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Abstract

It is known that the jet fibre bundle of order one J' (T, M) is a basic object
in the study of classical and quantum field theories. In order to develop the
subsequent multi-time Lagrangian theory of physical fields on J*' (T, M), we
need to generalize the main geometrical objects used in the classical rheonomic
Lagrangian theory. In this direction, Section 1 presents the main properties of the
differentiable structure of the jet fibre bundle of order one J* (T, M). Section 2
studies an important collection of geometrical objects on J* (T, M) as d-tensors,
temporal and spatial sprays and h-traceless maps induced by these sprays, which
naturally generalize analogous objects on the natural house Rx T M of the multi-
time Lagrangian field theory. Section 3 studies the nonlinear connections I' on
JH(T, M), and discusses their relation with the temporal and spatial sprays.
Section 4 opens the problem of prolongation of vector fields from T' x M to 1-jet
space J' (T, M), using adapted bases.
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1 The jet fibre bundle J* (T, M)

Let us consider the smooth manifolds 7' and M of dimension p, respectively n, co-
ordinated by (t%),_1 , respectively (gcl)l:ﬁ We remark that, throughout this pa-

per, the set {1,2,..,p} is indexed by «, 3,7, ..., and the set {1,2,...,n} is indexed by

Now, let (tg,zg) be an arbitrary point of the product manifold T x M. We denote
C>® (T, M) the set of all smooth maps between T' and M and define the equivalence
relation
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(111> f N(to,wo) g < f (tO) = g(to) = X, dfto = dgto
on C* (T, M). For every f,g € C* (T, M), the relation f «~, 2,) g can be expressed
locally by
xt (tg) =y (tg) = acf),
(1.1.2)

o' () - % (1)

ot \'0) g \0)7

where 7 (to) = t5, @' (x9) = i), ' = ' o f and y* = 2’ 0 g. The equivalence class of
a smooth map f € C* (T, M) is denoted by

[ltto.20) = 19 € CF (T, M) | g Atg,20) 1} -
If the quotient J}

(to.0) (T,M)=C>(T,M) /~ (10,20, 18 the factorization by the equiv-
alence relation ” ~ ..y 7, we build the total spaces of 1-jet set, taking

(1.1.3) JHO M) = | Ty (T M).
(to,z0)ET XM

in order to organize the total space of 1-jets J! (T, M) as a vector bundle over
the base space T' x M, we start with a smooth map f € C®(T,M),x = f(t),
(th, .. t?) — (a* (¢, ..., t7) ,...,a" (t},...,t7)) , and expand the maps x’ using Taylor
formula around the point (¢}, ...,t)) € RP. We obtain

, , ot
@ (o ) =+ (1 = 1) 5 (th - th) + O (), Nt —toll <.

Automatically the linear affine approximation fe C>®(T,M),z = f(t),

o . ozt
F(th o tP) = @b+ (1 — t5) o (tosth), It —toll <e,

satisfies f ~(4,.2,) f, that is, it is a convenient representative of equivalence class

[to 0 -

Let 7 : JY(T,M) — T x M be the projection 7 ([f](tojxo)) = (to, f (t0)). It is

obvious that the map 7 is well defined and surjective. Using this projection, for every
local chart Ux V C T x M on the product manifold T'x M, we can define the bijection

Pywy (U XV)—=UxV xR,
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seting ®yxy ([f](to,wo)> = (to,xo, % (tg)) , wo = f (to) -

In conclusion, the 1-jet set J* (T, M) can be endowed with a differentiable struc-
ture of dimension p + n + pn, such that the maps @y« to be diffeomorphisms. We
emphasize that the local coordinates on J! (T, M) are (t*, 2%, z%,) , where

e ([f](to,ajo)> =t*(to),
(1.1.4) a't ([f](to,xu)) =z’ (z0),

mfx ([f](tmm)) - % (tg) '

In the above coordinates on J! (T, M), the projection 7 : J* (T, M) — T x M has
the local expression 7 (¢, 2%, 2% ) = (t*, %) . Moreover, the differential 7, of the map
m is locally determined by the Jacobi matrix

bap O 0
( 0 7 5ij 0 ) € Mp+n’p+n+zm'

It follows that 7, is a surjection (rank m. = p + n) and therefore the projection 7 is
a submersion. Consequently, the 1-jet total space J! (T, M) becomes a vector bundle
over the base space T' x M, having the fibre type RP™.

