
Metri Semi-Symmetri N - Linear Connetions inthe Bundle of AelerationsMonia Puraru
AbstratThe study of the higher order Lagrange spaes, based on the notion of bundleof veloities of order k has been reently studied by Radu Miron and GheorgheAtanasiu in [3℄ - [6℄. The bundle of aelerations orrespond in this study tok = 2 [1℄, [2℄.In this paper we shall determine all metri semi-symmetri N - linear onne-tions in the bundle of aelerations, and we study the group of transformationsof these onnetions and their invariants.Mathematis Subjet Classi�ation: 53C05Key words: 2 - osulator bundle, onnetions, urvature, torsion.1 Group of transformations of N - linear onne-tions in the bundle of aelerationsLetM be an n - dimensional real C1- manifold and (Os2M;�;M) its 2-osulatorbundle, or the bundle of aelerations. The loal oordinates on the total spae E =Os2M are denoted by (xi; y(1)i; y(2)i). If N is a nonlinear onnetion on E withthe anonial oeÆients N i(1) j , N i(2) j , then let be D�(N) = (Lijk ; C i(1)jk ; C i(2)jk) anN - linear onnetion D on E = Os2M . The elements of the abelian group TN =ft(0; 0; Bijk; D i(1)jk; D i(2)jk) 2 T g are the transformations t(0; 0; Bijk; D i(1)jk; D i(2)jk) :D�(N) = (Lijk ; C i(1)jk ; C i(2)jk)! D�(N) = (Lijk; C i(1)jk; C i(2)jk) given by(1:1) N i(�) j = N i(�)j ; Lijk = Lijk �Bijk ; C i(�)jk = C i(�)jk �D i(�)jk ; (� = 1; 2):Proposition 1.1. The transformation TN ; given by (1.1), leads to the transformationof the torsions and urvatures in the following way:(1:2) R i(0�) jk = R i(0�) jk; (� = 1; 2);Balkan Journal of Geometry and Its Appliations, Vol.2, No.2, 1997, pp. 113-118Balkan Soiety of Geometers, Geometry Balkan Press



114 M.Puraru(1:3) T i(0) jk = T i(0) jk + (Bikj �Bijk);(1:4) S i(�) jk = S i(�) jk + (D i(�)kj �D i(�)jk);(1:5) Q i(11) jk = Q i(11) jk + (D i(1)kj �D i(1)jk);(1:6) Q i(12) jk = Q i(12) jk �D i(2)jk ;(1:7) Q i(21) jk = Q i(21) jk;(1:8) Q i(22) jk = Q i(22) jk +D i(1)kj ;(1:9) P i(��) jk = P i(��) jk +Bikj ; (� = 1; 2);(1:10) P i(12) jk = P i(12) jk ;(1:11) P i(21) jk = P i(21) jk ;(1:12) R ih jk = R ih jk �D i(1)hsR s(01) jk �D i(2)hsR s(02) jk �BihsT s(0) jk++ Ajkf�Bihjjk +BshjBiskg;(1:13) P i(�)h jk = P i(�)h jk �D i(1)hsP s(�1) jk �D i(2)hsP s(�2) jk �BihsC s(�)jk�� Bihj j(�)k +D i(�)hkjj +BshjD i(�)sk �D s(�)hkBisj ;(1:14) S i(21)h jk = S i(21)h jk � C s(2)jkD i(1)hs + C s(1)kjD i(2)hs �D i(1)hj j(2)k ++ D i(2)hk j(1)j +D s(1)hjD i(2)sk �D s(2)hkD i(1)sj �D i(2)hsB s(21) jk ;(1:15) S i(��)h jk = S i(��)h jk �D i(�)hsS s(�) jk +Ajkf�D i(�)hj j(�)k ++ D s(�)hjD i(�)skg �D i(�)hsR s(�2) jk; (� = 1; 2):Consider the tensor �elds(1:16) K ih jk = R ih jk � C i(1)hsR s(01) jk � C i(2)hsR s(02) jk ;



