Beitrage zur Algebra und Geometrie
Contributions to Algebra and Geometry
Volume 50 (2009), No. 2, 555-561.

Integral Formulas Related to Ovals

Witold Mozgawa

Instytut Matematyki, Uniwersytet Marii Curie-Sktodowskiej
pl. Marii Curie-Sktodowskiej 1, 20-031 Lublin, Poland
e-mail: mozgawa@poczta.umcs.lublin.pl

Abstract. Using the notion of isoptics introduced and investigated in
[1] and [2], we derive some new integral Cauchy-Crofton type formulas
related to ovals in the plane.
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1. Introduction

In what follows we give a preview of certain facts concerning isoptics as the fun-
damental tool in our constructions (cf. [1] and [2]).

Definition 1.1. A plane, closed, simple, positively oriented C?-curve C of posi-
tive curvature is called an oval.

We take a coordinate system with origin O in the interior of C. Let p(t), t € [0, 27],
be the distance from O to the support line [(¢) of C' perpendicular to the vector
e’ = cost+isint. It is well-known that the parametrization of C' in terms of p(t)
is given by the formula
2(t) = p(t)e” + p'(t)ie",

where ie = —sint +icost. Note that the support function p can be extended to
a periodic function on R with the period 2.

Now we want to define the notion of isoptics. To avoid confusion, we note
that this notion is sometimes also used with different meanings in other fields and
concepts, such as in classical illumination geometry (see, e.g., [7]) or in the theory
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of the light field (cf. [4]), for example describing so called isophotic families of area
elements.

Figure 1. Construction of an isoptic to C' and a few isoptics of an ellipse

Definition 1.2. Let C,, be a locus of apices of a fixed angle 7—a, where o € (0, ),
formed by two support lines of the oval C'. The curve C,, will be called an a-isoptic

of C.

It is convenient to parametrize the a-isoptic C, by the same angle ¢ so that the
equation of C, takes the form

Zo(t) = p(t)e™ + (—p(t) cot o + sirllap(t + a)) ie'.

Note that | |
Za(t> = Z(t) + )\(t’ a)iezt — Z(t + Oé) + M(t, Oé)i@z(t—i_a)

and . .
2 () = =\t )e + o(t, a)ie”

for suitable functions A, y and g. Since z,(t) = z(t + ) + u(t, a)ie’™ ) then
u(t, ) is negative for all values ¢ and a. Moreover, we have

p(t+ ) — p'(t)sina — p(t) cos

)\(t,Oé): N 9
sin o

p(t)sina + p/'(t + «) — p'(t) cos

ity - MOS0+ (0 ) = (0 cosa
sin o

wu(t, o) = A(t, ) cosa — o(t, o) sin v
If we introduce the notation
q(t, ) = 2(t) — z(t + ),
then there exists a smooth function ¢(t, ) such that

q ip(t,)
—(t, ) = ¥\" Y,
gl
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After some calculations we get

O, oy _ 0], ) _ Alb)Rat) — ult.0) R0
ot ’ (A2(t, o) + 0*(t, ) sin o

a) = > 0,
[lall”

where |, ] denotes the determinant of the arguments and R(t) is the radius of
curvature of C' at ¢, and then again R, (t) = R(t+«). This formula states that for
each a we have a smooth function t = ¢~ (w, a), and thus we can reparametrize
the isoptics by using the mapping (¢, a) = (¢~ (w, ), ). In what follows we take

() = zalp ™ (,0)) = 207 (w,0)) + A w,a)ie® 0.

We will make use of this formula in the next section.

2. Cauchy-Crofton type formula

Let €2 be the exterior of an oval C. We define a mapping

F: (p(0),(2m)) x (0,7) — 2\ {a certain support half-line},
F(w,a) = Z,(w).

The partial derivatives of F' at (w, ) are given by

aF — - o N w,a — io N w,a 871
(w.a) = (elp™ (w,a), )i ) —X(p (w, a), @) ) ) T (w, a),
F -1 P -1 .1
O f0,0) = ~Ap™ (,0),0) 2, )t HE 000t
-1
Folp™ (w,0),0) 7 —(w,a)ic'? ).