Using (1.1.4), by a simple direct calculation, we obtain

Proposition 1.1. 1) The coordinate transformations (t*,z%,z§) «— (%, 2%, &) of
the 1-jet vector bundle E = J! (T, M) are given by

t =1 (t7)
(1.1.5) B =3 (),
. 0z otf

@ oxi afa B8’

where det (85"‘ Jot? ) =% 0 and det (8:70" /0x7 ) # 0. Consequently FE is always an ori-
entable manifold.

o 9 0 o 9 0
2) The canonical bases {(’%a’ B2 B, } , {315‘17 75 3:%31} of the vector fields
on E are related by
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o 0" 9 0% 0

ote — Otx 9i8 | ot o,

o o o 0%y o

(1.1.6) . )~
oxrt  Oxt 0x3 Ozt 65%

0 _oron o
ozt ~ 0x' 0 o)

3) The canonical bases {dta,dxi,dxg}, {dfa,dii,dfcg} of the 1-forms on E are re-
lated by

dte = af dt?
otb
i oxt .
(1.1.7) dr' = S-di!
o0, ., 0xt, . OxtOtP
drt = —=2Jib XAyl + — —dz’,.
Ta = 3 Mt 97 557 ore B

Some physical aspects. At the end of this Section, we discuss certain physical
aspects of the jet vector bundle of order one that we consider very eloquent for the
subsequent theory.

Thus, from physical point of view, we regard the space T" as a ” temporal” manifold
or a "multi-time” while the manifold M is regarded as a ” spatial” one. In mechanics
terms, the vector bundle J! (T, M) is regarded as a bundle of configurations, and its
elements [f] are regarded as classes of ” parametrized sheets’.

In order to motivate the terminology used, we study more deeply the jet vector
bundle of order one, in the particular case T'= R (i.e., the usual time axis represented
by the set of real numbers). Let us suppose that J! (R, M) = R x TM is coordinated
by (t, xt, yl) . The gauge group of the bundle

(1.1.8) m:JY(R,M) = R x M, (t,2",y") — (¢t,27),
is given by
t=1(),
(1.1.9) =7 (),
L owdt
Oxd dt

We remark that the form of this gauge group stands out by the relativistic char-
acter of the time ¢. For that reason, we consider that the jet fibre bundle of order
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one J! (R, M) is the natural bundle of configurations of the relativistic rheonomic
Lagrangian mechanics [10].

Comparatively, in the classical rheonomic Lagrangian mechanics [5], the bundle
of configuration is the fibre bundle

(1.1.10) T RxTM — M, (t,2",y") — (27),

whose geometrical invariance group is

t=t,
(1.1.11) ¥ =i (27),
g
o

Obviously, the structure of the gauge group (1.1.11) emphasizes the absolute char-
acter of the time ¢ from the classical rheonomic Lagrangian mechanics. At the same
time, we point out that the gauge group (1.1.11) is a subgroup of (1.1.9). In other
words, the gauge group of the jet bundle of order one, from the relativistic rheonomic
Lagrangian mechanics is more general than that used in the classical rheonomic La-
grangian mechanics which ignores the temporal reparametrizations.

Finally, we invite the reader to compare both the classical and relativistic rheo-
nomic Lagrangian mechanics developed in [5] and [10].

2 d-Tensors. Multi-time sprays. h-traceless maps

It is well known the importance of the tensors in development of a geometry on a
fibre bundle. In the study of the 1-jet fibre bundle, a central role is played by the
distinguished tensors or, briefly, d-tensors.

