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Abstract

We obtain a class of locally symetric Kéhler Einstein structures on the
nonzero cotangent bundle of a Riemannian manifold of positive constant sec-
tional curvature. The obtained class of Kahler Einstein structures depends on
one essential parameter and cannot have constant holomorphic sectional curva-
ture.
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1 Introduction

In the study of the differential geometry of the cotangent bundle T* M of a Riemannian
manifold (M, g) one uses several Riemannian and semi-Riemannian metrics, induced
from the Riemannian metric g on M. Next, one can get from g some natural almost
complex structures on T*M. The study of the almost Hermitian structures induced
from g on T* M is an interesting problem in the differential geometry of the cotangent
bundle.

In [9] the authors have obtained a class of natural Kéhler Einstein structures (G, J)
of diagonal type induced on T* M from the Riemannian metric g. The obtained Kéhler
structures on T* M depend on two essential parameters a; and A, which are smooth
functions depending on the energy density ¢t on T* M. In the case where the considered
Kahler structures are Einstein they get several situations in which the parameters a1, A
are related by some algebraic relations. In the general case, (T*M, G, J) has constant
holomorphic curvature.

In this paper we study the singular case where the parameter a; = At\, A €
R. The class of the natural almost complex structures J on the nonzero cotangent
bundle Ty M that interchange the vertical and horizontal distributions depends on two
essential parameters A and b;. These parameters are smooth real functions depending
on the energy density t on Ty M. From the integrability condition for J it follows that
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the base manifold M must have constant curvature ¢ and the second parameter by
must be expressed as a rational function depending on the first parameter A and its
derivative. Of course, in the obtained formula there are involved the constant ¢ and
the energy density t.

A class of natural Riemannian metrics G of diagonal type on T M is defined by
four parameters ¢y, co, dy, do which are smooth functions of ¢. From the condition for
G to be Hermitian with respect to J we get two sets of proportionality relations,
from which we can get the parameters cy,co,d1,ds as functions depending on one
new parameter y and the parameter A involved in the expression of J.

In the case where the fundamental 2-form ¢, associated to the class of complex
structures (G, J) is closed, one finds that p = \'.

Thus, we get a class of Kéhler structures (G,J) on T M, depending on one es-
sential parameter A.

Finally, we prove that the obtained class of Kahler structures on T M is locally
symmetric, Einstein and cannot have constant holomorphic sectional curvature.

The manifolds, tensor fields and geometric objects we consider in this paper, are
assumed to be differentiable of class C*° (i.e. smooth). We use the computations in
local coordinates but many results from this paper may be expressed in an invariant
form. The well known summation convention is used throughout this paper, the range
for the indices h, i, 7, k, 1, r, s being always{1,...,n} (see [4], [6], [7]). We shall denote
by I'(Tg M) the module of smooth vector fields on Tg M.

2 Some geometric properties of T*M

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its cotangent
bundle by 7 : T*M — M. Recall that there is a structure of a 2n-dimensional smooth
manifold on T*M, induced from the structure of smooth n-dimensional manifold of
M. From every local chart (U, ) = (U,x!,...,2") on M, it is induced a local chart
(7=XU),®) = (==Y (U),q%,...,q", p1,.-.,pn), on T*M, as follows. For a cotangent
vector p € 71 (U) C T*M, the first n local coordinates ¢',...,q" are the local
coordinates zl,..., 2" of its base point z = 7(p) in the local chart (U, ) (in fact
we have ¢ = m*2° = x'omr, i = 1,...n). The last n local coordinates py,...,p, of
p € 7 1(U) are the vector space coordinates of p with respect to the natural basis

(dm}r(p), ..., da7)), defined by the local chart (U, ), i.e. p= pidxfr(p).

