Well-posed Solutions of the Third Order
Benjamin—Ono Equation in Weighted Sobolev
Spaces

Xueshang Feng*

Abstract

Here we continue the study of the initial value problem for the third order
Benjamin-Ono equation in the weighted Sobolev spaces HS = H*[ L%, where
s >3, 7 > 0. The result is the proof of well-posedness of the afore mentioned
problem in H5, s >3, v € [0,1]. The proof involves the use of parabolic
regularization, the Riesz-Thorin interpolation theorem and the construction
technique of auxiliary functions.

1 Introduction

In recent years, the initial value problem for Benjamin-Ono(BO) equation of deep
water,
O 4 0, (2Huy +u?) = 0

has been investigated by many authors [1, 4, 5, 7, 8]. Iorio[5] established the well-
posedness of the above BO equation in Hg, where 7 € [0, 1], by using Kato’s theory
of linear evolution equations of “hyperbolic type”. Ponce [7] proved the global well-
posedness of the BO equation in H*, s > 3/2. In [3], the authors obtained the
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global existence and uniqueness both in the usual Sobolev space H* and weighted
Sobolev spaces HJ for the third order BO equation

o = —0,(u® 4+ 3uHu, + 3H (uu,) — 40%u), t >0, z € R (1.1)
u(z,0) = ¢(x) (1.2)

which can be considered as the high order approximation of the BO equation. Here
u = u(x,t) is real valued, OF = % and the subscripts appended to u stand for
partial differentiations, and H denotes the Hilbert transform

fy)
Hf)(z) = PV. / Y4
(Hf)(x) P
In this paper, H = H*( Lg with the following norm

||U||3S = I1£11? + |wy fl3, wy(x) = (1+27)

where || ®||; and | e |2 are the usual norms of the Sobolev spaces H*(R) and Lebesgue
space L%(R), respectively. Throughout the paper, | |, will denote the usual norm
of the Lebesgue spaces LP(R), p € [1,00]. If X and Y are Banach spaces we denote
the set of all bounded operators from X to Y by B(X,Y). If X =Y we write B(X)
instead of B(X,Y). As usual [A, B] will indicate the commutator of two linear
operators(not necessarily continuous).

The BO equation arises in the study of unidirectional propagation of nonlinear
dispersive waves or long nonlinear sausage-wave propagation in a magnetic slab in
an incompressible plasma of the solar atmosphere, and presents the interesting fact
that operrators modelling the dispersive effect in the BO equation or the effect of
derivative nonlinearity in (1.1) are nonlocal. In [3, 5], the authors have shown that
u € C([0,T]; H3) or u € C([0,T]; H}) solves equation (1.1) or the BO equation
if and only if u = 0, and pointed out in [3] that this phenomena are caused by
the nonlocal terms modelling the equations. The papers [1, 7] are devoted to the
proof of the well-posedness of the global solutions to the initial value problem of
the BO equation in H®, for s > 3. Many physicists such as Ruderman (see [8]
and references therein) have used this equation to study the wave propagation in a
magnetically structured atmosphere and found its solutions in the form of periodic
waves of permanent shape numerically. As the high order approximation of the
BO equation, the third order BO equation (1.1) is interesting in its own rights and
therefore it is of importance to study its well-posedness whether mathematically or
physically considered. I would here like to apologize if I miss citing other papers on
the BO equation.

Our aim here is to investigate the global well-posedness of problem (1.1), (1.2)
in the weighted Sobolev spaces H3 as done in [5] for the BO equation.

Our main result is as follows:

Theorem 1.1. Let ¢ € HS, s >4 and vy € [0,1]. Then for all fixed y > 0
there exists a unique u,, € C([0,7T]; H®) for any given 7" > 0 such that dwu, €
C([0,T]; H*) and !, 0%u, € C([0,T]; L?) for k < s/2 and the following (2.6), (2.7)
are satisfied. Moreover,

Wl 05ulz < C()|lully,s
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Furthermore, the map ¢ — u, is continuous in the sense that if ¢, — ¢ in Hj_2
and uf, u, are the corresponding solutions then

T supo pill(t) — 1w, (0) ez = 0

where s > 6.

