Diffusion on the Total Space of a Vector Bundle

Dragos Hrimiuc

Abstract

In recent years the study of the differential geometry of the total space
E, of a vector bundle 7 : R — M, initiated by R.Miron [11], [12] has been
developed by many people (see [13] and the references therein). If we take
a horizontal complement of the vertical subbundle VE, we can express
the geometrical objects defined on F in a more simplified form and new
geometric objects can be obtained.

Recently P.L.Antonelli and T.Zastawniak in a series of papers [2], [3],
[4] extended the Riemannian theory of diffusion processes and stochastic
development to the case of Finsler manifolds, the extension being moti-
vated by important problems in Biology [3], [5].

In this paper we extend their formalism to study some geometric prob-
lems of the theory of the diffusion process and the stochastic development
on FE, related to these new geometric objects on E. We thereby obtain
further generalization and geometric meaning for certain results of [2], [3].
But few probabilistic calculations are given here, for they are given in [2],
[3], [4]. In a forthcoming publication, as a particular case, the theory of dif-
fusion and stochastic development on Lagrange manifolds will be discussed
[9].
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1 Preliminaries

Let m : E — M a smooth vector bundle over M. Suppose that M is a real
n-dimensional differentiable manifold and the dimension of each fibre of E is m.
Local coordinates on E are (z°,y®), where (x%) are local coordinates on the base
manifold. Always in this paper, the range for the indices i, j, k, h, ... is {1,2, ..., n},
for the indices a,b, ¢, d, ... is {1,2,...,m} and the summation convention is used.

A nonlinear connection on F is defined by a distribution H E, complementary
to the vertical distribution of TFE, i.e.

(1.1) TE = HE ® VE.
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A local frame for TE, ,, (z,y) € E, adapted to the splitting (1.1) is (d;,da),
where

(12) 5 = 0 — N2(2,)0a
is a basis in HE, , and 0; := %, Oy 1= aga )

We denote by (dz?, dy®) the dual basis of (d;,9,), where
(1.3) Sy = dy® + N (z,y)dz".

Now we can introduce the algebra of d-tensor fields on E with respect to
the horizontal and vertical distributions. This algebra is locally spanned by
(17 6i; aa)'

A d-connection on F is a linear connection on E which preserves by paral-
lelism the horizontal and the vertical distributions (see [13]).

The local coordinate expression for a d—connection V on E is given by:

(1.4) Vs, 05 = ngdk, Vo, 0i = Ci;‘sj»
Vs,0; = Lj,0y, Vo,0, = C5p0..
A d-connection on E determines an h- and v-algorithm of covariant deriva-
tion. For example if
t =146 ® 6, ® da’ @ 6y°

is a d-tensor field on F, the horizontal and vertical covariant derivative of ¢ is
given by
5 = OWE + Lt + LE 5 — Lttt — L, 0

and
e = ety + Clythy + Cotid — Clityy — Ch
jble — Yecvjb ch®jb cd”jb cjUhb cblyd-:

If
G = gijdr' @ da? + hapdy® @ 5y°

is an (h,v)-metric on E, these exists d-connections compatible with G (see [13],
Ch.III).

A systematic presentation of the geometry of F is given in the monograph
of Miron and Anastasiei [13].

Throughout this paper we shall use the usual set up for the general theory
of stochastic calculus. We follow closely [3], [5]. For an introduction see [6], [7],
[10].

Let (2, F, P) be a probability space endowed with a right continuous filtra-
tion (F¢)¢=o such that each F; contains all negligible events in F. If f: Q — R
is an integrable random variable we denote by E(f) = fQ fdP its expectation
and by E(f/G) the conditional expectation of f given G. (G is a sub o-field of
F).

A stochastic process is a measurable function z : [0,00) X @ — R. One says
that a process is continuous if all its sample path, ¢ — z(¢,w), are continuous
functions for almost all w € Q2.
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A stochastic process is adapted if for each ¢ > 0 the random variable z(t) is
Fi-measurable.
A martingale is an adapted process such that for each ¢ > 0, z(t) is integrable
and z(s) = E(x(t)/Fs) for every t > s > 0.
A continuous local martingale is a continuous adapted process x such that
the process
(t, w) - x(Tn A, W)X{O<rn}(w)

is a martingale for every n, where 7, = inf{t > 0; | z(¢) |> n} and X, is the
indicator function A C Q.