An M-tensor field of type (r,s) on T*M is defined by sets of n"** components
(functions depending on ¢* and p;), with 7 upper indices and s lower indices, assigned
to induced local charts (7=1(U), ®) on T*M, such that the local coordinate change
rule is that of the local coordinate components of a tensor field of type (r,s) on the
base manifold M (see [2] for further details in the case of the tangent bundle). An
usual tensor field of type (r,s) on M may be thought of as an M-tensor field of type
(r,s) on T*M. If the considered tensor field on M is covariant only, the corresponding
M-tensor field on T*M may be identified with the induced (pullback by ) tensor
field on T* M.

Some useful M-tensor fields on T*M may be obtained as follows. Let u,v :
[0,00) — R be a smooth functions and let ||p||? = g;(lp) (p,p) be the square of

the norm of the cotangent vector p € 7#=1(U) (¢! is the tensor field of type (2,0)
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having the components (g*!(x)) which are the entries of the inverse of the matrix
(gij(x)) defined by the components of g in the local chart (U,¢)). The compo-
nents u(||p||*)gi; (7(p)), pi, v(||p||*)pip; define M-tensor fields of types (0,2), (0,1),
(0,2) on T*M, respectively. Similarly, the components u(||p[|?)g* (7 (p)), ¢°¢ = prg™,
v(||lpl|?)g"%g® define M-tensor fields of type (2,0), (1,0), (2,0) on T*M, respec-
tively. Of course, all the components considered above are in the induced local chart
(r=Y(U), ®).
The Levi Civita connection V of g defines a direct sum decomposition

(2.1) TT*M = VT*M & HT* M.

of the tangent bundle to T*M into vertical distributions VT*M = Ker 7, and the
horizontal distribution HT™* M.
If (= Y(U),®) = (7= *(U),q",...,¢",p1,-..,pn) is a local chart on T*M, induced

from the local chart (U,¢) = (U,x!,...,2"), the local vector fields 3%1,...,3%
on 7~ }(U) define a local frame for VI'*M over m~!(U) and the local vector fields
%7 . 5%" define a local frame for HT* M over 7~ 1(U), where

O _ 9 o 9
5q  oq ' Mopy’

and T'% (m(p)) are the Christoffel symbols of g.

The set of vector fields (8%1, ce %, %, cel &%) defines a local frame on T*M,
adapted to the direct sum decomposition (1).

We consider

F?h = pkrfh

1 1 1, )
(22) t=5lIpl* = 5976, (0:0) = 59" (@)pipk,  p €7 (U)

the energy density defined by ¢ in the cotangent vector p. We have t € [0, c0) for all
peT*M.
From now on we shall work in a fixed local chart (U, ¢) on M and in the induced
local chart (7=1(U), ®) on T*M.
Now we shall present the following auxiliary result.
Lemma 1. If n > 1 and u,v are smooth functions on T*M such that
ugij +vpip; =0, pe ' (U)
on the domain of any induced local chart on T*M, then u =10, v =0.
The proof is obtained easily by transvecting the given relation with the components
g% of the tensor field g~' and ¢%.
Remark. From the relations of the type
ug? +vg”g" =0, pen(U),
u5§ +vg%p; =0, pen HU),

it is obtained, in a similar way, u = v = 0.
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3 A class of natural complex structures of diagonal
type on Ty M

The nonzero cotangent bundle T M of Riemannian manifold (M, g) is defined by
the formula: T*M minus zero section. Consider the real valued smooth functions
A, a1, az,b1, by defined on (0,00). We define a class of natural almost complex struc-
tures J of diagonal type on Ty M , expressed in the adapted local frame by

B B y
oy Yo = 00

o

Gy 9
(3.3) J— =J;"(p) R

(sqz iJ
where,

(3.4) JZ-(jl)(p) = a1(t)gi; + bi(Opipj, T3 (p) = az(t)g? +ba(t)g” g%, AR

In this paper we study the singular case where

(3.5) ar(t) = AEA(2).

The components Ji(jl), J(Zg) define symmetric M-tensor fields of types (0,2),(2,0)

on T* M, respectively.