In fact, we shall show that the map ¢ +— wu is globally Lipschitz. In our cases, it
is difficult to apply Kato’s theory of linear evolution equations of “hyperbolic type”
because of the appearance of the derivative nonlinear nonsmooth terms. The proof
in this paper is very technical and long. In the following two sections we shall finish
the proof of Theorem 1.1 by presenting a series of statements.

2 Preliminary results

In this part, a series of lemmas are given for the purpose of proving Theorem 1.1.
The lemmas below are established following the same lines as those of [5].

Lemma 2.1. Suppose a(x) is defined on R and |a(z)—a(y)| < M|z—y|, =, y €
R. Let T(f) = flomyi>e {“(—mm} f(y)dy. Then

(z—y)?

TNy < Aplflp, forall fe LP(R)

with A, independent of €, 1 < p < o0.

For details and further results of this kind see Calderon [2] and P.238 of Stein
[9]. The following well-known Gagliardo-Nirenberg’s inequality will be unexplainedly
used throughout the paper.

Lemma 2.2. For f € H™(R) and p > 2, then we have

(p—2)
02, < 27 [0Fuldul (2.1)

where d, m, k€ NU{0}, A= (d+35— i)/k, and 0 < d < k < m. More precisely,
for f € H¥*1(R) we have

1 2d+1

105 f oo < LF15 7 |05 F I3 (2:2)

Proof. (2.1) has been well-known. To prove (2.2), noting that

J@F=2[ fhde<2[ |fflde

@ ==2 [ frde<2 [ |ffld
We get by using the Cauchy-Schwartz inequality

72 < [V feldo < 1flal ol (23)

which gives (2.2) for the case d=0. By using (2.1) and (2.3) we get

2d41 1
|0%ul2, < [0Fula|0g uly < 07 Ul Juls™
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which finishes the proof of (2.2).

It should be pointed out that inequality (2.2) can be used to improve the unique-
ness result for the smallness case of the initial data in [3].

Lemma 2.3. Let A € [0,00), v €[0,1], p >0, and Q, = —pd} + 403. Then
Su(t) = exp(tQ,) € B(HS, H:™) for all t > 0, s > 0 and satisfies the estimate

1Su()0ll5.s < G(E, 11, A )[0]1.5 (2.4)

for all ¢ € H?, where G(t, i1, A,7) is locally integrable with respect to . Moreover
the map ¢ € (0,00) — S, (t)¢ is continuous with respect to the topology of HjJ”\.

Proof. Due to [3], where the Lemma is established in the case of Hj = H®, s € R,
it suffices to examine S, (t) as an operator from H? into HY = L2. If v = 0 we obtain
HY = L? so that [|S,(t)d]loo < ||@lloo. Next, if v =1 and ¢ € Hj = H*(L? we
have

(@18,(1)9)"(€) = Eu(& t)(1 = 82)d — (OFE,(6:4))9 — 2(0e (€, 1) 0 (2.5)

where E,(¢,t) = exp[—(u&* + 4i€%)t]. The result then follows by combining (2.5)
with the formulas

Eu(fa t) = _(4,“53 + 12i€2)tEu(€a t)
2B, (&) = —12t(u€? + 20€)E, (&, 1) + 16626 (ué + 3i) B, (€, 1)
and the estimate
0 < P eap(—pte") < Neap(3)(2ut)

The statement in the Lemma is now an easy consequence of the Riesz-Thorin
interpolation theorem.

We are now in position to establish a local existence for the following parabolic
regularized problem

Oy = —pdyuy — Oy (ul 4 3u, HOpuy, + 3H (w,0,u,) — 402u,,) (2.6)

, (,0) = 9(x) (2.7)
in H5, v €[0,1] and > 0. Let T be a positive number and consider the set

Xoo(T) = {f € CUO, T H; (1f(8) = 8u(D)6lls < N|6llrs T € [0,TT}

which becomes a complete metric space when provided with the distance obtained
from the sup norm. Note that if f € X, 4(T"), then by Lemma 2.3 it is not difficult
to show that one can choose T' > 0 such that the map

(AN() = Su(t)o— [ Sult =)0, (4 +3FH [, +3H(f1.)) dr

defines a contraction in X, (7). In view of the uniqueness and regularity results
established in [3] we have

