
Caraterizations of the Nonlinear Connetion in theHigher Order GeometryIoan Buataru
AbstratIn the paper [8℄ a nonlinear onnetion on k-osulator bundle is haraterisedby a system of funtions de�ned on eah domain of loal hart, whih verify aspeial formula.Starting with this result, to a nonlinear onnetion on the k-osulator bundlewas assoiated a speial map, alled onnetion map [2℄.The aim of this paper is to present the notion of onnetion map, indepen-dently of the hoie of a nonlinear onnetion. The kernel of the onnetionmap is a nonlinear onnetion. In this way we obtain a haraterization forthe nonlinear onnetion using only the k-tangent struture on the k-osulatorbundle.In the last part of this paper we present the notion of horizontal lift, inde-pendently of the hoie of a nonlinear onnetion and onnetion map. Usingthis map we obtain a haraterization for a onnetion map and a nonlinearonnetion. The nonlinear onnetion appears as the image of the horizontallift. The onnetion map is de�ned using the inverse map of the vertial lift.AMS subjet lassi�ation: 53C60Key words: nonlinear onnetion, onnetion map, horizontal lift1 IntrodutionLetM be a real, smooth manifold of dimension n and (OskM;�k;M) its k-osulatorbundle. Then OskM is a real, smooth manifold of dimension n(k + 1). We set E =OskM .Let (xi) be the loal oordinates in a loal hart U � M . The loal oordinateson (�k)�1(U) � OskM will be denoted by (xi; y(1)i; : : : ; y(k)i).A hange of oordinates (x; y(1); :::; y(k))! (ex; ey(1); : : : ; ey(k)) on E is given by:Balkan Journal of Geometry and Its Appliations, Vol.2, No.2, 1997, pp. 13-22Balkan Soiety of Geometers, Geometry Balkan Press



14 I.Buataru
(1:1)

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
exi = exi(x1; x2; : : : ; xn); rang �exi�xj  = ney(1)i = �exi�xj y(1)j2ey(2)i = �ey(1)i�xj y(1)j + 2 �ey(1)i�y(1)j y(2)j: : :key(k)i = �ey(k�1)i�xj y(1)j + 2�ey(k�1)i�y(1)j y(2)j + : : :+ k �ey(k�1)i�y(k�1)j y(k)j :Under a hange of oordinates (1.1) on E, for eah u 2 E, the natural basis� ��xi ju; ��y(1)i ju; : : : ; ��y(k)i ju� hanges as follows

(1:2) 8>>>>>>>>><>>>>>>>>>:
��exi ju= �xj�exi (u) ��xj ju +�y(1)j�exi (u) ��y(1)j ju + : : :+ �y(k)j�exi (u) ��y(k)j ju��ey(1)i ju= �y(1)j�ey(1)i (u) ��y(1)j ju + : : :+ �y(k)j�ey(1)i (u) ��y(k)j ju� � ���ey(k)i ju= �y(k)j�ey(k)i (u) ��y(k)j ju :For � 2 f1; 2; : : : ; k � 1g we denote �k� : E ! Os�M the anonial submersionwhih is expressed in the loal hart as follows�k� : (x; y(1); : : : ; y(k)) 7! (x; y(1); : : : ; y(�)):As (�k)� : (TE; �E; E) ! (TM; �;M) is a �k epimorphism of vetor bundles, itresults that its kernel is a vetor subbundle of the bundle (TE; �E ; E). This will bedenoted by V1E and will be alled the vertial subbundle of the TE. The �bres ofV1E determine an integrable distribution V1 : u 2 E 7! V1(u) � TuE whih has thedimension kn, alled vertial distribution.In the same manner, for eah submersion �k� : E ! Os�M we obtain a vetorsubbundle of TE denoted by V�+1E = Ker(�k�)�. The �bres of V�+1E determine anintegrable distribution V�+1 : u 2 E 7! V�+1(u) � TuE, of dimension (k � �)n.In this way we obtain k-vertial distributions V1; V2; : : : ; Vk of dimensions kn; (k�1)n; : : : ; n respetively, suh that 8u 2 E; Vk(u) � Vk�1(u) � � � � � V1(u):For eah u 2 E we onsider the linear map Ju : TuE ! TuE de�ned on naturalbasis by(1:3)Ju� ��xi ju� = ��y(1)i ju; : : : ; Ju� ��y(k�1)i ju� = ��y(k)i ju; Ju� ��y(k)i ju� = 0and extended by linearity.Proposition 1.1.1. For eah u 2 E the map Ju is well de�ned.2. For � 2 f1; 2; : : : ; k � 1g we have