Proposition 2. The operator J defines an almost complex structure on T*M if
and only if

(36) aiay = 1, (a1 + 2tb1)(a2 + 2tb2) =1.
Proof. The relations are obtained easily from the property J? = —I of J and
Lemma 1.

From the relations (5), (6) we can obtain the explicit expression of the parameter
az, by

1 —by

(3:7) 27 Ay b2 = ARN(AN + 2by)

The obtained class of almost complex structures defined by the tensor field J on
Ty M is called class of natural almost complex structures of diagonal type, obtained
from the Riemannian metric g, by using the parameters A, b;. We use the word diago-
nal for these almost complex structures, since the 2n x 2n-matrix associated to J, with
respect to the adapted local frame (%, ey 5%”, 6%17 R %) has two n x n-blocks
on the second diagonal

i
PR Y
JZ.(jl) 0

Remark. From the conditions (6) it follows that a; = AtA and a3 = - cannot
vanish and have the same sign. We assume that
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(3.8) A(t) >0 Vi>0, A>0.

Similarly, from the conditions (6) it follows that a; + 2tb; and as + 2tby cannot
vanish and have the same sign. We assume that a; + 2tby > 0, ag + 2tby > 0 Vi > 0,
i.e.

(3.9) AXN+2bp >0 V> 0.

Now we shall study the integrability of the class of natural almost complex struc-
tures defined by J on T M. To do this we need the following well known formulas for
the brackets of the vector fields 6%1 o i=1,..,n

,aéqi?
g 9 g 9 0 6 4 0
3.10 -0 Og_pi 9 0 04 po O
( ) [ ] ’ [8p275qj] ]k:apk7 [6(]7"6(]]] kmapk?

5171'7 3773

where Rl ;((p)) are the local coordinate components of the curvature tensor field of

V on M and RYi;(p) = thZij . Of course, the components R’k’ij7 R};; define M-tensor
fields of types (1,3), (0,3) on T M, respectively.

Recall that the Nijenhuis tensor field N defined by J is given by
NX,Y)=[JX,JY]|-JJX,)Y]|-JX,JY] - [X,Y], V XY e T(T{ M).

Then, we have aikt =0, a%kt = ¢%%. The expressions for the components of N can

be obtained by a quite long, straightforward computation, as follows

Theorem 3. The Nijenhuis tensor field of the almost complex structure J on
T5 M is given by

N((;Zia %) = {At@\ + 2t)‘/)(bl + A)\)((Slhgjk - 5]hgzk) - RZ@}}”h%v

N5k, 52) = I8 T (AL + 20X) (b + AN) (0] gr1 — 0 ga) — Ryl Ypnsie,

N(g, 52) = Jigy Ty {ALO A+ 2tN) (b1 + AN) (5] gk, — 61 gu) — Rity, }on 5

Di Pj

Theorem 4. Assume that exist

%ir% At(A+2tN) (1 +AN) € R, %irr(l) ai[At(/\wLQt)\')(lerA)\)] =0, Vie{1,2,...,n}
- —0 Opi

The almost complex structure J on Ty M is integrable if and only if (M,g) has
constant sectional curvature ¢ and the function by is given by

c— A2A(A +tN)

11 by =
(3:.11) ! At(\ + 2tN)
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The parameter A must fulfill the conditons

2¢c — A%t )2
A+ 2tN

Proof. From the condition N = 0, one obtains

{At(N + 2tN) (b1 + AN) (8 g1 — 6} gir) — Ritijton = 0.

(3.12) A >0, >0Vvt>0, A>0.

Differentiating with respect to p; and taking ¢ — 0, it follows that the curvature
tensor field of V has the expression

Rgcij = (}I_I}% At(A+2tN)(by + AN))(Stgjn — 55-91'1@)-

Thus the sectional curvature ¢ = lim_,g At(A + 2t\) (b1 + AN) of (M, g) depends
only on ¢'. Using by the Schur theorem (in the case where M is connected and
dimM > 3) it follows that (M, g) has the constant sectional curvature ¢ = }in(l) At( A+

2tA") (b1 + AX). Then we obtain the expression (3.11) of b;.