Corollary 2.4. Let ¢ € HS, s >4, v €[0,1], p > 0. Then there exist a
T > 0 and a unique u, € C([0,T]; HS) such that dyu, € C([0,T]; H*~*) satisfies
problem (2.6), (2.7). Moreover, u,, € C((0,77; H?) for all ¢ € R.
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Let ;¢ > 0 be fixed. From now on, unless otherwise specifed, we write v = u,, for
simplicity. The next step is to establish global existence in H3, s >4 and v € [0,1].
This has already been done in [3] in the cases 7 = 0 and v = 1 (the result for v =1
will be re-obtained below from a slightly different point of view). In order to obtain
global estimates for the HS norm of the solution it suffices to study what happens
in Lg since the H*® result was proved in [3]. Now, by Corollary 2.4 and integration
by parts, at least formally we have

oI+ 20 [ [ 2id,da

— —4M/uu%www;’dx — 4,u/uu%(w’7)2dx — S/L/umu%www’w’dx
—8/wu8 dx—3/w2u2H82 d:lc—l-G/w7 uHumd:c

+2/(w3)”’u2dx — 24/w7w’7uu% dr — 3/w3uH(8§(u2))dx (2.8)

In order to extend the local solution to the whole time interval [0, 77, for any fixed
T > 0 we must estimate the right-hand side of (2.8). For this purpose we need the
following Lemmas.

Lemma 2.5. Let u € Hy, v € [0,1]. Then w,jsus, € L* and satisfies

1 1
wiuze|y < Cllullilwyuls < Cllullya (2.9)

where C' is a generic constant.
Proof. By definition, for u € S(R)(the Schwartz space) we have

|w%u%|§ = /wwugmdx = /wguu% dr + Z/w’wuu%dx + /wyuu%daj

< Jwlula|uge |2 + 2|w! ula|use|s + [wyule|usele < Cllullalwyul (2.10)
which combines a limiting argument to yield the result.
Lemma 2.6. Let f € H:, ~ € [0,1]. Then (1 +2?)795f € L* and
(1 +2%) DD fly < CO)Ifllss 2k < s (2.11)

where C(v) is a constant depending only on . The same results are true if x(z? +
17" is replaced by «/ (z).

Proof. A simple limiting argument shows that it suffices to prove (2.11) for
f € S(R). Assume therefore that this is the case and integrate by parts to obtain
for k=1

|z (1+5U )7 1fa:|2— Z[

where

B=2 [+ a7 f@)al1 + )2 e

I=2(2y = 2) [(1+ 22 f(@)la(1 + 2%
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Io= [(1+ @)1 @)1+ 02)7 2102 (2)da

It is easy to verify that the expressions inside the square brackets in all the three
ingegrals are bounded of z. By this remark and the Cauchy-Schwartz inequality we
obtain

11| < 2 falalwy o, |I2| < |4y — 4| falalwy fla, T3] < |02 f|2lwy f2
Now, we have
[2(L4+ 277 fola < {24 |4y — 4])| fal2 + | fozl2} |wy flz < C ) fl]2lwy f2

which finishes the proof. For the general case, a similar argument yields
2k ‘
21+ 2?05 = Y [ (1422 f (@) ()03 (@) da
j=k

where pj(x) is bounded in x. So the result follows.
Corollary 2.7. Let f € Hj, ~ € [0,1]. Then wyf, € L, wyf, € L and
satisfy the estimates

ws fels < CONIIFIE e £12 (2.12)

Wi feloo < CONIIFNE Ly £13 (2.13)

where C'(y) > 0 depends only on .
Proof. Similar to the proof of (2.9), it suffices to prove (2.12) for f € S(R). If
this is the case, then we have

wifold = [wrfufods = = [w,f foude = [ ffuda
< (1folalwt, flz + | fazlolon fl2) < CO)If [zl f12
which gives (2.12). By (2.2), (2.9), (2.11) and (2.12) we obtain
Wi fol2e < |wg felolwh fo +wy focls < CO)||fllalws flo

This finishes (2.13).
Lemma 2.8. Let f € H3, v € [0,1]. Then [wy, H9,]f € L? and

lwy, HO:] fl2 < C(0)|f2 (2.14)

where C'(vy) depends only on 7.
Proof. First observe that it suffices to prove (2.14) in case of f € S(R). Now