Metri Semi-Symmetri N-Linear Connetions 115(1:17) P i(1)h jk = Ajk �P i(1)h jk � C i(1)hs ÆN s(1) jÆy(1)k � C i(2)hs(N s(1) m ÆN m(1) jÆy(1)k ++ ÆN s(2) jÆy(1)k � ÆN s(2) kÆy(1)j )� ;(1:18) P i(2)h jk = Ajk �P i(2)h jk � C i(1)hs �N s(1) jÆy(2)k � C i(2)hs(N s(1) m �N m(1) jÆy(2)k �� �N s(2) j�y(2)k )� :Proposition 1.2. By the transformation (1.1) the tensor �elds K ih jk, P i(1)h jk andP i(2)h jk are transformed aording to the following laws(1:19) K ih jk = K ih jk �BihsT s(0) jk +Ajkf�Bihjjk +BshjBiskg;(1:20) P i(�)h jk = P i(�)h jk �D i(�)hsT s(0) jk �BihsS s(�) jk +Ajkf�Bihj j(�)k �� D i(�)hjjk +BshjD i(�)sk +D s(�)hjBiskg; (� = 1; 2):2 Metri semi-symmetri N- linear onnetions inthe bundle of aelerationsLet N be the anonial nonlinear onnetion on E = Os2M:De�nition 2.1. AnN -linear onnetionD�(N) = (Lijk; C i(1)jk ; C i(2)jk) with the prop-erty(2:1) gijjk = 0; gij j(�)k = 0; (� = 1; 2)is said to be a metri N-linear onnetion.A lass of metri N -linear onnetions, whih have interesting properties is thatof metri semi-symmetri N� linear onnetions.De�nition 2.2. An N� linear onnetion D�(N) = (Lijk ; C i(1)jk ; C i(2)jk) is alledsemi-symmetri if the torsion tensor �elds T i(0) jk ; S i(�) jk ; (� = 1; 2) have the form(2:2) ( T i(0) jk = 1n�1 (T(0)jÆik � T(0)kÆij) = 1n�1AjkfT(0)jÆikg;S i(�) jk = 1n�1 (S(�)jÆik � S(�)kÆij) = 1n�1AjkfS(�)jÆikg;where T(0)j = T i(0) ji; S(�)j = S i(�) ji; (� = 1; 2) are alled h� andv� - torsion vetor �elds.The anonial metri N -linear onnetion D � (N) will be onsidered semi-symmetri with the torsion vetor �elds T(0)= S(�)= 0; (� = 1; 2).Taking �j = T(0)jn�1 ; �(�)j = S(�)jn�1 ; (� = 1; 2) and applying the Theorem 5:4:3; [8℄we obtain:



116 M.PuraruTheorem 2.1. The set of all metri semi-symmetri N-linear onnetions D�(N) isgiven by(2:3) 8><>: Lijk = Lijk +�jÆik � gjkgis�s;C i(�)jk = C i(�)jk +�(�)jÆik � gjkgis�(�)s; (� = 1; 2);where D � (N) = ( Lijk ; C i(1)jk ; C i(2)jk) is the anonial metri N-linear onnetion onE and �j ; �(�)j ; (� = 1; 2) are arbitrary ovariant vetor �elds.One noties that (2.3) gives the transformations of the metri semi-symmetriN -linear onnetions. Let t(�j ; �(�)j) : D�(N) ! D�(N); (� = 1; 2) be a transfor-mation of this form, i.e.,(2:4) 8<: Lijk = Lijk + �jÆik � gjkgis�s;C i(�)jk = C i(�)jk + �(�)jÆik � gjkgis�(�)s; (� = 1; 2):Theorem 2.2. The set sT N of the transformations t(�j ; �(1)j ; �(2)) of the metri semi-symmetri N-linear onnetions, given by (2.4), with the mapping produt, is anabelian group. This group ats e�etively on the set of all N- linear onnetions,and for eah nonlinear onnetion N it ats transitively on the set of metrial semi-symmetri N� linear onnetions.By applying the result from x1, one obtainsTheorem 2.3.By means of transformation (2.4) the tensor �eldsK ih jk; P i(�)h jk ; S i(��)h jk; (� =1; 2) are hanged by the laws(2:5) K ih jk = K ih jk + 2Ajkf