Conversely, if (M, g) has constant curvature ¢ and by is given by (3.11), it follows
in a straightforward way that NV = 0.

Using by the relations (3.8), (3.9), (3.11) we obtain the conditions (3.12).

The class of natural complex structures J of diagonal type on Tf M depends on
one essential parameter A\. The components of J are given by

1) _ —AZEIAOFtN
Jl] = AtAgU + = At()\—‘r(Qt)\/) )pzpj7

(3.13)
ii 1 iq c— AZIANA+EN)  0i 04
J(g) = an9” — ampe—azond 97

4 A class of natural Hermitian structures on 7\

Consider the following symmetric M —tensor fields on 77 M, defined by the compo-
nents

(4.14) GS») = c19i5 + dipipy, Gg) = 29" + dag”' g%,

where ¢, ¢o,dy, ds are smooth functions depending on the energy density ¢ € (0, 00).
Obviously, G is of type (0,2) and G (9) is of type (2,0). We shall assume that

the matrices defined by GV and G(2) are positive definite. This happens if and only
if

(4.15) c1 >0, cg >0, ¢y +2tdy >0, cg + 2tdy >0 Vt > 0.

Then the following class of Riemannian metrics may be considered on 77 M

(4.16) G =G dg'dg’ + G Dp: Dp;,

where Dp; = dp; — F?j dq’ is the absolute (covariant) differential of p; with respect to
the Levi Civita connection V of g. Equivalently, we have
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4 4
Y Y

o 0 1) 0
R R Al

0 =G, Gl

— o 9,_

G( i Gl )=0
Remark that HTy M, VIiM are orthogonal to each other with respect to G, but
the Riemannian metrics induced from G on HTyM, VIjM are not the same, so
the considered metric G on Ty M is not a metric of Sasaki type. The 2n x 2n-matrix
associated to G, with respect to the adapted local frame (%, RN 52n ) 3%1, cee 6%)
has two n x n-blocks on the first diagonal

(1)
G= ( G(i)j ng ) .
(2)

The class of Riemannian metrics G is called a class of natural lifts of diagonal
type of g. Remark also that the system of 1-forms (Dpy, ..., Dp,,dq", ..., dg") defines a
I

local frame on T*T; M, dual to the local frame (:2-, ..., Boo FqTr 5§n) on TTy M,

op1’
over 7~ 1(U) adapted to the direct sum decomposition (1).
We shall consider another two M-tensor fields H ), H 2) on Ti M, defined by the

components

_ 1 d A
ij _ ik 05 Ok
@ Clg 01(01 —|—2td1>g g
1 ds
HP = —g, -2 500
gk Co gjk CQ(CQ + 2td2)pjpk

The components H. (Jlk) define an M-tensor field of type (2,0) and the components

H ](i) define an M-tensor field of type (0,2). Moreover, the matrices associated to
Hyy, H®) are the inverses of the matrices associated to G™") and G (2), respectively.
Hence we have
(1) grik _ sk ij p7(2) _ si
G;; H(1) =67, G(Q)ij =}
Now, we shall be interested in the conditions under which the class of the metrics
G is Hermitian with respect to the class of the complex structures .J, considered in
the previous section, i.e.
G(JX,JY)=G(X,Y),

for all vector fields X,Y on Tjy M.
Considering the coefficients of g;7, "/ in the conditions

) d ) ) )
G(‘]Wv JW) - G((Sqi ) W)v

(4.17)

G g I 50:) = Glo o)

Op;’ ¥ Op; Oop;’

we can express the parameters cq,cy with the help of the parameters a;,as and a
proportionality factor which must be A = A(t) (see [9]). Then

1
(418) c1 = /\a1 = AtAQ, Co = /\a2 — E’

where the coefficients aq, ay are given by (5) and (7).
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Next, considering the coefficients of p;p;, g% g% in the relations (17), we can
express the parameters ¢y + 2tdy, co + 2tds with help of the parameters a; + 2tby, as +
2tbs and a proportionality factor A + 2tu

1+ 2td; = ()\ + 2tu)(a1 + 2tb1),
(4.19)
e + 2tdy = (A + 2tp)(az + 2tbe).