(wz, HO,]f = [wy, H]O, f — H[0y, wz] f (2.15)
For the second commutator in (2.15) we have

H[s, w311 = H(w, ) (216
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For the first commutator in (2.15) we integrate by parts once to obtain

fwg HJouf = PV.— / - “;; Dty -nsp @)
From (2.15)-(2.17) we know that
wy, HOLJf = PV~ / ‘y“;g@ fy)dy —2HWL)  (218)

Since ww is bounded and wy is Lipschitz, by Lemma 2.1 and the fact that H € B(L?)
it follows from (2.18) that

lwy, HOZ] f|2 < C()ISf2

which finishes the proof.
From the proof above we see that (2.14) holds for all f € L.
Lemma 2.9. Let f € H? v € [0,1]. Then [w,, HO2]f € L* and

[ws, HE)fl2 < CO)IIf ]2 (2.19)

where C'() > 0 depends only on 7.
Proof. First note that it suffices to prove (2.19) for f € S(R). Evidently

(wy, HOZLf = [wy, HIOZf — H[O7, w,]f (2.20)

So it suffices to establish (2.19) with [w., HO?] f replaced by H[0?, w,]f and [w., H]O2f.
The result then follows for the first of these functions by combining the formula

HIO,w,)f = H(Wf + 240, f) (2.21)

with Lemma 2.6 and the facts that w? € L™ and H € B(L?). In order to handle
[w,, H]O?f we integrate by parts once to obtain

1 rwy(z) —wy(y
o HI2 = (0, ) — PV [ =W g, (209)
Q (z —y)
In view of Lemma 2.6 the first term on the right-hand side of (2. 22) satisfies
|H(W 0 f)|2 < Cly )||f||7 2, 80 it remains to bound the second. Since W/ is bounded
if and only if v € [0, 1], in this case w, is Lipschitz. Hence, by Lemma 2 1 we have

‘P.V%/Wf(y)dy‘ < Alfls (2.23)

where A > 0 is a generic constant, v € [0, 1]. In the case of v € (1, 1] we integrate

by parts once in (2.22) to get

[wy, H|OZf = —P-V%/K(x,y)g(y)dy (2.24)
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2(wy(7) = wy(y)) = 2 (y) (x — y) — W (y)(z — y)? (2.25)

(. — )31 +y?) '
where g(y) = (1 +y*)"f(y) € L2 If v € (3,1], it is not difficult to verify that
K(x,y) is a Hilbert-Schmidt kernel. Thus

K(l‘,y) =

PV [ K ) ) f0)dy] < Cles (2.26)

where C' > 0 is a generic constant, v € (3,1]. Now the result of the lemma follows

from (2.20)-(2.26).
Now we are in position to estimate each term in the right-hand side of (2.8) as

follows:

Ra) | [ wiagnlda] < Bleoyuzelf + Cplusfula < Sloruanl3 + Culul?

Ro) 4| [ a4 da] < Eleosunafd + el
R3) SM\/umuQmwyw’w’dx‘ < §|wyu%|§ + Cpulug)3
) 8| [ (w)Pud, (w?)dz| < C(llull2)lw,ul
3| [ ()Pt H(ORu)da| < C(1lully)lwsul?
6‘/w’7wyu2Humdx‘ < C(||ull2)|wyul3
2 ‘/(wﬁ”’ﬁdm‘ < |wyul3

Re) 24 ‘/wnguu%dx‘ < 2w ul |l unals < Clusyulolwz uzels < C(1[ul]4) wyul?

Ry) /(wy)2uH8§(u2)dx = /wwu[wW,Hai]ﬁdx + /wyuHag(wWUQ)dx
= /w7 [w,, HO?Ju?dx + /wyuH [Wu? + 20wty + 2wyl + 2wyutn,)da
< Clwyuls {|[wy, HOZu|s + |wfu ol utty|s + |wyul]s + |wyuiag]s }
< C)lwnulz {116z + 1o + [0 utalo + gt ooy tiale + [uzeloclwuls }
< C(, [lulla)|wyuls
Considering R1—Ry) and (2.8) we obtain

d
D20+ 1 [ @) e < € full) el (2.8)

