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36 D.Cr�aiun and D.Opri�sIn the �nal part of the paper we extend this theory for disrete-ontinuous systemswith speial onstraints (homogeneous and aÆne).In this paper we give some examples to illustrate our approah inluding a disreteversion of a nonholonomially onstrained partile.2 The disrete-ontinuous variationsLet f�kgk2[0;N ℄, [0; N ℄ = f0; 1; : : : ; N ℄g be a division of the interval [�0; �N ℄ � R,where(1) �k = �0 + k��; �� = �N � �0N ;and let R = [�0; �N ℄ � [a; b℄ � R2 be the two-dimensional network whose arbitraryelement (�k ; t) 2 R is denoted by (k; t); k 2 [0; N ℄; t 2 [a; b℄. For a funtion q : R !Rn, C1-di�erentiable with respst to t 2 [a; b℄, we denote(2) q(k; t) = (qi(k; t))q1(k; t) = 1�� (q(k + 1; t)� q(k; t))_q(k; t) = dq(k; t)dt :The set(3) L2(R) = (q : R ! Rnj Z ba NXk=0 Æijqi(k; t)qj(k; t)��dt <1)endowed with the salar produt(4) (q; �q) = Z ba  NXk=0 Æijqi(k; t)�qj(k; t)��! dtis a Hilbert spae. The tangent spae of the manifold(5) 
 = fq 2 L2(R); q(k; a) = q1(k); q(k; b) = q2(k); k 2 [1; N � 1℄q(0; t) = q1(t); q(N; t) = qN (t); t 2 [a; b℄gat a point q 2 
 is(6) Tq
 = f� : R ! Rn; �(k; a) = 0; �(k; b) = 0; k 2 [1; N � 1℄�(0; t) = 0; �(N; t) = 0; t 2 [a; b℄g;where(7) �(k; t) = dq(k; t; ")d" ����"=0 ; q(") 2 
; " 2 I � R; 0 2 I; q(0) = q0:



Disrete-Continuous Dynamial Systems 37For a C1-di�erentiable funtion F : 
! R we de�ne the variation of the funtionF [1℄, ÆF : Tq
! R;(8) (ÆF )(�) = dF (q("))d" ����"=0 = NXk=0 �F (q(k; t))�qi(k; t) �i(k; t):The point q 2 
 is ritial (or stationary) for F , if at this point ÆF = 0.Let be the sets(9) 
1 = �q1(k; t); (k; s) 2 R	 ; _
 = f _q(k; t); (k; s) 2 Rgand L : R�
�
1 � _
! R be a C2-funtion with respet to the variables from 
,
1, _
 and t 2 [a; b℄. We denote this funtion by(10) L(k; t) = L(k; t; q(k; t); q1(k; t); _q(k; t)); (k; t) 2 R:For L(k; t) we obtaindL(k; t)dqi(k; t) = �L(k; t)�qi(k; t) � 1�� �L(k; t)�q1i(k; t)(11) dL(k; t)dqi(k + 1; t) = 1�� �L(k; t)�q1i(k; t) ; i = 1; n; (k; t) 2 R:The funtional(12) A(q) = Z ba  N�1Xk=0 L(k; t)��! dtis alled the ation of L with respet to q 2 
.Proposition 1 (�rst variation formula) [6℄. The variation of the funtional A is(13) ÆA(�; �1; _�) = Z ba "N�1Xk=0 � �L(k; t)�qi(k; t)�i(k; t) + �L(k; t)�q1i(k; t)�1i(k; t)++ �L(k; t)� _qi(k; t) _�i(k; t)����dt;where �i(k; t) = dq(")(k; t)d" ����"=0 ; �1i(k; t) = dq1(")(k; t)d" �����"=0(14) _�i(k; t) = d _q(")(k; t)d" ����"=0 ;q(") 2 
; q1(") 2 
1; _q(") 2 _
;