Definition 2.1. A geometrical object D = (DS‘;EQ%;) , on the 1-jet vector bundle

E, whose local components verify the following rules of transformation

0i() (). _ fyop(m)(n)... O O’ QT OB OF° 0" 0&* Ot
(22.1) Do = Per)- 575 a0 05m 019 01 o ol 9in ™

is called a d-tensor field.
The utilization of parentheses for certain indices of the local components D,?]i((g)((”l;:::
will be motivated at the end of Section 3 of this paper, before the introduction of a

nonlinear connection I' on E together with its adapted bases of vector and covector
fields.
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A d-tensor field D on E = J! (T, M) can be viewed like an object defined on
T x M which depends on partial derivatives (partial velocities) z?,.
Example 2.2. i) If L : E — R is a multi-time Lagrangian function with partial
derivates of order one, then the local components

1 9L
2.2.2 GOV — - _Z =
(2.2.2) 00 = 3 9410

represent a d-tensor field on E. We point out that taking T = R and L a regular time-
dependent Lagrangian, then the d-tensor field GE;)(%) (t,xi,yj) s a natural general-

ization of that so-called metrical d-tensor field g;; (t,aci,yj) of a classical Theonomic
Lagrange space RL™ = (M, L (t,aci,yj)) [5].

i1) The geometrical object C = (C((i))) , where C((i)) = z¢, represent a d-tensor field
on E. This is called the canonical Liouville d-tensor on the 1-jet vector bundle E.
We emphasize that this d-tensor field naturally generalizes the Liouville d-vector field

.0
C =y'"— used in [5].
U /5]
1) Let hop be a semi-Riemannian metric on the temporal manifold T, i.e., it

has the signature (p1,p2),p1 + p2 = p. The geometrical object L = (ng)ﬁv) , where

L&))Bw = hgy',, is a d-tensor field which is called the Liouville d-tensor associated
to the metric h.

w) Using the preceding metric h, we construct the d-tensor J = (J((;))ﬁj> , where

J((;))ﬁj = hagé;'-. This d-tensor is called the h-normalization d-tensor of the jet bun-

dle E. Note that the h-normalization d-tensor of J* (T, M) is a natural generalization
of the tangent structure J from the Lagrange geometry [5].

It is obvious that any d-tensor on FE is a tensor on E. The converse is not true.
As examples, we will build two tensors wich are not d-tensors. We refer to notions
of temporal and spatial sprays wich allow the generalization of the notion of time-
dependent spray used in [5], [14].

Definition 2.3. A global tensor H, expressed locally by

(2.2.3) H=6%dt" ® YO

P
«
BTE (3adt" © =5

B

is called a temporal spray on FE.

Taking into account that a temporal spray is a global tensor on FE, by a direct
calculation, we deduce
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Proposition 2.4. i) The components H((é;a of the temporal spray H transform by
the rules

) Ot 9k at® ot~ 0z

O ot ox” Ot7  Ot7 Oy
(2:24) 21y = 2130 o 007 01~ o o

i1) Conversely, to give a temporal spray on F is equivalent to give a set of local

functions H = (H ((éga) which transform by the formulas (2.2.4).

iii) The global tensor

0 ; 0
B o _ (9) «
H=H dt"® 5 QH(ﬁ)adt ® (936%

is a temporal spray iff J @) fgo = JY)  where J is the normalization d-tensor of

(B)ai Ty (B)vi’ o ] :
the fibre bundle E associated to an arbitrary semi-Riemannian metric h on 7T

The previous proposition allows us to offer the following important example of
temporal spray. The importance of this kind of temporal spray is determined by its
using in the description of the classical harmonic maps between two Riemannian
manifolds [3].

Example 2.5. Using the transformation rules of the Christoffel symbols HE.  at-

tached to a semi-Riemannian metric hog on T, we deduce that the components

)
2H (g)a ‘ .
temporal spray associated to the metric h.

= —Hgﬂxfy represent a temporal spray on E. This is called the canonical

Definition 2.6. A global tensor G, locally defined by

0

dt* ® —,
Gxﬁ

T o a ©)]
(2.2.5) G = di® ® 5 — 26,

is called a spatial spray on F.
As in the case of the temporal spray, we can prove without difficulties the following
statement.