irjh�rkg;(2:6) P i(�)h jk = P i(�)h jk + 2Ajkf
irjh�(�)rkg; (� = 1; 2);(2:7) S i(��)h jk = S i(��)h jk + 2Ajkf
irjh�(�)rkg+ 2
irsh�(�)rR s(�2) jk ;(� = 1; 2) and R i(22) jk = 0;where 
irsj ; 
�irsj are the Obata's operators of the metri struture gij(x; y(1); y(2)):(2:8) 
irsj = 12(ÆisÆrj � gsjgir); 
�irsj = 12(ÆisÆrj + gsjgir);and(2:9) �rk = +�rjk � �r�k + 12grk� � �rT(0)kn� 1 ; (� = grs�r�s);(2:10) �(�)rk = +�rj(�)k + �(�)rjk � (�r�(�)k + �k�(�)r) + grk�(�)�� �(�)rT(0)k+�rS(�)kn�1 ; (�(�) = grs�(�)r�s); (� = 1; 2);



Metri Semi-Symmetri N-Linear Connetions 117(2:11) �(�)rk = +�(�)rj(�)k � �(�)r�(�)k + 12grk�(�) � �(�)rS(�)kn�1 ;(�(�) = grs�(�)r�(�)s); (� = 1; 2):Using these results we an determine some invariants of the group sT N . To thisaim we eliminate �ij ; �(�)ij ; �(2)ij from (2.5), (2.6), (2.7).Theorem 2.4. Let n > 2. The metri semi-symmetri N-linear onnetion deter-mines the following tensor �elds(2:12) H ih jk = K ih jk + 2n� 2Ajkf
irjh(Krk � Kgrk2(n� 1))g;(2:13) N i(�)h jk = P i(�)h jk + 2n� 2Ajkf
irjh(P(�)rk � P(�)grk2(n� 1))g; (� = 1; 2);(2:14) M i(22)h jk = S i(22)h jk + 2n� 2Ajkf
irjh(S(22)rk � S(22)grk2(n� 1))g;where Khj = K ih ji; P(�)hj = P i(�)h ji; S(22)hj = S i(22)h ji; K = ghjKhj ;P(�) = ghjP(�)hj ; S(22) = ghjS(22)hj ; (� = 1; 2):These tensor �elds are invariants of the group sT N .It follows to study same other invariants and their properties.Akowledgements. A version of this paper was presented at the First Confereneof Balkan Soiety of Geometers, Politehnia University of Buharest, September 23-27, 1996.Referenes[1℄ Gh.Atanasiu, The Equations of Struture of an N- linear Connetion in theBundle of Aelerations, Balkan Journal of Geometry and Its Appliations,1, 1(1996), 11-19.[2℄ R.Miron and Gh.Atanasiu, Lagrange Geometry of Seond Order, Math. Comput.Modelling, Pergamon, 20, 4/5(1994), 41-56.[3℄ R.Miron and Gh.Atanasiu, Di�erential geometry of the k-osulator bundle, Rev.Roumaine Math. Pures Appl., 41, 3/4 (1996), 205-236.[4℄ R.Miron and Gh.Atanasiu, Prolongation of Riemannian, Finslerian and La-grangian strutures, Rev. Roumaine Math. Pures Appl., 41, 3/4 (1996), 237-249.[5℄ R.Miron and Gh.Atanasiu, Higher-order Lagrange spaes, Rev. Roumaine Math.Pures Appl., 41, 3/4 (1996), 251-262.[6℄ R.Miron and Gh.Atanasiu, Compendium sur les espaes Lagrange d'ordresup�erior, Seminarul de Meania 40, Universitatea din Timi�soara, 1994.
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