38 D.Cr�aiun and D.Opri�swith " 2 I � R; 0 2 I; q(0) = q; q1(0) = q1; _q(0) = _q:For �1(k; t) = 1�� (�(k + 1; t)� �(k; t)); _�(k; t) = d�(k; t)dt ;from (12) we obtain(15) ÆA(q) = Z ba N�1Xk=1 [E℄i(k; t)�i(k; t)��dt;where(16) [E℄i(k; t) = d(L(k; t) + L(k � 1; t))dqi(k; t) � ddt � �L(k; t)� _qi(k; t)� :3 The disrete-ontinuous Lagrange-d0Alembert prin-ipleThe path q(k; t) 2 
 is alled a disrete-ontinuous motion of the lagrangian system(
; L), if it is a ritial point of the ation funtional A(q). From (13) we obtainProposition 1 (disrete-ontinuous variation priniple). The funtion q 2 
 is aritial point for A(q) i�(17) [E℄i(k; t) = d(L(k; t) + L(k � 1; t))dqi(k; t) � ddt � �L(k; t)� _qi(k; t)� = 0 i = 1; n; (k; t) 2 R:For L(k; t) = L(t; q(t); _q(t)), t 2 [a; b℄, we obtain from (16), the ontinuous Euler-Lagrange equation. For L(k; t) = L(k; q(k); q1(k)), k 2 [0; N�1℄, we obtain from (16)the disrete Euler-Lagrange equations(18) d(L(k) + L(k � 1))dqi(k) = 0; i = 1; n:For �� = 1; �0 = 1; �N = N , from (17) we dedue the disrete Euler equationsgiven in [5℄(19) �L(k)�qi(k) � �L(k)�q1i(k) + �L(k � 1)�q1i(k � 1) = 0; i = 1; n; k 2 R:Let fa : R�
�
1� _
! R, a = 1;m, a C1-funtion with respet to the variablesof 
, 
1, _
 and t 2 [a; b℄, given by(20) fa(k; t) = fa(k; t; q(k; t); q1(k; t)); a = 1;m; (k; t) 2 Rwith(21) rang �������� �fa(k; t)�q1i(k; t) �������� = m < n; (k; t) 2 R:



Disrete-Continuous Dynamial Systems 39The elements � 2 Tq
 satisfying the onditions(22) �fa(k; t)�q1i(k; t) � �i(k; t) = 0; a = 1;m; (k; t) 2 Rare alled virtual variations of the onstrained disrete lagrangian system (
; L; S),where L is given by (10) andS = n(q(k; t); q1(k; t); _q(k; t)) 2 
�
1 � _
; fa(k; t) = 0;(23) a = 1;m; (k; t) 2 R	The disrete Lagrange-d0Alembert de�nition: The admissible element q 2 
 isalled a disrete motion of the disrete onstrained lagrangian system (
; L; S) if for(k; t) 2 R, [E℄i(k; t)�i(k; t) = 0 for all virtual variation �.Proposition 2. The disrete motion of the disrete onstrained lagrangian system(
; L; S) is given by(24) [E℄i(k; t) = �a �fa(k; t)�q1i(k; t)fa(k; t) = 0; a = 1;m; i = 1; n; (k; t) 2 R:Let fa(k; t) given by (20) with(25) rang ���������fa(k; t)� _qi(k; t) �������� = m < n; (k; t) 2 R:The elements � 2 Tq
 satisfying the ondition(26) �fa(k; t)� _qi(k; t) � �i(k; t) = 0; a = 1;m; (k; t) 2 Rare alled virtual variations of the onstrained ontinuous lagrangian system (
; L; S),where L is given by (10) and S is given by (23).The ontinuous Lagrange-d0Alembert priniple is: The admisible element q 2 
is alled a ontinuous motion of the ontinuous lagrangian system (
; L; S) if for(k; t) 2 R, [E℄i(k; t)�i(k; t) = 0, for all virtual variation �.Proposition 3. The ontinuous motion of the ontinuous lagrangian system (
; L; S)is given by(27) [E℄i(k; t) = ��a �fa(k; t)� _qi(k; t)fa(k; t) = 0; a = 1;m; i = 1; n; (k; t) 2 R:



40 D.Cr�aiun and D.Opri�s4 The disrete-ontinuous Noether theoremLet be the Lie group G ats (from the left) on 
, by (g; q) 2 G�
! g � q 2 
, whih(gq)(k; t) = �q(k; t; g). Let G be the Lie algebra of G and G� the linear dual of G. Toeah vetor � 2 G there orrespond the one-parameter group exp("�); " 2 I � R of Gwhose ation on 
 determines a disrete-ontinuous vetor �eld �
 given by(28) �
(k; t) = dd" [exp("�) � q(k; t)℄j"=0 (k; t) 2 R:From (28) we obtain(29) �i
(k; t) = Ki�(k; t)��; i = 1; n; � = 1; dimG; dimG = r;where(30) � = ��e� 2 G; Ki�(k; t) = d�qi(k; t; exp("e�))d" ����"=0 :Let �qp be the anonial prolongation of G on 
 � 
1 � _
. The Lie group G isalled a symmetry group of the disrete{ontinuous lagrangian system (
; L) if(31) L Æ �qp(k; t; g) = L(k; t); 8(k; t) 2 R;8g 2 G:The funtion L is alled G{invariant lagrangian. The orresponding disrete mo-mentum map is the mapping Jd : Tq
1 ! G� [2℄ given by(32) Jd�(k; t) = �L(k � 1; t)�q1i(k; t) Ki�(k; t); � = 1; n; (k; t) 2 Rand the orresponding ontinuous momentum map is J : Tq _
! G� given by(33) J�(k; t) = �L(k; t)� _qi(k; t)Ki�(k; t); � = 1; n; (k; t) 2 R:Proposition 1 (disrete-ontinuous Noether theorem). For a solution of the disrete{ontinuous Euler{Lagrange equations, we obtain(34) Jd1� (k; t) + dJ�(k; t)dt = 0; � = 1; r; (k; t) 2 R;where(35) Jd1� (k; t) = Jd�(k + 1; t)� Jd�(k; t):If L(k; t) = L(k; q(k); q1(k)), for a solution of the disrete Euler{Lagrange equa-tions, we obtain [5℄(36) J1d� (k) = 0; � = 1; r:If L(k; t) = L(t; q(t); _q(t)), for a solution of the ontinuous Euler{Lgrange equa-tions, we obtain [2℄, [4℄



Disrete-Continuous Dynamial Systems 41(37) dJ�(t)dt = 0; � = 1; r:Suppose that the lagrangian L does not depend on qj , j �xed. The system (
; L)admit loally the symmetry group Gj . The ation on 
 is given by(38) �qi(k; t) = qi(k; t); �qj(k; t) = qj(k; t) + �j ; i 6= j; �j 2 R:The disrete{ontinuous generator is given by �i
(k; t) = 0, �j
(k; t) = 1, i 6= j.From (40) we �nd(39) �L(k; t)�q1j(k; t) � �L(k � 1; t)�q1j(k � 1; t) + ddt � �L(k; t)� _qj(k; t)� = 0; (k; t) 2 R:The oordinate qj is alled a yli oordinate.For disrete{ontinuous lagrangian system (
; L), the onservation energy hold;along a solution, the energy funtion(40) E(k; t) = �(L(k; t) + L(k � 1; t))� _qi(k; t) _qi(k; t)� (L(k; t) + L(k � 1; t))is onstant in time.5 The disrete{ontinuous momentum equationIn this setion we use the disrete-ontinuous Lagrange-d0Alembert priniple to derivean equation for a generalized disrete-ontinuous momentum as a onsequene of thesymmetries. We make the assumption that the ation of G on 
 is free and proper.Let S � 
 � 
1 � _
. We say that S is invariant if Sgq = Sq ;8q 2 
;8g 2 G.The group orbit through a point q 2 
 is denoted by orb(q) = fgq; q 2 Gg. Let �qpbe the anonial prolongation of G on 
 � 
1 � _
, T�qpS the virtual variation andT�q(orb(�qp)) the tangent spae to the group orbit through a point qp = (q; q1; _q). Ingeneral, S�qE = T�qpS \ T�q(orb(qp)) 6=�. We de�ne for eah point q 2 
 � 
1 � _
,the vetor subspae G(q) to be the set of Lie algebra elements G whose in�nitesimaldisrete-ontinuous generators evaluated at �q are in S�qE so G(q) f� 2 G : �
(�q) 2 S�qg.Sine the ation is free, the vetor �eld �
(�q) de�nes the elements �(q) 2 G(q).The disrete nonholonomi momentum map Jnhd is de�ned by(41) Jnhd(k; t) = �L(k � 1; t)�q1i(k � 1; t)�i
(k; t); (k; t) 2 R;where(42) �i
(k; t) = Ki�(k; t)��(k; t); �(q(k; t)) = �(k; t) 2 G(q(k; t)):The ontinuous nonholonomi momentum map Jnh is de�ned by(43) Jnh(k; t) = �L(k; t)� _qi(k; t)�i
(k; t); (k; t) 2 R:



42 D.Cr�aiun and D.Opri�sProposition 1. Assume that the lagrangian L is invariant under the group ationof G and �(q) 2 G(q). Then any solution of the Lagrange-d0Alembert equations fora S (disrete-ontinuous nonholonomi system) must satisfy the disrete-ontinuousmomentum equation Jnhd(k + 1; t)� Jnhd(k; t) + dJnh(k; t)dt =(44) = �L(k; t)�q1i(k; t)Ki��1�(k; t) + �L(k; t)� _qi(k; t) � ddt�(k; t)�i
 :If L(k; t) = L(k; q(k); q1(k)), for a solution of the disrete Lagrange- d0Alembertequation, we obtain(45) Jnhd1� (k) = �L(k)�q1i(k)Ki�(k)�1�(k):If L(k; t) = L(t; q(t); _q(t)), for a solution of the ontinuous Lagrange- d0Alembertequations, we obtain [4℄(46) dJnh� (t)dt = �L(t)� _qi(t)Ki�(t)���(t)�qe(t) _qe(t):6 The disrete-ontinuous momentum equation ina moving basisAt the point �q 2 
 introdue a basis fe1; : : : ; em; em+1; : : : ; erg of the Lie alge-bra suh that the �rst m elements form a basis of G(�q). Thus r = dimG andm = dimG(�q) whih by assumption is loally onstant. We an introdue a simi-lar basis fe1(q); : : : ; em(q); em+1(q); : : : ; er(q)g for q 2 
. We onsider a hange ofbasis matrix by writing(47) e�(q(k; t)) = e�(k; t) =  ��(q(k; t))e�(�q(k; t)) =  ��(k; t)e� ; �; � = 1; r:Here, the hange of basis matrix  �� is an r � r inversable matrix. By de�nitionJnhda (k; t) = �L(k; t)� _q1i(k; t) [ea(k; t)℄i
; a = 1;m; (k; t) 2 R;(48) Jnha (k; t) = �L(k; t)� _qi(k; t) [ea(k; t)℄i
; a = 1;m; (k; t) 2 R:Using this notation, the momentum equations, with the hoie given by �(q(k; t)) =�(k; t) = ea(k; t) a = 1;m, reads as follows:(49) Jnhda (k + 1; t)� Jnhda (k; t) + dJnh(k; t)dt =



Disrete-Continuous Dynamial Systems 43= �L(k; t)�q1i(k; t) [ea(k + 1; t)� ea(k; t)℄i
 + �L(k; t)� _qi(k; t) � ddtea(k; t)�i
 :We de�ne Christo�el like symbols by(50) ��ai(k; t) = � �a (k; t)�qi(k; t) ~ ��(k; t)��a(k; t) = [ �a (k + 1; t)�  �a (k; t)℄ ~ ��(k; t);where ~ ��(k; t) denotes the inverse of the matrix  �� (k; t).Observe that(51) ddtea(k; t) = � �a (k; t)�qi _qi(k; t)e� = ��ai(k; t) _qi(k; t)e�(k; t)ea(k + 1; t)� ea(k; t) = [ �a (k + 1; t)�  �a (k; t)℄ ~ ��(k; t)e�(k; t) = ��a(k; t)e�(k; t)whih implies � ddtea(k; t)�i
 = ��aj(k; t) _qj(k; t)[e�(k; t)℄i
(52) [ea(k + 1; t)� ea(k; t)℄i
 = ��a(k; t)[e�(k; t)℄i
:Thus we an write the momentum equation as(53) Jnhda (k + 1; t)� Jnhda (k; t) + dJnh(k; t)dt == � �L(k; t)�q1i(k; t)��a(k; t) + �L(k; t)� _qj(k; t)��ai(k; t) _qj(k; t)� [e�(k; t)℄i
:7 Disrete-ontinuous systems with speial onstraintsConsider the set S = n(q(k; t); q1(k; t); _q(k; t) 2 
�
1 � _
; fa(k; t) = 0;a = 1; p	. An element �(k; t) 2 Tq(k;t)
 is alled a disrete virtual variation of theonstrained lagrangian system (
; S) if(54) �fa(k; t)�q1i(k; t)�id(k; t) = 0; a = 1; p; rang� �fa(k; t)�q1i(k; t)� = p; 8(k; t) 2 R:An element �(k; t) 2 Tq(k;t)
 is alled a ontinuous virtual variation of the on-strained lagrangian system (
; S) if(55) �fa(k; t)� _qi(k; t) �i(k; t) = 0; a = 1; p; rang��fa(k; t)� _qi(k; t) � = p; 8(k; t) 2 R:The Lagrange-d0Alembert priniple is:a) The admissible element q(k; t) 2 
 is alled a disrete motion of the onstrainedlagrangian system (
; L; S) if for all disrete virtual variation the equations are