Remark that A(t) + 2tu(t) > 0 V& > 0. It is much more convenient to consider
the proportionality factor in such a form in the expression of the parameters c¢; +
2tdy, co + 2tdy. Using by the relations (5), (7), (11),(18) we can obtain easily from
(19) the explicit expressions of the coefficients d;, do

di — Ae—AZENAFEN )]+ pt(2c— A% EA?)
1 At(F2tN) )

(4.20)

dy — —cF AN )+ pAZ 2 (A+2t)\)
2 AtZ(2c—AZIN?) :
Hence we may state:
Theorem 5. Let J be the class of natural, complex structure of diagonal type on
Ts M, given by (3) and (13). Let G be the class of the natural Riemannian metrics of
diagonal type on Ty M, given by (14), (18), (20).
Then we obtain a class of Hermitian structures (G,J) on T M, depending on two
essential parameters A and p, which must fulfill the conditions

2¢ — A%t)\?

191
(4.21) A>0 oo

>0, A+2tu>0 Vt>0, A>0.

5 A class of Kahler structures on 75M

Consider now the two-form ¢ defined by the class of Hermitian structures (G, J) on
ToM

o(X,Y)=G(X,JY),
for all vector fields X,Y on T5M.

Using by the expression of ¢ and computing the values ¢(:2-, 22-), ¢(52;, =),

Op;? Op; 0q* 7 0q7
gzﬁ(aip,7 %), we obtain.

Proposition 6. The expression of the 2-form ¢ in a local adapted frame

(aim,...,a%,(f?,...,@%)onTO"M,iSinenb?/
) 5§ 0 g 6 i 0i
¢(aipi’@)_0’ ¢(qu@)_07 d’(aipi?@)_mj"_ug Pi»

or, equivalently

(5.22) ¢ = (A0} + pg”'p;)Dp; Adg’ .
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Theorem 7. The class of Hermitian structures (G,J) on T§M is Kahler if and
only if
pw=N\.

Proof. The expressions of dA, dyu, dg® and dDp; are obtained in a straightforward
way, by using the property Vjgi; = 0 (hence Vg = 0)

d\ = Ng" Dp;, dp = p'g" Dp;, dg® = g'* Dpy, — ¢""T'},1dq",

1
dDp; = =3 Rjdg" N dq' + Tiydg® A Dpr.
Then we have
do = (dAS} + dpg”'p; + ndg” p; + pg® dp;) A Dp; A dg’ +

+(/\5;- + 1g""p;)dDp; A dg’.

By replacing the expressions of dA, dp, dg" and dVyh, then using, again, the property
Vigi; = 0, doing some algebraic computations with the exterior products, then using

the well known symmetry properties of g;;, F?j, and of the Riemann-Christoffel tensor
field, as well as the Bianchi identities, it follows that

1 )
do = 5()\/ — 1)g°" Dpy, A Dp; A dg'.
Therefore we have d¢ = 0 if and only if u = X

Remark. The class of natural Kéahler structures of diagonal type defined by (G, J)
on T M depends on one essential parameter .
The paramater A must fulfill the conditions

(5.23) A>0, 2c—A*A\? >0, A+2tN >0 Vt>0, A>0.

It follows that ¢ > 0.
The components of the class of Kéhler metrics G on T5M are given by

1 4222
O = a0+ 2
(5.24)
G — 1 gij c— AZEAZ 20N (A+tN)] Oigoj.