Caraterizations of Nonlinear Connetion 15(1:4) ( Jk��u Vk��(u) = V�(u); 8u 2 EJk+1u = 0 :The maps Ju; u 2 E determine a morphism of vetor bundlesJ : (TE; �E; E)! (TE; �E; E) and an F(E) linear map J : �(E)! �(E).The map J is alled the k{tangent struture of the k{osulator bundle.2 The nonlinear onnetion assoiated to a onne-tion mapWe denote by (TM (k); � (k);M) the Whitney sum of the tangent bundle (TM; �;M)on itself of k times.De�nition 2.1.We all onnetion map on the k-osulator bundle E a �k morphismof vetor bundlesK = ((1)K; (2)K; : : : ; (k)K ) : (TE; �E; E)! (TM (k); � (k);M)whih satis�es(2:1) 8><>: (k)K ÆJ� =(k��)K ; 8� = 1; k � 1(k)K ÆJk = (�k)� :Proposition 2.1. For a onnetion map K = ((1)K; (2)K; : : : ; (k)K ) we have the followingrelations(2:2) 8<: (�)K=(�+1)K ÆJ; 8� = 1; k � 1(�k)� =(�)K ÆJ� 8� = 1; k :Proof. (�)K=(k)K ÆJk�� =(k)K ÆJk���1 Æ J =(�+1)K ÆJ(�k)� =(k)K ÆJk =(k)K ÆJk�1 Æ J =(1)K ÆJRemark 2.1. The kernel of the onnetion map N = KerK is a vetor subbundle ofthe bundle (TE; �E; E): Its �bres determine a distribution N : u 2 E 7! N(u) � Euof dimension n, alled the horizontal distribution assoiated to the onnetion mapK. Next, we shall prove that a onnetion map determines a nonlinear onnetion onk{osulator bundle.For eah u 2 E, the map Ku : TuE ! T�k(u)M � � � � � T�k(u)M| {z }k times is linear. Wedenote by M(1) ij(u); : : : ;M(k) ij(u) the oordinate funtions, de�ned on every domain of



16 I.Buataruloal harts, for the vetors (1)Ku ��xj ju; : : : ; and (k)Ku ��xj ju respetively, in the naturalbasis ��xi j�k(u) of T�k(u)M . Therefore(2:3) Ku ��xj ju= (M(1) ij(u) ��xi j�k(u); : : : ;M(k) ij(u) ��xi j�k(u)):Taking aount of Proposition 2.1 and formula (2.3), we obtain the following for-mulae
(2:4) 8>>>>>>>>>>>>><>>>>>>>>>>>>>:

Ku ��y(1)j ju= ( ��xi j�k(u);M(1) ij(u) ��xi j�k(u); : : : ; M(k�1)ij(u) ��xi j�k(u))Ku ��y(2)j ju= (0; ��xi j�k(u);M(1) ij(u) ��xi j�k(u); : : : ; M(k�2)ij(u) ��xi j�k(u))� � �Ku ��y(k�1)j ju= (0; : : : ; 0; ��xi j�k(u);M(1) ij(u) ��xi j�k(u))Ku ��y(k)j ju= (0; : : : ; 0; ��xi j�k(u)):Theorem 2.1. Under a hange of oordinates (1.1) on E, the set of funtions(M(�) ij)�=1;k is hanging aording to the following rules
(2:5) 8>>>>>>>>><>>>>>>>>>:

M(1)mj �exi�xm = gM(1) im �exm�xj + �ey(1)i�xjM(2)mj �exi�xm = gM(2) im �exm�xj + gM(1) im �ey(1)m�xj + �ey(2)i�xj� � �M(k)mj �exi�xm = gM(k) im �exm�xj + gM(k�1)im �ey(1)m�xj + : : :+ gM(1) im �ey(k�1)m�xj + �ey(k)i�xj :Proof. For (U; � = (xi; y(1)i; : : : ; y(k)i)) and (V;  = (exi; ey(1)i; : : : ; ey(k)i)) two loalharts in u 2 U \ V , we haveKu ��exj ju= �gM(1) ij(u) ��exi j�k(u); : : : ;gM(k) ij(u) ��exi j�k(u)� = Ku ��xj ju :Aording to (1.2),