44 D.Cr�aiun and D.Opri�sEi(L)�id(k; t) = 0; 8(k; t) 2 R:b) The admissible element q(k; t) 2 
 is alled a ontinuous motion of the on-strained lagrangian system (
; L; S) if for all ontinuous variations we an write theequations Ei(L)�i(k; t) = 0; 8(k; t) 2 R:Let Sd be the onstraint distribution. The onstraints in general are nonintegrable.Choose a loal oordinate hart for the onstraint suh that(56) fa(k; t) = q1a(k; t) +Aa�(k; t)q1�(k; t)� a(k; t) = 0; a = 1; p;where Aa�(k; t) = Aa�(q(k; t)); a(k; t) = a(q(k; t)):The disrete virtual variation for (
; Sd) is�a(k; t) +Aa�(k; t)��(k; t) = 0:The Lagrange-d0Alembert equation of motion for the disrete motion are(58) E�(L)(k; t) = Aa�(k; t)Ea(L)(k; t)q1a(k; t) +Aa�(k; t)q1�(k; t)� a(k; t) = 0:Now we de�ne the onstrained lagrangian asL(k; t) = L(k; t; q(k; t);�Aa�(k; t)q1�(k; t) + a(k; t); q1�(k; t); _q(k; t)) =(59) L(k; t; q(k; t); q1�(k; t); _q(k; t)); a = 1; p; � = p+ 1;m:Proposition 1. The disrete equations of motion are(60) E�(L)(k; t) � Aa�(k; t) ��L(k; t)�qa(k; t) � ddt ��L(k; t)� _qa(k; t)�� == [Aa�(k; t)�Aa�(k � 1; t)℄ �L(k � 1; t)�q1a(k � 1; t)++ Bb��(k; t) �L(k; t)�q1b(k; t)q1�(k; t) + b�(k; t) �L(k; t)�q1b(k; t) ;where Bb��(k; t) = Aa�(k; t)�Ab�(k; t)�qa(k; t) � �Ab�(k; t)�q�(k; t)b�(k; t) = �b(k; t)�q�(k; t) �Aa�(k; t)�b(k; t)�qa(k; t) :Remark. If L(k; t) = L(k; q(k); q1(k)) and q1a(k)+Aa�(k)q1�(k)�a(k) = 0, a = 1; p,we an write the onstrained lagrangian(61) L(k) = L(k; q(k);�Aa�(k)q1a(k) + a(k; t); q1�(k))



Disrete-Continuous Dynamial Systems 45and the disrete equations of motion are(62) E�(L)(k) �Aa�(k)�L(k)�qa(k) = [Ab�(k)�Ab�(k � 1)℄ �L(k � 1)�q1b(k � 1)++"Aa�(k)�Ab�(k)�qa(k) � �Ab�(k)�q�(k) # �L(k)�q1b(k)q1�(k)+��b(k)�q�(k)�Aa�(k)�b(k)�qa(k)� �L(k)�q1b(k) :If the onstraint distribution is given by(63) fa(k; t) = _qa(k; t) +Aa�(k; t) _q�(k; t)� a(k; t) = 0; a = 1; p;the ontinuous distribution is given by(64) �a(k; t) +Aa�(k; t)��(k; t) = 0;the Lagrange-d0Alembert equation of ontinuous motion for the system are(65) E�(L)(k; t) = Aa�(k; t)Ea(L)(k; t):Let L be the onstraint time independent lagrangian(66) L(k; t) = L(k; q(k; t);�Aa�(k; t) _q�(k; t) + a(k; t); q1�(k; t); _q�(k; t));a = 1; p; � = p+ 1;mProposition 2. The ontinuous equations of motion areE�(L)(k; t)�Aa�(k; t) ��L(k; t)�qa(k; t) + �L(k � 1; t)�q1a(k � 1; t) � �L(k; t)�q1a(k; t)� =(67) = Ba��(k; t) �L(k; t)� _qa(k; t) _q�(k; t) + �L(k; t)� _qa(k; t) + a�(k; t);whereBa��(k; t) = �Aa�(k; t)�q�(k; t) � �Aa�(k; t)�q�(k; t) +Ab�(k; t)�Aa�(k; t)�qb(k; t) �Ab�(k; t)�Aa�(k; t)�qb(k; t)(68) b�(k; t) = �b(k; t)�q�(k; t) �Aa�(k; t)�b(k; t)�qa(k; t) + b(k; t)�Aa�(k; t)�qb(k; t) :Remark. If L(k; t) = L(q(t); _q(t)) and _qa +Aa� _q� � a = 0, a = 1; p, we obtain(69) L(t) = L(q(t);�Aa�(t) _q�(t) + a; _q�(t)):The motion of the system is given by(70) E�(L)(t)�Aa�(t)�Lt(k)�qa(t) = Ba��(t) �L(t)� _qa(t) _q�(t) + a�(t) �L(t)� _qa(t) :These equations are derived in [4℄.Examples.We now onsider two detailed examples to illustrate the theory developed above.Although these examples are of stritly aademi interest, they ilustrate the basionepts and indiate how more ompliated examples should be attaked.