A continuous F;-adapted process is called a semimartingale if it is written
as the sum of a local martingale and a process of bounded variation. For a real
semimartingale z and a continuous adapted process y we denote by ydz := [ ydx
the It6 stochastic integral of y with respect to z, dzdy := d(zy) — zdy — ydx
the joint quadratic variation of z and y and y o dz := [ yodz the Stratonovich
stochastic integral, where y o dz = ydx + %dxdy.

If M is a differentiable manifold, a M-valued semimartingale is a continuous
process z : [0,00) x @ — M such that (t,w) — f(z(t,w)) is a real-valued
semimartingale for every smooth function f: M — R.

If D is an elliptic second-order operator on M, an M-valued semimartingale
X is called a diffusion on M with generator D if the process

(0) = flalt.) - £, 0.0) ~ [ DI (7.0
is a local martingale for every smooth function f : M — R with compact
support.
2 Stochastic parallelism on F
We consider an arbitrary smooth curve
(2.1) c:[0,T] = E, c(t)=(x(t),y(t), tel0,T]

locally expressed by the equations:

The tangent vector field ¢ of ¢ is given by

dx’ dy®
a

(2.2) ¢ = Ba.

If X = X'; + X9, then it is parallel along c if and only if

. dat .
(2.3) Xfid—f”t F X7,

6 a

¥y _
dt_o

and
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p da’

2.4 X
( ) e dt

Xt =0.
+ Ia d ;

Let Xo € H,(o)E be a horizontal tangent vector at ¢(0). Since V preserves by
parallelism the horizontal distribution we can transport X by parallelism along
c(t) that is, we can find a horizontal vector field X = X6; along ¢, solving of
the following system of differential equations:

dz’
(2.5) —+LJ x4 4+,
with the initial condition
(2.6) X(0) =Xy

The solution of (2.5), (2.6) will be called the h-parallel transport of X along
C. Analogously, if Xy is a vertical vector at ¢(0) the v-parallel transport of X,
along c is defined similarly as the solution of the system of differential equations:

dX? d
(2.7) S 18 gedr cb xe 9"

dt dt dt =0

with the initial condition:
(2.8) X(0) = X,

From the assumption that the connection is g-metrical, if X (¢) and Y (¢) are
two solutions of (2.5) we have

(2.9) 9ij(z(t), y()) X (t)Y(t) = const.
Also if X(t), Y (t) are two solutions of (2.7) we have
(2.10) hap(x(t), y(t)) X ()Y (t) = const.

In this section we extended the concept of stochastic parallel transport along
a trajectory of a diffusion process on E. For this, similar to that in [2], [6], [7], we
shall approximate the diffusion by piecewise smooth sample path for which the
parallel transport is defined by the equations (2.5), (2.6). The theorems below
are those of [2], [3], but are here given in a more general geometric setting.

Let c(t) = (z(t),y(t)) be a diffusion on E starting from (zg,yo). If 7 : 0 =
to <t1 <...<ty, =T 1is a division of the time interval [0,T] we can take a
piecewise smooth approximation ¢, (t) = (zx(t), y»(t)) on E with bounded first
second and third order derivative such that ¢, (t) = c¢(ta), «a€{0,1,2,...,n}.
If Xo € H(zy,y,)F the h-parallel transport X (t) of X along c, () can be defined
as a piecewise smooth function, solution of the following system of differential
equations:

e1) B 1 e 0.0m0) XS 1 O 0.0, ) X5 o,
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(2.12) X, (0) = Xo.

We have

Theorem 2.1. The solution of the family of ordinary differential equations
(2.11), (2.12) converges in probability as mesh m — 0, to the solution X (t)
of the Stratonovich stochastic differential equation

(2.13) dX7 + L], X" o da’ + C X" 0 5" = 0,
(2.14) X(0) = Xo,

where

(2.15) Sy = dy® + Nf o da’.

Definition 2.2. The solution of (2.13), (2.14) is called the stochastic h-parallel
transport of X along the diffusion c.

Similarly we shall be able to define the v-stochastic parallel transport of
X € V E,) along a diffusion c as the solution of the Stratonovich stochastic
differential equation

(2.16) dXb 4+ L5, X oda' + CP, X 0 6y* =0,

(2.17) X(0) = Xo.

Remark 2.3. Let ¢(t) = (x(t),y(t)) be a diffusion on E starting at (zg,yo). If
Xo = X! 8% € TM,, and Ay = A%s, € E,, we can take the horizontal and
vertical lift of X, and Ag

v 7 4 v a a
(218) XO =X E and AO = A aya.

