for both types of triangles, namely acute and obtuse ones, with

|ab] = 1 the line bi(A) in the part of m minimizes area(T}, ), which is area(Ty; 4)) =

sin a sin 3

) is the double area of T', the value %sinoz

1 .
2 sin av.
2
In the general situation when |ab| is arbitrary, the area of T7* is |ab|? times

larger than for a homothetic image with |ab| = 1. Since area(T") = éssllrr’l?ai%mabp
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we obtain -\ab|2 = 2% : arga(T). So for arbitrary |ab| we have area(Ty; 4)) =
tsina - 2% -area(T) = % -area(T"). Clearly, it minimizes area(7}}) in

the general situation, again with m = bi(A) as the only best mirror line in 4. O

4. The minimum of area(T}) for m € B is at least the minimum for
me A

Proposition 3. For every triangle T we have mif}l area(T") < mig area(T).
me me

Proof. Having in mind Proposition 2, it is sufficient to prove that area(T: bi( A)) <

™

area(T,) for every m € B. The angle between ab and m (smaller than 7) is
denoted by . Without loss of generality we may assume that |ab| = 1.

Case 1. When 1 € [0, §].

Clearly, T} is the pentagon ac,,bca,,, and thus T = ac,,bUaba,, Ua,,bc. Observe
that Zapba = 2. The last fact and |ba| = |ba,,| = 1 imply that area(aba,,) =

$sin2¢. By |ba,| =1 and |bc| = ﬁ from Zcba,, = Zcba — Layba = [ — 24

we get area(a,bc) = és;(l;;iﬁ) sin(8 — 2¢). Since triangles a,,bc and ac,,b are

symmetric with respect to m, area(a,,bc) = area(ac,,b). The above facts show

that area(T,) is given by the function f(¢)) = 1sin2¢y + Sms(igj_‘ﬁ) sin( — 2¢).

From 0 < 2¢p < mwand 0 < 8 —2¢ < 7 we get that f/'(¢)) = —2sin2¢ —

Snf(lgi 5 sin( —21) is negative in the interval [0, §]. So fi(z) is concave here and

the smallest value of f1(¢) is attained at least at one end-point of the interval [0, §].

W have f(0) = 225 f(3) = baina + e sins — o). Clearly 2253

is the double area of T and area(Tbl( A)) = 1sino is smaller. Moreover, from

sin « sin «
— sin(a+p5) sin(a+)
area(Ty; 4)) < area(T,) for every m € B and every 1 € [0, §].

Case 2. When v € [§, 3].

In this case T7; contains the triangle aba,,. From Case 1 we know that area(aba,,)
= %sianﬂ. Since ¢ € [§, 3], we obtain that o < 2¢) < 23. From o+ +v =
and 0 < v we get 20 < m — a. The last fact implies that a < 2¢ < 7© — a.
Hence §sina < 1sin2¢ < Isin(r — «). Thus area(T}; 4)) < area(abar,). Since
aba,, C T, we obtain the inequality area(Tgi( A)) < area(T};) for every m € BB and

every ¢ € [5,3].

sin(ff — «) we get 3sina < {sina —|— sin(ﬁ — ). Consequently,

5. Minimizing area(T) for m from the pencil C

Proposition 4. Let T be a triangle. We have mircl area(T)) = % -area(T)
me

for 3a+ (3 < m and milg area(T%) = S8 . area(T) for 3+ 3 > w. The first
me

s @«

minimum is attained only for m = per(C), and the second only for m = bi(C).
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If 3a + 3 = m, then mércl area(T) is given by both formulas and holds only for
m = per(C) and m = bi(C).

Proof. Besides the last paragraph, for simplicity assume that |ab] = 1. Let
m € C. By 1 denote the angle Zacd, where d is the intersection point of m with
ab. Clearly, y =71 —a — (.

Case 1. (only for obtuse T'): ¥ € [0,y — F].

In that case T} = aa,;,bb,,. Of course, the angle between ab and a,,b,, (that is,
Zbdb,,) is twice the angle Zbdc. From Zbdc + Zcbd + Zdcb = 7 and from Zcbd = 3
and Zdcb = v —1) we obtain that Zbdec = a+1). Consequently, Zbdb,, = 2(a+1)).
This and |ab| = |amb,| = 1 imply that area(T;,) = 3 sin(2a + 2¢). The function
fi(¥) = isin(2a + 2¢) is concave in the interval [0,y — Z] because f{(¢) =
—2sin(2a + 2¢)) is negative here.