46 D.Cr�aiun and D.Opri�s1 A nonholonomially onstrained partileConsider a partile with the lagrangianL(k) = 12 �[q11(k)℄2 + [q12(k)℄2 + [q13(k)℄2	 ; k 2 [0; N ℄;where q1i(k) = qi(k+1)� qi(k), i = 1; 2; 3, k 2 [0; N ℄ and the nonholonomi disreteonstraint(1) S : q13(k) = q2(k)q11(k):We obtain A31(k) = �q2(k), A32(k) = 0 and the onstraint lagrangian is(2) L(k) = 12 [1 + (q2(k))℄[q11(k)℄2 + 12[q12(k)℄2:The orresponding equation of motion are�L(k)�q�(k) � �L(k)�q1�(k) + �L(k � 1)�q1�(k � 1) �Aa�(k)�L(k)�qa(k) == "Aa�(k)�Ab�(k)�qa(k) � �Ab�(k)�q�(k) # q1�(k) �L(k)�q1b(k) � (Aa�(k)�Aa�(k � 1)) �L(k � 1)�q1a(k � 1) :Here we take a = 3, � = 1; 2, and so(3) �L(k)�q1(k) � �L(k)�q11(k) + �L(k � 1)�q11(k � 1) = �(A31(k)�A31(k � 1)) �L(k � 1)�q13(k � 1)�L(k)�q2(k) � �L(k)�q12(k) + �L(k � 1)�q12(k � 1) = ��A31(k)�q2(k) q11(k) �L(k)�q13(k) :The equations of motion now beome[1 + q2(k)2℄q11(k)� [1 + q2(k � 1)2℄q11(k � 1) = (q2(k)� q2(k � 1))q13(k � 1)(4) q2(k)[q11(k)℄2 � q12(k) + q12(k � 1) = q11(k)q13(k):Together with the onstrained equation (1) this ompletely spei�es the motion.Using (1) and (4) we obtain q12(k)� q12(k � 1) = 0(5) [1 + q2(k � 1)q2(k)℄q11(k) + [1 + q2(k � 1)2℄q11(k � 1) = 0:Then q12(k) = q12(k � 1), gives q2(k) = q2(0) + k. The onstraints and thelagrangian are invariant under the R2 ation on 
 given by(q1(k); q2(k); q3(k))! (q1(k) + �; q2(k); q3(k) + �) 8(�; �) 2 R2;8k 2 [0; N ℄:We obtain