By [3] we know that ||u(t)||s is bounded uniformly for ¢ in any fixed interval [0, T']
and p varying in any bounded interval. That is,

lu@®)lls < Cw, [I9lls), t €[0,T] (2.27)
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where C'(u, ||¢]]s) > 0 depends in an nondecreasing way on p and ||¢||s, respectively.
If 1 remains in a bounded set [0, 110, one can choose C(u, ||#||s) depending only on
||#]]s. With this remark in mind, apply Gronwall’s inequality to (2.8)" to obtain

a0 < Clp, 7, T, [|6l],4), € [0, 7] (2.28)

where C'(p1, 7y, T, ||¢]],.4) has the same property as that of (2.27).

Now we return to the global existence result. If u > 0, the global existence result
follows from (2.27) and (2.28).The existence result in the case p = 0 can be proved
by the standard limiting argument.

Proof of uniqueness. Here the proof is reproduced from [3]. Let u, v be two
solutions to problem (2.6), (2.7) with the initial data ¢(z), ¥ (x) € H?, respectively.
Putting w = u — v, then w satisfies the following equation

3
w; = —pdiw + 403w — 9, | (v* — v*) + 3wHu, + 3vHw, + §H8m(u2 —v?)| (2.29)

w(z,0) = ¢(x) — ¢(x) (2.30)

For o > 0 fixed, the uniqueness result follows from the standard energy estimate.
So in the following we only give the proof for p = 0.
From (2.29), a direct calculation of (2.29) and use of Lemma 2.2 yield

d 1
pr /w2dx = 2/ {—§w2(u2 4+ uv + v?), + 3ww, Hu, + 3vw, Hw,
3 3
- i(u + v)w,Hw, — 5(% + 'Um)wme} dx (2.31)
Now it is not difficult to find that
t
w[3 < Jw(0)]2 + C([¢]]2, ||1/f||2)/O [|w(t)[|7dt (2.32)
Since s > 4, we know that |w|r(o.r1xr) |Ve|z=(o1xR)s  [0Fu(2, )| oo (j0,11xR) and
|0%v(2,t)| o(o,r1xr) are bounded for 0 < k < s — 1. Multiply equation (2.29) by
Ky(u) — K4(v) to know

/ wy (Ka(u) — Ku(v)) dz = 0 (2.33)

where Ky(u) = u® + 3uHu, + 3H (uu,) — 4us,.
The bound for the term in the right-hand side of (2.33) is carried out as follows.

1) /Ot/wt(u3 — v’)dwdt

1 to1 ot
=3 /wQ(u2 + uv + v?)dz| — 3 / /w2(u2 + uv + v?)drdt
0 0

< Clw®)l+ [w(0)]3 + /Ot [w(r)[5d7) (2.34)
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t 3
2) / /wt[?)unm + 3wHuv, + iH(?ﬂ —v?),]dxdt
0

3 t t
= [§/w2H'zjm dr + 3/uwmedx] — 3/ /ut[wme + H(ww,)]dzdt
0 0

t
< 8|wal3 + CO)wl3 + Cllw(0)][} + C/O [lw(r)[[3dr (2.35)

t
3) — 4/ /wtw%dxdt — 2w, [2 — 2w, (0)]2 (2.36)
0

Adjusting the value of ¢, from (2.32)-(2.36) we derive

t
lw@®)1T < CIglh, 1911w O[T+ C (1|64, ||1/f||4)/O [|w(7)|[tdr (2.37)
Applying Gronwall’s inequality to (2.37) to yield
lw®)IF < C(T, I¢]la, [[0]|)][w(O)]}, ¢ €[0,T] (2.38)

which implies the uniqueness.

Up to now we have proved the following

Corollary 2.10. Let ¢ € HS, s > 4 and v € [0,1]. Then for all fixed
p > 0 there exists a unique u, € C([0,T]; H) for any given T" > 0 such that
O, € C([0,T]; H*=*) and W/ 0%u, € C([0,T]; L?) for 2k < s and (2.6), (2.7) are

! v
satisfied.

3 Proof of Theorem 1.1 Continued

In this section we continue the proof of Theorem 1.1.