Proposition 2.7. The components G%))a of the spatial spray G transform by the
rules
ot ozk o’ dat 0T,

AR) gl OFT 0T O 7
(2.2.6) 2630y = 2C B0 907 0~ 957 9

it) To give a spatial spray is equivalent to give a set of local functions G = (GE]ﬁ))a)
which change by the law (2.2.6).
iii) A global tensor on F, defined locally by



Multi-time sprays and h-traceless maps on J'(T, M) 83

0] 0
G=Ghdt® ® —— —2GU) dt* @ —,
Ox! A,
B
is a spatial spray iff J(%)MG” L(J)) where J (resp. L) is the normalization (resp.
Liouville) d-tensor associated to an arbitrary semi-Riemannian metric h.
Example 2.8. If fy]i-k are the Christoffel symbols of the semi-Riemannian metric
@ij on the spatial manifold M, the local coefficients 2GEJﬁ))a = ’yilzfxxlﬁ define a spatial
spray which is called the canonical spatial spray associated to the metric ¢. We

point out that this kind of spatial spray is also used in the description of the classical
harmonic maps between two Riemannian manifolds [3].

Definition 2.9. A pair (H,G) which consists of a temporal spray and a spatial one,
is called a multi-time spray on E.

To characterize the multi-time sprays on F and to underline again the importance
of the canonical temporal and spatial sprays attached to the metrics h and ¢, we
prove the following theorem.

Theorem 2.10. Let (T,h), (M,¢) be semi-Riemannian manifolds and let H =
(H( )ﬁ) (resp. G = (GE;)5>) be an arbitrary temporal (resp. spatial) spray on
E. In these conditions, we have

(@) _ 1 0%
27 Higg = =5 Has, + D) g
o 1 1 1
Gga)ﬁ g%kx hah + F((a))ﬁ’
where D(z) F( i)

()3 Flap are certain d-tensors on E.

Proof. The theorem comes from the following true statements:
i) An affine combination of temporal (spatial) sprays is a temporal (spatial) spray;

ii) The product between a scalar and a temporal (spatial) spray is a temporal
(spatial) spray;

iii) The difference between two temporal (spatial) sprays is a d-tensor. m

In order to generalize the notion of path of a spray from Lagrangian geometry, we
fix hog a semi-Riemannian metric on the temporal manifold 7'. In this context, we
give the following definition.

Definition 2.11. A geometrical object H = (Hk) (resp, G = (Gk)) is called a tem-
poral (resp. spatial) h—spray if the local components modify by the rules

- Oxk - ot 0Tk
(2.2.8) 2" = 2Hﬂ% - hwg? a‘:“,
T «
respectively
- Ok - Ozt ok
2.2. oGk = 9GV = — pr I g
(22.9) G =2 977 dxi
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Example 2.12. Starting with H = (H((;))ﬁ) (resp. G = (G&))ﬁ)) like a temporal

(resp. spatial) spray, the entity H = (HZ) (resp. G = (Gi)), where H = haﬁH((;))ﬁ

(resp.Gi = h"‘ﬁGEQ)B) , represents a temporal (resp. spatial) h—spray which will be
called the h—trace of the temporal (resp. spatial) spray H (resp. G ). Particularly,
the components H* = —h“ﬁHgﬁxﬁ (resp. GF = h“ﬁvfjmgxé) represent the canonical
temporal (resp. spatial) h—spray attached to the metric h (resp. ¢).

The previous example show that the h—trace of a temporal or a spatial spray
represents a temporal or a spatial h—spray. Conversely, we prove the following result.

Theorem 2.13. If dimT = 1, any temporal (spatial) h—spray is the h—trace of a
unique temporal (spatial) spray.

Proof. Let G = (G*) be a spatial h—spray. We denote Gglf))l = h11G*. Obviously,

the relation G¥ = p11GH*)

(11 is true. In these conditions, using the transformation rules
(2.2.9), we deduce

di\® _dt dy*
dt dt dt.

A(k) o a(d)
2G(1)1 - 2G(j1)1 <

This means that G = (GE];))J is a spatial spray. The uniqueness is clear.