Disrete-Continuous Dynamial Systems 47Tq(k)orb(q(k)) = span f(1; 0; 0); (0; 0; 1)g :The tangent spae to the orbits of this ation is given bySq(k) = span�(1; 0; q2(k)); (0; 1; 0)	 ;and the onstraint distribution isSq(k) \ Tq(k)orb(q(k)) = span�(1; 0; q2(k))	 ;and thus �q(k)
 = (1; 0; q2(k)); �q(k) = (1; q2(k)):We obtain(6) K11(k) = 1 K12 (k) = 0 K21(k) = 0 K22 (k) = 0 K31(k) = 0 K32 (k) = 1 :The nonholonomi momentum map is(7) Jnhd(�q) = �L(k�1)�q1i(k�1) �iq(k)
 == < (q11(k � 1); q12(k � 1); q13(k � 1)); (1; 0; q2(k)) >== < (q11(k); q12(k); q13(k)); (0; 0; q12(k)) >= q13(k)q12(k):Hene the momentum equation beomesq11(k) + q2(k + 1)q13(k)� q11(k � 1)� q2(k)q13(k � 1) = �L(k)�q1i(k)Ki�(k)�1�(k) =(8) =< (q11(k); q12(k); q13(k)); (0; 0; q12(k)) >= q13(k)q12(k):(9) q11(k)� q11(k � 1) + q2(k)[q13(k)� q13(k � 1)℄ = 0:Using (1) in (9) the momentum equation map be rewritten as(10) q11(k)� q11(k � 1) + q2(k)1 + q2(k)2 q11(k � 1)q12(k � 1) = 0:We an illustrate the momentum equation in a moving basis. Choose a �x basis forthe Lie algebra of G = R2 namely e1 = (1; 0), e2 = (0; 1); we have �q = e1 + q2(k)e2and the moving basise1(q(k)) = (1; q2(k)); e2(q(k)) = (0; 1):



48 D.Cr�aiun and D.Opri�s2 A homogeneuous ball on a rotating plateThe on�guration spae of the sphere is Q = R2 � SO(3) parameterized by (x; y;R),R 2 SO(3). Let ! = (!x; !y; !z) be the angular veloity vetor of the sphere measuredwith respet to the inertial frame (
 onstant about z axis), let m the mass of thesphere, mk2 its inertia about the Oz axis and a its radius. The lagrangian of thesystem is(1) L = 12m( _x2 + _y2) + 12mk2(!2x + !2y + !2z);with the aÆne nonholonomi onstraints(2) _x� a!y = �
y; _y + a!x = 
x:The angular momentum of the ball about the z-axis is onserved sine the la-grangian is invariant under rotations about the z-axis.The onservation law and the onstraints are(3) !x + 1a _y = 
xa ; !y � 1a _x = 
ya ; !z = (up to an irrelevant onstant)L = 12a2 �m(a2 + k2)( _x2 + _y2) +mk2
2(x2 + y2) + 2mk2(
y _x�
x _y):	The equation of motion are(5) �x+ k2
a2 + k2 _y = 0; �y � k2
a2 + k2 _x = 0:These equations may also be derived by onsidering the momentum equationsassoiated with the system. The onstraint distribution given by the two kinemationstraints is(6) Sq = span f(a; 0; 0) + �y; (0;�a; 0) + �x; �zg ;where �x, �y, �z denote the in�nitesimal generators of the rotations about the Ox, Oy'si Oz axes of the ball. Now we onsider the ation of the group R2 � SO(3) on theon�guration spae (learly the lagrangian is invariant under this ation). We have(7) Sq \ Tq(orb q) = Sq :The nonholonomi momentum map Jnh has three omponents:(8) J1 = �L� _qj (�x)j
 = am _x+mk2!yJ2 = �L� _qj (�y)j
 = �am _y +mk2!xJ3 = �L� _qj (�z)j
 = mk2!z:



Disrete-Continuous Dynamial Systems 49In all ases �q are independent of q so the momentum equations are simply(9) dJ1dt = 0; dJ2dt = 0; dJ3dt = 0:Aknowledgements. A version of this paper was presented at the First Confer-ene of Balkan Soiety of Geometers, Politehnia University of Buharest, September23-27, 1996.Referenes[1℄ V.Arnold, Mathematial methods of lassial mehanis, Springer Verlag 1988.[2℄ J.Marsden, Letures on Mehanis, Cambrige University Press 1992.[3℄ D.Greenspan, Disrete numerial methods in physis and engineering, AademiPress, New York 1974.[4℄ A.Bloh, P.S.Krishnaprasad and J.E.Marsden, Nonholonomi Mehanial Systemswith Symmetry. Arhive for Rational Mehanis and Analysis 1995.[5℄ D.Cr�aiun and D.Opri�s, On a disrete mehanis (to appear).[6℄ D.Opri�s and I.D.Albu, On the disrete{ontinuous dynamial systems (to appear).Dana Cr�aiun Dumitru Opri�sWest University of Timi�soara West University of Timi�soaraDepartment of Theoretial Physis, Departament of MathematisBdul V.Pârvan 4, Bdul V.Pârvan 41900 Timi�soara, Romania 1900 Timi�soara, Romania