Now, we can define the stochastic hA- and v-parallel transport for Xy and Ag
along the diffusion ¢ on E as the stochastic h- and v-parallel transport for X
and Aj.

Theorem 2.4. (i) If X(t) and Y (t) are any two solutions of (2.13) then

(2.19) gij(x(t), y() X (t) X7 (t) = const.a.s.
(ii) If X (t) and Y (t) are any two solutions of (2.16) then
(2.20) hap(2(t), y(t)) X (t)Y?(t) = const.a.s.

Let ¢ : [0,T] — E be a diffusion on E, ¢(t) = (x(¢), y(t)). We say that c is
a horizontal diffusion if y(¢) is a solution of the following stochastic differential
equation

(2.21) dy® + Ni(z,y) oda’ =0, y(0) = yo.
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Also we say that ¢ is a vertical diffusion if x(t) = o a.s. The system (2.21) has,
generally a local solution. We cannot, in general, extend the solution for almost
all t € [0,T] but there are some important situations in which we can do it [2],
[3], [9]. We can give a geometric description of the solution of (2.21).

Let z : [0,7] — M be a diffusion on M starting from zy and =, a piecewise
smooth approximation with bounded first, second and third order derivative,
associated to the division m: 0 =tg <t1 < ... <t, =T.

We define the nonlinear transport by parallelism of y, along x, as the solu-
tion of the following (nonlinear) system of ordinary differential equations

dy® dx?
T N} T Y —=r = ) T = .
g TV @ yn)—E =0, ye(0) = w0

(2.22)

Theorem 2.5. The solution of (2.22) converges in probability as mesh m — 0
to the solution of y(t) of the Stratonovich stochastic equation (2.21).

Remark 2.6. If the solution of system (2.22) is defined on [0, T], the same is
valid for the solution of the stochastic differential system (2.21).

Remark 2.7. If ¢ : [0,7] — E, ¢(t) = (z(t), y(t)) is a horizontal diffusion
then the equations (2.13), (2.14) and (2.16), (2.17) are written:

dX? + L], X*ods' =0, X(0)= X,

and B B _ B B
dX* + LY, X ods' =0, X(0)= Xo.

If ¢(t) = (x(t), y(t)) is a vertical diffusion the equations (2.13), (2.14) and
(2.16), (2.17) become

dX7 +Ci X" ody® =0, X(0)= Xy

and
dX* +C° X ody® =0, X(0)= X,.

3 Stochastic development on E

Let O'(E) be the principal bundle of frames on E defined as follows. The to-
tal space of O'(E) consists of elements (x,y,z), where x € M, y € E, and
z = (€1, .., €, €1, ..., ) is frame of TE(, ,y such that (ey,...,e,) is an orthog-
onal frame of HE, ,) relative to the metric structure g and (€1, ...,€p,) is an
orthogonal frame in V E(, ) with respect to the metric structure h.

The differential structure of O'(FE) can be obtained from that of E as follows.

Let us consider (U, ®,) be a coordinate system of E and U, = {(z,y,2) €
O'(E); (z,y) € U, and z is a frame as above}.

We define the mapping;:

By 1 Uy — Ba(U,) x O(n) x O(m) C R x Rr+m’

by
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D(x,y,2) = (Pal(z,y), €}, &),

(0 S )
€j =¢; Sz o) , € =€y aya (=)

and O(n) is the group of orthogonal transformations in R"™. The projection
7 : O'(E) — E is defined as usual by 7 (x,y,2) = (z,y) and the right action by
Rv(xaya Z) = (Jf, Y,z U)a where

where

z-v=(eu, EuU), eu=ule;, €U=1u

for any v = (u,a) C O(n) x O(m) and (z,y,2) C O'(E).
If a(t) = (v'(t), ¥°(t)), t € [0,T] is a smooth curve in R"™™ using the
d-connection V we cal roll E along «(t) to obtain a curve ¢(t) on E as a trace

of a(t). In fact, if (zo, vo, 20) € O'(F) we must find a smooth curve &(t) =
(x(t), y(t), 2(t)) on O'(E) such that

=GO, = Gew),

dtJ dt dt dt
de S

(3.1) dth + Ly, ﬁdth +Cka ’Z 3t =0,
déd b Sc dx* b ¢ Sy
W—'_L iCd dr +Ccaddt =0,

2(0) =z, y*(0) =y, €i(0)=ep;, &4(0)=epq.