Case 2. (for all T'): ¥ € [0, 2] for acute T', and ¥ € [y — 7, 3] for obtuse 7.

In this case T}, is the pentagon cb,,aa,,b. We have T = ca,,,bUcb,,aUcaa,,. From

Zaca,, = 2¢ and |ca| = |ca,| = Siﬁf we get that area(caa,,) = ;(:ﬁg)%in 29,
Clearly, Zamch = Zach — Zaca,, = v — 2. This, |cam| = 222 and |be| =

sin y
tino imply that area(ca,,b) = ;iig::ﬁf sin(y — 2¢). Of course, triangles ca,,b

and cb,a are symmetric with respect to m. Hence area(ca,,b) = area(cbya).
All this leads to the conclusion that area(T) is given by the function fy(¢)) =
2(8”1’8 )% sin 2 + SnesB gy (n _ 94)). Here is the second derivative: fy () =

sin y siny siny
2(:?3 )2 sin 20 — 4:‘;::‘;5 sin(y — 2¢). From the assumptions of Case 2 we

obtain that 0 < 2¢) < 7 and 0 < — 2¢ < 7. Thus for every ¢ € [0, 3] we have

5 (1) < 0. Consequently, the function f5(¢) is concave in the interval [0, 7] (and,

in particular, in the interval [y — 7, 7] for obtuse triangles 7).

Case 3. (for all T): ¢ € [2,5 — af.

272
Observe that T = caa,, and that Zaca,, = 21. So arQa(T;ﬁl) equals f3(¢)) =
2(:25) sin2¢). By 0 < 20 < 7 we see that f7(¢)) = —2(5225)26in 2¢) is negative

siny

in our interval. Thus the function f3(v) is concave in the interval [I, 7 — af.

Case 4. (for all T'): ¥ € [§ — a,] for acute T, and ¢ € [§ — «, 5] for obtuse T'.

Since T7' is the pentagon cab,,ba,, (see Figure 10), we have T}, = cba,, U cab,, U
cb,,b.

C
am
a —‘JP— b
bm m
Figure 10.

From Zaca,, = 2¢ and Zbca,, = Zaca,, — Zacb we obtain Zbca,, = 21p —~. The
symmetry of triangles cba,, and cab,, with respect to m implies that Zbca,, =
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Zacb,, = 2¢—~. This, £Zb,,cb = Lacb—Zach,, and ZLacb = 7 give Lb,,cb = 2y—21).
From these facts, from |cb| = S22 and |ca| = Smﬁ we obtain that area(T)) equals

fa(y) = (:Ez) sin(2y —2¢) + ?12::?15 sm(Zw fy). Since 2y — 21 and 2¢) —y are

between 0 and 7, we see that the second derivative fy(¢) = —2(212‘;) sin(2y —
) — 4:?1::‘;5 sin(2y — ) is negative for acute and obtuse T. Hence f;(v) is
concave in the intervals [J — a, 7] and [§ — o, T].

Case 5. (only for obtuse T'): ¥ € [7,7].

We easily conclude that T} is the quadrangle ab,,ba,,. Similarly like in Case 1
we show that the angle between ab and a,b,, is 2(y — ¥ + ). The last fact and
|ab| = |amby,| = 1 imply that area(T;) is given by the function fs5(¢)) = 1 sin(2vy —
2¢p 4 2f3). Of course, f¥(¢) = —2sin(2y —2¢p +20). Since 0 < 2y —2¢ + 20 <,
we have f7'(¢)) < 0. Hence f5(1)) is concave in the interval [7,~]. This finishes
our considerations of Case 5.

The functions f;(y) for i = 2,3,4 (for acute T') and for ¢ = 1,...,5 (for
obtuse T') are concave in the intervals considered in corresponding cases. So the
smallest value of each of them is attained at an end-point (or at both) of the
corresponding interval. Since the three (for acute T') and five (for obtuse T')
intervals are neighboring, the smallest value of area(7) is attained at least at
one end-point of at least one of the intervals.

Our proposition is true if 3 = a (see Remark 2 below). So assume that 3 # «a.

In order to find the smallest value of area(T) for acute T when m € C, we
look at Cases 2-4. We choose the smallest from the numbers fo(0) = Snasing

sin(a+p3)
in2 5in? 3 sin 2

f(3) = f:(3) = 251; afga f3(5 —a) = fa(§5 —a) = é—bsmﬁ(;wa and fy(y) =
sin o sin in o sin sin? 3 sin

Zin?a:ﬁ/)j . Clearly, Zin(o‘;rﬁ? is the double area of T. Hence %M% is smaller.