@ = a9’ — At2(2c—Aztaz) 9

We obtain, too

gk _ _1 gk _ c—A%t)\? 05 ,0k
HY) = Zixz9 AaZ(2c— Az 9 9 s

(5.25)

(2 _ — AZE A2 42t (AN
Hj = Atgjr + © ,[axt(A+2tA(/)2 )])pjpk-
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6 A class of locally symmetric Kahler Einstein struc-
tures on Ty M

The Levi Civita connection V of the Riemannian manifold (7§ M, G) is determined

by the conditions
VG =0, T =0,

where 7' is its torsion tensor field. The explicit expression of this connection is obtained
from the formula

2G(VxY,Z) = X(G(Y, 2)) + Y (G(X, Z)) — Z(G(X,Y))+
+G(X,Y],2) - G(X,2),Y) - G([Y, 2], X); ¥V X,Y,Z € D(T; M).

The final result can be stated as follows.

Theorem 8. The Levi Civita connection V of G has the following expression in

s 58 a1\ .
the local adapted frame (W’ T By 8p")
9 _nu_o_ 0 _ J hj 5 _
va%i o7 = Ok apr vézi dp; ~Lhamn oo+ 0 g
(6.26)
5 _ phis_ S _ph s
vagi 5q7 — Pj 5qh> V% oq’ FU Sq™ + Sh” pn”?

where Q. , i Ph ,Shij are M-tensor fields on Ty M, defined by
7 ik ¢ i 7
i = 1Hhk ( -Gy + %G(g) apk G : 2)>

(6.27) PP = SHK (2 G — G R,

S}Lij = 1H’(13€) agk G'Ejl) + IR}OL’LJ

Assuming that the base manifold (M, g) has positive constant sectional curvature
¢ and replacing the expressions of the involved M-tensor fields, one obtains

Q) = 59"pn — 3 (09" + 6,9°)+

AF8ctA’ —2A%2 AN (A—tA) 42620 (2c—A%tA2) 0i 0j

212 (23— AZINZ) (A1 2EN) 99 " Ph,
hi __ 1 _hi,_ . 1 5i Oh A+2t)\ sh c(A+2t)\) Oh 0i
(6.28) P = —59""p; + 5;659 " + 550059 — sae—azy 9 9 Pis
Sy — _A2e=A 2t22) (2¢=A%t2%) | 42 t)\
hij T (2tv) 9ijPh — ) GriP; + GhjiDit+

3eA42etn —24%eA2 (A +1)) .
. 2t(A+2tN) Prpip;-

The curvature tensor field K of the connection V is obtained from the well known
formula

K(X,Y)Z =VxVyZ ~VyVxZ-Vixy|Z, Y X,Y,ZeT(ITgM).
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The components of curvature tensor field K with respect to the adapted local

frame (%, R 63—", 8%1, e 8%1) are obtained easily:
K (5 50700 = QQQnzgm: Ko 507) 5 = QQPnzp
(6.29) K(z2, 52 )50 = PPQY" 5, K(3, ) = PPP;LJ"“%,
K(aii’%)%:])@@;kh%’ K(aii’%)%:PQP;kh%’
where
QQQ?M = /\2[%(6?9% - 5?9%) + ATQ(gikpj — gkpi)g°"—
%2(5?% - 5?1%‘)1?1«},
QQPE, = —QQQ%,,,
PPQ" = =5 (6i9" — 619™) — 11z (9™ 9" — ¢ 9" )prt
L (81g% — 51 g% go",
PPP* = _pPQiI*
(6.30) )\(2c7A2t)\2)6i Ae—AZXt (A +

] A%N2 o tA)] ¢4
PQQjy, = 505 hk + a2y OkPhPi t T 3o . 0 PhPk+-

2c—A%t\?) o 232 s 2000 0
e AT 51 p i + A2 g% gipr, + AN 01y it

AZXN(AF2tN) 04 Me+2A%82 N (A+tX)] 04
4 g Zghjplf - 202 (A 2N g ’Lphpjplm
ikh __ 1 ¢i hk 1 ik, Oh, . _ X _hk 0i,. _ A+2t\ _hi Ok, . _
PQP™ = —5;059™" — 32979""Pj — 313979 "'P; a2y 9 9 Py

AZX(A42t\) Sk gOh g0i c— AZEIAOFN
2t

) 5i ,Oh Ok
Ttc—Azia) % 9 9 2(2c— A?t)\2) 63'9 U

A?(A+2tX)? ch 00,0k c(A+2t\)  0h_0i Ok, .
4t(2c—A2t>\2)5j9 97+ wr@e—azand 99 Pj-

are M-tensor fields on Ty M.