Caraterizations of Nonlinear Connetion 17Ku ��exi ju= Ku(�xm�exi (u) ��xm ju +�y(1)m�exi (u) ��y(1)m ju + : : :++�y(k)m�exi (u) ��y(k)m ju) = �xm�exi (u)Ku ��xm ju +�y(1)m�exi (u)Ku ��y(1)m ju + : : :++�y(k)m�exi (u)Ku ��y(k)m ju= �xm�exi (M(1) jm(u) ��xj j�k(u); : : : ;M(k) jm(u) ��xj j�k(u))++�y(1)m�exi ( ��xm j�k(u);M(1) jm(u) ��xj j�k(u); : : : ; M(k�1)jm(u) ��xj j�k(u)) + : : :++�y(k�1)m�exi (0; : : : ; 0; ��xm j�k(u);M(1) jm(u) ��xj j�k(u)) + �y(k)m�exi (0; : : : ; 0; ��xm j�k(u)):
:

On this way we obtain8>>>>>>>>><>>>>>>>>>:
gM(1) ji (u) ��exj j�k(u)= �xm�exi M(1) jm(u) ��xj j�k(u) +�y(1)j�exi ��xj j(�k(u)� � �gM(k) ji (u) ��exj j�k(u)= �xm�exi M(k) jm(u) ��xj j�k(u) +�y(1)m�exi M(k�1)jm(u) ��xj j�k(u))++ : : :+ �y(k)j�exi ��exj j�k(u) :and using ��exj j�k(u)= �xs�exj ��xs j�k(u) it results (2.5).Next, on every domain of loal hart on E we onsider the set of funtions(N(1) ij ; : : : ; N(k)ij) de�ned by(2:6) 8>>>>><>>>>>: N(1) ij =M(1) ijN(2) ij =M(2) ij �N(1) imM(1)mj: : :N(k)ij =M(k) ij � N(k�1)imM(1)mj � : : :�N(1) im M(k�1)mj :We use the following notations(2:7) 8>><>>: ÆÆxi ju= ��xi ju �N(1)ji (u) ��y(1)j ju � : : :�N(k)ji (u) ��y(k)j juÆÆy(1)i ju= Ju� ÆÆxi ju� ; : : : ; ÆÆy(k�1)i ju= Ju� ÆÆy(k�2)i ju� :Theorem 2.2. The vetor �eldsÆÆxi ; ÆÆy(1)i ; :::; ÆÆy(k�1)i ; ��y(k)iare d-vetor �elds, that is under a hange of oordinates (1.1) these are hanging bythe following rules
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(2:8) 8>>>>>>><>>>>>>>:

ÆÆ~xi = �xj�~xi ÆÆxj ;ÆÆ~y(�)i = �xj�~xi ÆÆy(�)j (� = 1; k � 1);��~y(k)i = �xj�~xi ��y(k)j :Proof. Under a hange of oordinates on E, the set of funtions (N(1) ij ; : : : ; N(k)ij) hangesas follows(2:9) 8>>>>>>>>><>>>>>>>>>:
gN(1) im �exm�xj = N(1)mj �exi�xm � �ey(1)i�xjgN(2) im �exm�xj = N(2)mj �exi�xm +N(1)mj �ey(1)i�xm � �ey(2)i�xj� � �gN(k)im �exm�xj = N(k)mj �exi�xm + N(k�1)mj �ey(1)i�xm + : : :+N(1)mj �ey(k�1)i�xm � �ey(k)i�xj :Using (2.9) and (1.2) it results that under a hange of oordinates (1.1) on E, (2.8) istrue. The vetors ÆÆxi ju; ÆÆy(1)i ju; :::; ÆÆy(k�1)i ju; ��y(k)i ju are linearly independenton TuE, 8u 2 E.Proposition 2.2. We have the following formulae(2:10) 8>>>>>>>><>>>>>>>>:

(�k)�;u � ÆÆxi ju� = ��xi j�k(u)(�)K u � ÆÆy(�)i ju� = ��xi j�k(u) 8� = 1; k � 1(k)K u � ��y(k)i ju� = ��xi j�k(u) :Proof.(�k)�;u� ÆÆxi ju� = (�k)�;u� ��xi ju �N(1)ji (u) ��y(1)j ju � : : :�N(k)ji (u) ��y(k)j ju� == (�k)�;u� ��xi ju� = ��xi j�k(u) :The other formulae are proved by using (2.2) and (2.7).Theorem 2.3. For a onnetion map K = ((1)K; (2)K; : : : ; (k)K ) : (TE; �E; E)! (TM (k); � (k);M),its kernel N = KerK is a nonlinear onnetion on k-osulator bundle.Proof. To prove this theorem it is suÆient to show the following deomposition inthe Whitney sum(2:11) TE = N � V1:



Caraterizations of Nonlinear Connetion 19Firstly, we prove that � ÆÆxi ju�i=1;n is a basis forKerKu = N(u). Sine� ÆÆxi ju�i=1;nare n linearly independent vetors and the dimension of N(u) is n, we need to provethat Ku� ÆÆxi ju� = 0. We have the following sequene of equalitiesKu( ÆÆxi ju) = Ku( ��xi ju �N(1)ji (u) ��y(1)j ju � : : :�N(1)ji (u) ��y(k)j ju) == Ku( ��xi ju)�N(1)ji (u)Ku( ��y(1)j ju)� : : :�N(k)ji (u)Ku( ��y(k)j ju) =(M(1) ij(u) ��xi j�k(u); : : : ;M(k) ij(u) ��xi j�k(u))�N(1) ij(u)( ��xi j�k(u);M(1)mj (u) ��xm j�k(u);; : : : ; M(k�1)mj (u) ��xm j�k(u))�N(2) ij(u)(0; ��xi j�k(u);M(1)mj (u) ��xm j�k(u); : : : ;M(k�2)ij(u) ��xi j�k(u))� � � � � N(k�1)ij(u)(0; : : : ; 0; ��xi j�k(u);M(1)mj (u) ��xm j�k(u))��N(k)ij(u)(0; : : : ; 0; ��xi j�k(u)):Using (2.6) one obtains Ku� ÆÆxi ju� = 0. Finally, we have to prove that 8u 2 E,N(u)\V1(u) = f0g. Let Xu 2 N(u)\V1(u). Beause Xu 2 N(u) it results KuXu = 0and beause Xu 2 V1(u) we have (�k)�;uXu = 0. If Xu is expressed in the basis (2.7)by Xu = (0)X i ÆÆxi+ (1)X i ÆÆy(1)i + : : :+ (k)X i ��y(k)iit follows that KuXu = ( (1)X i ��xi ; (2)X i ��xi ; : : : ; (k)X i ��xi ) = 0and (�k)�;uXu = (0)X i ��xi = 0 =) (0)X i= (1)X i= � � � =(k)X i= 0:We all the funtions (N(1) ij ; : : : ; N(k)ij) the oeÆients of the nonlinear onnetion N .Next, we prove the existene of onnetion map.Theorem 2.4. If the manifold M is smooth, then there exists a onnetion map onthe k-osulator bundle of the manifold M .Proof. In the paper [2℄ we have proved that every nonlinear onnetion N on thek{osulator bundle determines a onnetion map. Beause on OskM there existnonlinear onnetions, the proof is �nished.We denote N0 = N;N1 = J(N0); � � � ; Nk�1 = J(Nk�2). The following deomposi-tion in the Whitney sum is true(2:12) TE = N0 �N1 � � � � �Nk�1 � Vk:



20 I.BuataruThe distributions N� : u 2 E 7! N�(u) � TuE are of dimensions n. Generally theseare not integrable.Conluding, the existene of the nonlinear onnetion N on the k-osulator bundleE is haraterized by a speial �k morphism of vetor bundles K suh that N =Ker K.3 Charaterizations of the onnetion map with thelifts.Let (VkE; �E jVkE ; E) be a vetor bundle over E, whose �bres are Vk(u), u 2 E:For eah u 2 E, we denote by (lvk)�k(u);u : T�k(u)M ! Vk(u) the linear mapde�ned by: (lvk )�k(u);u� ��xi j�k(u)� = ��y(k)i ju and extended by linearity.The map (lvk )�k(u);u is a linear isomorphism for 8u 2 E. It is alled the vertiallift.De�nition 3.1. The horizontal lift is de�ned as a linear map (lh)�k(u);u : T�k(u)M !TuE whih satis�es(3:1) (lvk)�k(u);u = Jku Æ (lh)�k(u);u:We use the notation N(u) = (lh)�k(u);u(T�k(u)M):Remark. The map (lh)�k(u);u : T�k(u)M ! N(u) is a linear isomorphism of vetorspaes.Proposition 3.1. Every onnetion map K on the k{osulator bundle E determinesa horizontal lift.Proof. The map �k�;u jKer Ku : Ker Ku ! T�k(u)M is an isomorphism of vetorspaes. We denote by (lh)�k(u);u : T�k(u)M ! Ker Ku its inverse map. We have�k�;u Æ (lh)�k(u);u = idT�k(u)M : Firstly, we prove (k)Ku Æ(lvk)�k(u);u = idT�k(u)M : Usingthat (lvk )�k(u);u� ��xi j�k(u)� = ��y(k)i ju and (k)Ku � ��y(k)i ju� = ��xi j�k(u) weobtain the previous formula. The proof of proposition is �nished by the followingsequene of impliations: �k�;u = (k)Ku ÆJku ) (k)Ku ÆJku Æ (lh)�k(u);u = (k)Ku Æ(lvk )�k(u);u )the map lh verify (3.1).Proposition 3.2. Every horizontal lift determines a onnetion map on k-osulatorbundle.Proof. Let (lh)�k(u);u : T�k(u)M ! TuE be a map whih satisfy (3.1).Let (k)Ku: Vk(u) ! T�k(u) be the inverse map of the vertial lift and Ku = ( (k)KuÆJk�1u ; : : : (k)Ku ÆJu; (k)Ku). For proving that the mapK is a onnetion map it is suÆientto show that (k)Ku ÆJku = �k�;u. From (3.1), ompound at left by (k)Ku we have (k)Ku ÆJku Æ(lh)�k(u);u = (k)Ku Æ(lvk)�k(u);u = idT�k(u)M : Sine (lh)�k(u);u is a linear isomorphism itresults that (k)Ku ÆJku is its inverse and (k)Ku ÆJku = �k�;u.