. 1 sin’p 1 sin? (B sin 2a 1 sin?B _ 1sin?fsin2a

It remains to compare 551}1(3%) and 2m S5n(atd) — 2 sn’(aid) then
3a+ 3 = m. We have %S;?nf(;li;)a < ;Slzl(r;fﬁ if and only if 3a + < 7. So if
3a+ (< m, the area of T is minimum for ¢ = T — «, i.e., for m = per(C'), and
it is é% We also conclude that if 3av + /6 > 7, the area of 7} is minimum
for ¢ = 1, this is for m = bi(C). It is 53;‘(2% If 3 + 8 = 7, then we have two
minima: for Y =75 —a (ie., for m = per(C)) and for ¢ =  (i.e., for m = bi(C)).

In order to ﬁnd the smallest value of area(T) for obtuse T when m € C,
we look at all Cases 1-5, and thus we choose the smallest from the numbers

. T s . sin?
fl(o) = %SIHZOC, fl(ry - _>27 f2<,y_ _) - %Sll’l2ﬁ, fQ(%) - f3(%) = %sin(afﬂ)’
fo(E—a) = fu(5—a) = Lspsne g (o) ()~ Lsinda and fy(7) = L sin 2.
Since %sin 2a and %sm 20 are at least the double area of T', we obtain that

%?S;f f;lfg)a is smaller. From o+ 3 < 7 and from a < § we get 2a < a+ [ < §
1 sin?p

and thus %S;?nz)f;f;)“ < 3 5n(ai)” From the above considerations we conclude that

the smallest from the four considered numbers is ;% This means that the

minimum area of T is attained for m = per(C).
In the general situation when |ab| is arbitrary, we proceed as in the last
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paragraph of the proof of Proposition 2. So now mlg area(Tr) = area(Tbl(C)) =
me

1_sin?B8  osin(atp)

2 sin(a+pB) “sinasin g
* in? Bsin 2 +3 2 i :

= area(T7,, ) = %S;Iilﬁﬁ({;lﬁﬁ? . QS;SLaSing -area(T) = % -area(T) provided

3a+3 < w. The last part of Proposition 4 results from the preceding paragraph. [J

-area(T) = :nﬁ -area(7T") provided 3a+3 > 7, and g}ércl area(T")

Remark 2. If 5 = «, then per(C) and bi(C') coincide and thus both formulas for

mncl area(T" ) from Proposition 4 give the same greatest value.
me

6. A formula for the minimum of area(T) over all mirror lines m

Corollary 1 and Propositions 2—4 imply the following proposition.

Proposition 5. We have min area(T) = min{ S”;ligﬁ ), QS‘;fls(gfg)ﬁ , 381 area(T)

for any triangle T such that o < 3 < . This minimum equals %;6) area(T)

~area(T) if and only if

2 cos asin B
sin(a+/3)

per(C) is a best mirror line, and equals > Smﬁ -area(T") if and only if bi(C') is a best
marror line.

if and only if bi(A) is a best mirror line, equals

Propositions 2-5 and the proof of Proposition 1 imply the following remark.

Remark 3. If per(C) is a best mirror line, all parallel mirror lines between per(C')
and the parallel line passing through the midpoint of ab are also best mirror lines.
Besides this exceptional case, we never have parallel best mirror lines.

7. Estimates of the measure of axial symmetry of triangles

From the definition of axs(K) and from Proposition 5 we immediately get Theo-
rem 1.

Theorem 1. We have axs(T) = max{-Snd . sinth) smar g0 ony triangle T

sin(a+8)’ 2cosasin B’ sin 3

with measures a < § < v of angles. Here axs(T) = —=2L__ if and only if bi(A) is

sin(a+)
—QSSSSZJSFflﬂ if and only if per(C) is a best mirror line,

a best mirror line, axs(T) =
and axs(T) = Sin—o‘ if and only if bi(C') is a best mirror line.

sin 8
sin(a+3)°

g= QSm(ﬂ and h = S22 from Theorem 1 gives the maximum? We omit an ele-
cos asin 3 sin 3

How to recognize the triangles for which each of the three formulas f =

sin a

mentary calculation which shows that f = ¢ if and only if § = arctan N T r—

that f = h if and only if @ = %arccos(cosﬁ — 2sin? 3) — 0, and that g = h
if and only if § = m — 3 or § = «a. These equivalences permit to draw Fig-
ure 11 showing the domain of all pairs (5, «) (every pair represents all trian-

gles with angles @ < 8 < ). This domain is divided into three regions Rya),
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Figure 11.