Hence the jacobian % of Fat (w,a) is equal to
0(Za(w)) _ [OF OF ple™ (w,a), )M~ (w, ), o) dp~*
O(w, ) ow’ O (w, @) sin v ow (w,a) <
But taking into consideration that

2 w0) = e = M (1,0, 0,

Ow Lo (w,a),a) |g,q]
we obtain A \ )

d(w,a) sin?a AR, — pR’

Theorem 2.1. Under the above assumptions and with notation introduced in Fig-

ure 2 we have )
sin“ w R1 RQ 2
— 4+ — | dzdy =2
// h? (t1+t2)xy o
Q

where Ry and Ry denote the curvature radii at the tangency points t; and ts,
respectively.
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xy)

Figure 2. Notation to be used in Theorem 2.1

Proof. Using the formula for change of variables in multiple integrals for the

mapping
(z,y) = F(w, o)

and the formula (2.1) we get t; = Mo Y w,a),a), toa = —p(e Hw,a),a), w =
[ ||q(g0’1(w,oz),oz)|| = h) Ry =R, Ry = R, and

sinw (Ry R,
— 4+ —= ) dxdy =
// h? <t1+t2>wy
Q

[ (Aw—l(i,a),a)‘u«o—l(]jia),w)‘aa(fifz)))‘d“’d&:

W
)

Figure 3. The sine theorem

At the end of this chapter we give an interesting form of the above formula. For
this purpose we will need the sine theorem proved in [2].
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Theorem 2.2. With the notation introduced in Figure 3, the following identities

hold:
lall A —p

sina¢ sinay  sinag

Having suitably manipulated this formula, we get the following corollary.

Corollary 2.1. Under the above assumptions and with the notation from Fig. 2

we have ) )
Rysin“a;  Rysin® ay 2
// ( 3 + 3 dxdy = 277,
g 1 2

where Ry and Ry denote the curvature radii at the tangency points of t1 and ts,
respectively.

3. Some by-product formulas

Let us canonically associate a regular surface C in R® with the oval C. This
surface is given by a single parametrization r(t,«) = (q(t, ), «), for t €10, 27|,
a €]0,w[. Note that the first fundamental form of C' is nonzero in its domain,
since

EG — F? = R, (t)*R*(t)sin® a + R*(t) + R2(t) — 2R(t) Ry (t) cosa > 0

for t €10, 2n[, a €10, 7].

Figure 4. Surface C' associated with a curve given by the support function p(t) =
10 + cos 3t

Note that for a fixed oval C' we have two natural quantities — the area A(C) of C

and its volume V' (C'), which will be called the extended area and extended volume
of the oval C'.

Theorem 3.1. Under the above assumptions and with the notation from Figure 2

we have R R
// sin? (—1 + —2) dady = 2V (),
ty to
Q
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where Ry and Ry denote the curvature radii at the tangency points of t1 and ts,
respectively.

Proof. Let q, denote the curve given by the equation
G 10,20[—= R, qa(t) = q(t, ),

and let A(q,) denote its area. Using two times the formula for change of variables
in multiple integrals, we get

7|-<p27r

//sm <E+&> d:cdy—/ / la(e~ (z, ), @) |Pdwda =
- / / 4.4)(t, @)dtda = 2v(0),

0

since
27

[Jla.d ity =240,
0
and from the elementary calculus it follows that

T

/ A(qa)da =V (C). O

0

Finally we prove an integral formula involving the extended area of C.

Theorem 3.2. Under the above assumptions and the notation from Figure 2 we
have

]2 R o+ B+ B3(0) — 2R Rt cosa dady = A(C),
162

where Ry and Ry denote the curvature radii at the tangency points of t1 and ts,
respectively.

Proof. This time we use the following substitution for change of variables in
multiple integrals:

(‘7;7 y) = Za(t)7
where by the formula (3.3) in [2] we have
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Thus, using the formula for the area of a surface, we get

// tl t \/l Z%‘l 6% SiIl2 «Q ‘Z z% ‘Z i% 21 Z1 -Z 32 COS v dxdy =
162
Q

T 27

= // \/Ra(t)2R2(t) sin? o 4+ R2(t) + R2(t) — 2R(t) Ry (t) cos a dtda =

T 27
= / / VEG — Fdtdo = A(C). O
0

0
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