(k)

By analogy, we treat the case of the temporal h—sprays, taking H* = huH(1)1v

where H{{), = hy H*. =

Remark 2.14. The previous theorem shows that, in the case dimT = 1, there is a
1-1 corespondence between sprays and h—sprays while, for dimT > 2, this statement
is not true.

i
@

In the sequel, let us fixe a temporal spray H = (H(( )) 5) and a spatial spray
G = (GEQ)B) on E. The following notions show that the 1-jet fibre bundle is the

natural house for important objects with geometrical and physical meaning.

Definition 2.15. A solution f € C™ (T, M) of the PDEs system of order two

(2.2.10) whe+ G+ GO+ HD + H) =0
‘ ; , Ozt
where the map f is locally expressed by (t*) — (acz (to‘)) and xy5 = Sreg v called

an affine map of the multi-time spray (H,G).

A reason which offers the naturalness of the notion of an affine map of a multi-
time spray on FE, is that, in the particular case T' = R, the equations of the affine
maps generalize the equations of the paths of a single-time spray from the rheonomic
Lagrangian geometry [5].
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Example 2.16. Considering the canonical multi-time spray

1 ,
= —5Has7,
(2.2.11)

@ _ L ik
Glays = 5rTaTs)

the equations of the affine maps of this spray reduce to
(2.2.12) why — H) gl + yjpalal =0,

that is, the equations whose solutions are exactly the maps f € C*° (T, M) which carry
the geodesics of (T, hag) into the geodesics of the space (M, @;;) .

Taking h = (hag (t)) a temporal semi-Riemannian metric and doing a contraction
by h*? in (2.2.10) we can introduce the next concept.

Definition 2.17. A map f € C* (T, M) is called a h-traceless map of the multi-
time spray (H, G), with respect to semi-Riemannian metric h, if f is a solution
of the PDEs system of order two

af 7 (%) (1) _
(2.2.13) ne? {aly +2G0)  + 20, b =0,
Example 2.18. In case of Riemannian manifolds (T, h),(M, ) and the canonical
multi-time spray of preceding example, we recover the classical notion of harmonic

map [3].

It is obvious that the affine map of a multi-time spray (H, G) is a h-traceless map
of the same spray with respect to any semi-Riemannian metric h,g on the temporal
space 1.

In the particular case (T,h) = (R,d) the notions of h-traceless map and affine
map identify. Consequently, both notions naturally generalize that so-called a path of
a time-dependent spray, used in [5].

Let us denote S((;))ﬁ = GEZQ)),B + H((;))ﬁ + %H&ﬁxfy and S = hO"BS((;))IB. Obviously,
we deduce that § = (Sz) is a spatial h—spray. In this context, we obtain without
difficulties the following result.

Theorem 2.19. The equations of the h-traceless maps of the multi-time spray (G, H) ,
with respect to the semi-Riemannian metric h, can be rewritten in the form

(2.2.14) Epa' +25° =0,
where Bz’ = hP (xfw - Hgﬂxiy) is an ultrahyperbolic differential operator.

This theorem plays a central role in the development of the generalized metrical
multi-time Lagrange theory of physical fields since the Euler-Lagrange equations of
a multi-time dependent Lagrangian £ = L+/|h|, where L : J'(T,M) — R is a
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Kronecker h-regular Lagrange function, can be written in the form (2.14). In this sense,
the PDEs equations (2.14) are Euler-Lagrange prolongations of the PDEs equations
(2.10) . Hence, the extremals of £ can be regarded as ultra-harmonic maps, offering
them a profound geometrical and physical character. For more details, see also [7],
[9].

In a furthercoming paper, we shall use the same theorem to offer a proper geomet-
rical interpretaton of solutions of PDESs, in metrical multi-time Lagrangian geometry
terms (see [11]). In this fashion, we will offer a final answer to the Udrigte-Neagu open
problem [8], [17] , whose essential physical aspects are presented in [15], [16].