For the curve c(t) = ¢(¢, xo, Yo, 20, @) = w(¢é(t)) it follows:
(3.2) c(t, xo, Yo, 20 - v, @) = c(t, xo, Yo, 20, V- ), t€[0,T],
where v = (u, %) € O(n) x O(m) and v - « is the curve in R**™ defined by

(3-3) (v-a)(t) = (uj 77 (t), ay 7°(1)).

Let c(t) = (x(t), y(t)), t € [0,T] be a diffusion on E starting at (xo, yo)
and zg an orthogonal frame in TE(,, ,,) as above.

We use the stochastic parallel transport to move this orthogonal frame along
¢(t) and we shall obtain the moving frame z(t) = (e1(t), ..., en(t), €1(t), ..., em(t))
such that the following stochastic differential equations are satisfied:

(3.4) de,'I + Lj eh o dx? + C,zae’,fb o dy® =0,
de +Lb ¢odrt +Chesodyr =0

and almost surely on [0, 7] we have:

(3.5) gij ((t), y(t)) €, (t) €4.(t) = dnr
hav(z(t), y(t)) e2(t) ef(t) = dca.

We regard z(t), y(t), 2(t)) as a stochastic process on the orthogonal bundle
O'(E).

Now, we can study the concept of stochastic development on E or rolling
the total space E along a standard Brownian motion in R"™™, extending the
Riemannian and Finslerian stochastic development of [2], [3].
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Let w(t), v(t) be two independent standard Brownian motion in R™ and R™,
thus (w(t), v(t)) is a standard Brownian motion in R"*™.

The system of stochastic differential equations for the stochastic development
on F can be written as:

dz’ = e} odw?; y* =efo do®,
(3.6) dej + L}, el o d:ﬂ_i + Y, ef ooy =0,
de + Lb; &5 o dat + Cb 85 0 6y = 0,

2'(0) = zp, y*(0) =yg, €i(0) = eoi, €a(0) = €oa,
with ([Eo, Yo, ZQ) € O/(E)

From (3.5) it follows that the solution of (3.6) is a process on O'(FE).
Definition 3.1. The solution (z(t), y(t), z(t)) of (3.6) is called it the stochastic
development on E.

Theorem 3.2. The solution of stochastic differential equation (3.6) defines a
flow diffeomorphisms on O'(E) (x(t), y(t), 2(t)), whose projection (x(t), y(t)),
from O'(E) to E is a diffusion on E starting at (zo, yo) which have the probability
law independent of the choice of the initial orthonormal frame zo in E(y, ,,) and
whose generator is

1 ij k 1 ab c
(3.7) D= 29 (6:6; — Li;0k) + §h (0a0p — C,0c).

This result is that of [2], [3] but is here given a more general geometric setup.
The reader should consult these papers for proof of (3.7).

4 Examples
We consider the tangent bundle 7 : TM — M with the (h,v)-metric
G = g”dfﬂl (39 de‘] + hab5ya ® (Syb

G is called h-Riemannian (v-Riemannian) if its horizontal (vertical) part
9ij(z,y) (hap(x,y)) are functions of position only, i.e. depend on z alone. If
G is h- and v-Riemannian we shall say that G is (h,v)-Riemannian. Also, we
say that G is locally-Minkowski if locally hap(x,y) = hap(y). The v-metric hqp is
called weakly regular if the d-tensor field B = %aaabe is nondegenerate, where
€ = hap(z,y)y"y" (see [13]).

1. We suppose G is Riemannian-locally Minkowski metric on TM and hga(y) is
weakly regular. Then we can take N = 0 (sse [13], page 126) and the coefficients
of the canonical d-connection compatible with G are given by

7 7 1 7 a
ik = k() = 59 "(6kgnj + 0ignk — Ongjk), L =0

. 1
Ce; =0; Cp.= ihad(abhdc + Ochap — Oahie).

The system (3.6) for the stochastic development takes the form
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da' = eé odw’; del —&—vii e¥oda’ =0

dy® = & o dv®; dely 4 C%.e50dy* = 0.

2. Let G be a (h,v)-Riemannian metric. Then we can take N# = 7%y’ as a
nonlinear connection on TM (v}, are the Christoffel symbols formed with g;;).
The coefficients of the canonical d-connection, compatible with G are given by

7 7 a a 1 ac 7 a
Ly =k Lye = Yo + §h by Cir, =0, Cp. =0

where hgp| denote the covariant derivative of hq, with respect to 'y;»k. The
system (3.6) for the stochastic development reads:

da' = ez» o dw’
de{l =l efodzt =0
Sy = &} o dv®
1 )
dég + ("Ygl + ih’bchacui)ég odx' =0.
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