Remark. From the local coordinates expression of the curvature tensor field K,
we obtain that the class of Kéhler structures (G, J) on Ty M cannot have constant
holomorphic sectional curvature.

The Ricci tensor field Ric of V is defined by the formula:
Ric(Y,Z) = trace(X — K(X,Y)Z), VYV X,Y,Z eT'(TjyM).

It follows
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Ric(+%5, %) = A"G(l

8qt 8q7 ij

RZ.C(aav, 9 ) AnGU

p;’ Opj (2)’

Rice( 6(?7

) Ric(55, %) = 0.

3q7 7 Op;

Qﬂ

Thus
(6.31) Ric = %G.

By straightforward computation, using the relations (28), (30) and the package
Ricci, the following formulas are obtained:
(6.32)

s QQQL, = ~TLQQQS, +T1,0QQ%, +T1,QQQ%, + I'hQQQY,,
2 PPQI" = T3 PPQU" —Ti PPQY" — T PPQ" — T PPQ;”,
%PQQ%}L = T}, PQQ%, + I}, PQQY,, + T3, PQQ,, + I, PQQj,,,
2 PQPIF = T3, PQPH! — T} PQPs! — T, PQPi*" — T, PQPi*,
35, QQQL), = —PI'QQQs;, + P'QQQY, + F'QQQL,, + P'QQQY,,
2-PPQY" = PPPQU" — PIPPQY" — PI'PPQ" — PMPPQ,

i PQkah =PI PQQ5., + P PQQL, + ZPQQ]éh fflPQQ;‘ky

2. PQPM = PY'PQPI — PIPQP* — PHPQP/*" — P PQP;*.
Due to the relations (26),(29), we have

)
VB 5050 = g QQQmﬂrFZQQQZk TQQQ%: — THQQQ—

5 s 0
~T5,QQQ%.) — + (SnsQQQ5 + SseQQQ5H + Sst; PQQSky — Ssti PQQSkn) 5—
(5 8ph
The coefficient of % is zero due to the relations (32). By straightforward com-

putation, using the relations (28), (30) and the package Ricci, we obtain that the
coefficient of 6% is zero. Thus

O )

(Vs K)( )W_

sl 6qt 6g0
Similarly,

(v a(zl K)((Sgl ’ 529 ) 5qk (apl QQngk PthQszk - PGlQQQSJk
PSZQQQ“;]@ - PSlQQQz]G) 5qh .
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The coeflicient of &%h is zero due to the relations (32). Thus

6 6.6

T

K)(

Gl
op;

Similarly, we have computed the covariant derivatives of curvature tensor field K
in the local adapted frame (%, 8%1_) with respect to the connection V and we obtained

in all the cases that the result is zero . Therefore
VK =0.

Hence we may state our main result.

Theorem 9. Assume that the Riemannian manifold (M, g) has positive constant
sectional curvature c. Let J be the class of natural, complex structure of diagonal type
on Tg M, given by (3) and (13). Let G be the class of the natural Riemannian metrics
of diagonal type on TG M, given by (14) and (24).

Then (G,J) is a class of locally symmetric Kdhler Einstein structures on T§M,
depending on one essential parameter A, which must fulfill the conditions (23):

A>0, 2c—A%A2>0, A+2tN >0 Vt>0, A>0.

Example. The function A = AﬁB ,A, B € Ry, fulfill the conditions (23).
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