Rpercy and Rypicy whose points represent triangles for which the mirror lines
bi(A), per(C) and bi(C), respectively, are the best, and for which the three suc-
cessive formulas from Theorem 1 give the maximum value. Moreover, by Re-
mark 2, if 3 = « then per(C') and bi(C') coincide, and thus the last two formu-
las give the same greatest value 1. In Figure 11 we see only the pieces of the
curves f = g, f = h and g = h which separate our regions. It is easy to check
that the three curves meet at the point (0, ap) representing each triangle with
angles oy = arcsinz ~ 0.73009, where z ~ 0.66694 is a root of the equation
4 —42% = (3 —42?)* and By = 7 — 3y ~ 0.95131.

The segment o = 7 — 3 (not marked in Figure 11) connecting the points (§, §)
and (5,0) consists of points representing right-angled triangles and divides the
“regions” of acute and obtuse triangles. The region Ry;) in which axs(T') = Zi%g
is a subset of the “region” of acute triangles. This and Theorem 1 give the
following corollary.

Corollary 2. If T is an arbitrary obtuse (in particular, right-angled) triangle,
then axs(T) = max{-=2f__ sinlath) 3

sin(a+08)’ 2cosasin 8

Theorem 2. For every triangle T we have axs(T') > %\/5 This estimate cannot
be improved: the infimum of axs(T') over all triangles T equals %\/ﬁ

sin(a+0) sin 3 sin? 3 1
cosasinf — sin(a+pf) sin?(a+B3) — 2cosa

sin 3 1 sin(a+/) sin 8 : .
thus to S td) > Troosa On the other hand, Seosasin > (g 18 equiv-

alent to S@th) 1 sin(a+f)

4cos?2asin?3 = 2cosa’ 2cosasinf =
\/2(}@. From Theorem 1 and from the above equivalences we obtain axs(7) =

> 13

Proof. The inequality 5 is equivalent to

and consequently it is equivalent to

sin 3 sin(a+4) siﬂ} > max{ sin 3 sin(a+3) } >

maX{ sin(a+3)’ 2cosasinB’ sin 3 sin(a+03)’ 2cosasin 3

2cosa
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Consider the family of triangles for which Smb(lzf 5 = ;;i)ls(fsﬁ )ﬁ (ie,, f=g; a
1 .
NoTTE which

piece of this curve is shown in Figure 11). Their common value is
follows from the first two sentences of this proof. It tends to %\/5 when « tends

to 0. So by Corollary 2 the estimate axs(T') > £v/2 cannot be improved for our
family, and hence in general. U

Remark 4. In order to show the second part of Theorem 2 we can also use other
families of triangles with « close to 0, for instance, the family with g =V2+1,

or with 828 — \/2 4+ 1, or with 228 — /2 1 1 (this ratio equals |ad|/|db|, where

sin « tan o
d is the projection of ¢ on ab).

Theorem 3. For every acute triangle T we have axs(T) > % V4, and this estimate
cannot be improved. For every right-angled triangle T we have axs(T') > % /4 with
equality only for right-angled triangles with 3 = arcsin {/1/2 (=~ 0.91687).

Proof. Apply Theorem 1. Since 0 < a < ¥ and § < a + 3 < 7 for acute T,

3
the derivatives of Sms(lgfﬁ), QSCIES(ZJsﬁ )ﬁ and Sing with respect to « are positive. So
these three functions are increasing with respect to a.. Thus, if 3 is constant and

we decrease o to § — 3 (which gives a right-angled trlangle) we get —Sm8 >

sin(a+3)
sin 3, Zsclgsz:i ﬁ > ZSiig 5 and iiﬁ% > cot 3. It is easy to see that the minimum of
max{sin 3, ZSmgﬁ, cot B} is 1V/4; it is attained for the root 8 = arcsin {/1/2 of the

equation sin g = 251n2 3 So axs(T') > %\‘?ﬂ for acute triangles and axs(7T") > %\3/1
for right-angled triangles. The last estimate cannot be improved for right-angled
triangles with 3 = arcsin {’/m Acute triangles arbitrarily close to them show
that also the preceding estimate cannot be improved. O
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