Caraterizations of Nonlinear Connetion 21For � 2 f1; : : : ; k � 1g and u 2 E we denote (lv�)�k(u);u : T�k(u)M ! TuEthe map de�ned by (lv�)�k(u);u = J�u Æ (lh)�k(u);u. If we use the notations N�(u) =(lv�)�k(u);u(T�k(u)M) we obtain that (lv�)�k(u);u are linear isomorphisms.Corollary 3.1. The following formulae are true(�)Ku Æ(lv�)�k(u);u = idT�k(u)M 8� 2 f1; 2; : : :g and u 2 E:Proof. We have (lvk )�k(u);u = Jku Æ (lh)�k(u);u = Jk�� Æ J�u Æ (lh)�k(u);u = Jk��u Æ(lv�)�k(u);u. Compound at left to (k)Ku in the formula (lvk )�k(u);u = Jk��u Æ (lv�)�k(u);uand using (k)Ku Æ(lvk)�k(u);u = idT�k(u)M and from (2.1) it results (�)Ku Æ(lv�)�k(u);u =idT�k(u)M 8� 2 f1; 2; : : :g:Aknowledgements. A version of this paper was presented at the First Confer-ene of Balkan Soiety of Geometers, Politehnia University of Buharest, September23-27, 1996.Referenes[1℄ M.Anastasiei and I.Buataru, A notable submersion in the higher order geometry(to appear).[2℄ I.Buataru, Connetion map in the higher order geometry, An. S�tiint�.Univ.\Al.I.Cuza" Ia�si, vol.XLII (1996), 255-260.[3℄ P.Dombrowski, On the geometry of the tangent bundles, Jour. reine und angew.Math., 210(1962), 73-88.[4℄ O.Kowalski, Curvature of the Riemannian metri on the tangent bundles of aRiemannian manifold, Jour. reine und angew., Math., 250 (1971), 124-129.[5℄ R.Miron and M.Anastasiei, The geometry of Lagrange Spaes. Theory and Ap-pliations, Kluwer Aademi Publishers FTPH no. 59 (1994).[6℄ R.Miron and M.Anastasiei, Vetor bundles. Lagrange spaes. Apliations in rel-ativity, Aad. Român�a, Buure�sti, 1987.[7℄ R.Miron and Gh.Atanasiu, Lagrange Geometry of Seond Order, PergamonMath.Comput.Modeling vol.20, no.4/5(1994), 41-56, Pergamon Press.[8℄ R.Miron and Gh.Atanasiu, Di�erential geometry of the k{osulator bundle,Rev.Roumaine Math.Pures Appl. vol.XLI, nr. 3-4, 1996, 205-236.[9℄ R.Miron and Gh.Atanasiu, Prolongation of the Riemannian, Finslerian and La-grangian struture, (to appear).[10℄ R.Miron and Gh.Atanasiu, Higher order Lagrange spaes, (to appear).\Otav Mayer" Institute of MatematisIa�si Branh of the Romanian Aademy6600, Ia�si, Romania