Lemma 3.1. Let ¢, o € HS, s >4and y € [0,1], pu > 0. Let u,, wv,
be the solutions(obtained in Corollary 2.10) to (2.6) with ¢, 1 as the initial data,
respectively. Suppose w = u, — v,. Then we have

lw(®)I3,0 < w34+ C . T, [|8]].4, ||1/}||%4)/0 lw(®)]34dt, t€[0,T] (3.1)

where C' depends in an nondecreasing way on its arguments.
Proof. By the assumptions of the Lemma we know that w satisfies problem
(2.29), (2.30). Multiply (2.29) by w?w and integrate by parts to obtain

d

a/wsz dx + 2,u/w3(8§w)2dx
= {—4,u/ww2mw7w’7’dx - 4,u/ww2m(w’7)2dx - Sﬂ/wmwgmwngdﬂf}
+ {—S/wzwﬁm(ug —v¥)dr + 2/(w3)”’w2d3§} — 24/w7w'7ww2mdx

+ {—3/w3w2H'02mdx + 3/(w3)’w2HUmdx} — G/wzwungmdx
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7
—G/wzwumemdx - 3/w3wH8§(u2 —v?)dr = Z B, (3.2)

J

=1
The estimate for each B; is as follows. By using (2.9), (2.11), (2.12), (2.13) and
(2.14), we obtain

|Bi] < plwywaaly + uClunwls, [ Ba| < C([Ig]]2 [[¥1]2)lwywlz
| B3| < 24\/w7w’7ww2md:c‘ < 24wy w |z |w wayl2 < Clwywla|wywayle < Cllwl|?
|Bal < C(T. [[@lls, v l1s)lwrwl3, | Bs| < Clayula|lw]]? 5
Bg = G/wgwumemdx = G/wyww%um[w%,H&g]wdm + G/wyww%umHﬁm(w%w)d:c
< 6wyt oo (|orwlal[wy, HOJwls + o wla] s (wyw)2) < Ofulla)l[w][2,
B; = 3/w3wH8§(u2 —v?)dx
= B/www[ww, H?)(u? — v?)dx + 3/w7wH8§(w7w(u +v))dx
< Clanwls (|lu” = 0[2 + 02 (wy (u+ v)w)];)
< C(T, [l [[0]la)llw] ]34
Considering (3.1) and (3.2) we know that
%lww’w@ + M/(%)Z(@f’w)%x < C(p T I8l 1) [l 5 4 (3.3)

Integrate (3.3) with respect to ¢ to yield the result.
Lemma 3.2. Let the assumptions in Lemma 3.1 be satisfied and s > 6. Then
we have

2 _
%(|8§‘1w|§+ > ; / (u+v)a;—2wHa;—2wdx>

< C(p, T, [ @lls: [ N[l lw()]ls—o, ¢ € 10,7 (3.4)

where C' depends in an increasing way on its arguments and remains bounded when-
ever its arguments stay in a bounded set.

Proof. The proof of (3.4) for p > 0 is simple and is omitted. But the proof for
= 0 is technical. For s = 6, a complicated calculation yields

d
Elagi”’wlﬁ < —27/(u +0),OywHwdz + C(T, ||ll6, |[¢]]6)[[w()][3
and
%/(u+v)8§‘3wHﬁj_2wdx < 12/(u+v)m8§wH8i’wdx+C(T, l|1o]]6, ||z/1||6)||w(t)||i

These two inequalities mean that the derivative term in the left hand side equals
the first term in the right hand side plus a term less than the second term in the
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right hand side. Hence, (3.4) holds for s = 6. For general s we can prove (3.4) by
induction on s. The details are omitted.
The Completion of Proof of Theorem 1.1. By Lemma 2.2 we have

2s — 3
4

[+ )0 w0 P uds| < O, [012)|03 ]l 2wl

2s—5 +1

1 ‘ 1
< C|w|2<sl—2> 05 2wl]3" 7P < 5|a;—2w|§ + Clwl3 (3.5)

From (2.38), (3.4) and (3.5) there appears that
t
10;wl; < Cllw(0)][3, + C/O [lw(t)][Sdt (3.6)

Combining (2.38), (3.1), (3.6) with Gronwall’s inequality we can obtain

w3 o2 < CT 0] ls: (1811w (O3 o, €[0T

which implies the last statement of Theorem 1.1.
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