3 Nonlinear connections

The form of the coordinate transformations on E = J! (T, M) determines compli-
cated rules of transformation of the local components of diverse geometrical objects
of this space. To avoid such complications we introduce a suitable nonlinear connec-
tion which is coherent to adapted bases. These bases have the quality to simplify the
transformation rules of the components of the geometrical objects taken in study.

With a view to doing this, we take u € E and consider the differential map
Tt TuEE — T4 5y (T x M) of the canonical projection 7w : £ — T'x M, 7 (u) = (t,x).
At the same time, let us consider the vector subspace V,, = Kerm, , C T, E. Because
the map m, ,, is a surjection, we have dimg V;, = pn, Vu € E. Moreover, a basis in V,

0
is determined by {8} . In conclusion, the map
:Lvl

[0

(3.3.1) ViueE—-V,eT,E

is a differential distribution wich is called the vertical distribution of the 1-jet fibre
bundle E.

Definition 3.1. A nonlinear connection on FE is a differential distribution
(3.3.2) H:uve E— H, CT,FE

which verifies the relation

(3.3.3) T.£E=H,®V,, Vue E.

The distribution H is called the horizontal distribution on E.

Remark 3.2. i) The above definition implies that dimg H,, = p+n, Yu € E.

1) The vector fields set X (E) can be decompose in the following direct sum
X(E) =TH)eT'(V), where I'(H) ( resp. I' (V)) is the set of the sections on H
(resp.V) .

Now, supposing that there is a nonlinear connection H on F, we have the isomor-
phism
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(3.3.4) Teu

H,: Hu *)TTr(u) (T X M),

which allows us to prove the following

]

5
P — F
55 5ot € L ()

Theorem 3.3. i) There exist the unique horizontal vector fields

linearly independent, having the properties

) 0 1) 0
(333 v (5) = oo () = 2w
. ) 1) . . .
it) The vector fields Sio and 557 o be uniquely written in the form

5t

o TT(Bag g
ot 3:53

6 0 Gy 0
= - NI
oxt Ozt (ﬁ)laxé

6_ 9w 0

(3.3.6)

i11) The components M((g;a and N((é;z modify by the rules

T O 03 o 0T
B g M gzk gis ot
~ () ok (k) 0% oty 8,%%

N gar = Noniagk o ~ g

(3.3.7)

iv) To give a nonlinear connection H on E is equivalent to give a set of local functions

= (M((éga,N(%;l) which transform by (3.3.7).
Example 3.4. Studying the transformation rules of the local components
M(J) — _Hg Ij
(3.3.8) ((i)a | kﬁ !
J
Ny = Yik®s,
we conclude that Ty = (M(%;a,N((g;i) represents a nonlinear connection on F,

which 1s called the canonical nonlinear connection attached to the semi-
Riemannian metrics h.g and ¢;;.

Let us consider the 1-forms !, = da?, + M O a8+ NY dzi. One easily deduces

()B (e)j
that the set of 1-forms {dt“, da?, éxza} is a basis in the set of 1-forms.
6o o6 0

Definition 3.5. The basis of vector fields § —, —, = C X (E) and its dual
ot dxt’ Oz,

basis of 1-forms {dt“,dmi,dﬂcfx} C X*(E) are called the adapted bases on E, de-
termined by the nonlinear connection I'.
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The big advantage of the adapted bases is that the transformation laws of their
elements are simple and natural ones.

Proposition 3.6. The transformation laws of the elements of the adapted bases
attached to the nonlinear connection I' are

5P b
gte ot 48’
3.3.9 o _0a o
(3:3.9) St Oxt 039’
0 _owoe o
oxi,  Oxt s 35;%’
dt* = 8? dt?,
otP
i oxt .
(3.3.10) da' = o= di,
i B .
Syl — ox' Ot 53

o« 93 ot

The simple transformation rules (3.9) and (3.10) determine us to describe the
objects with geometrical and physical meaning from the subsequent generalized met-
rical multi-time Lagrange theory of physical fields [7], [9], in adapted components. In
a such prospect, we emphasize that, using adpted bases of nonlinear connection T,

a d-tensor D = (D%((Jﬁ))(g;) on F can be regarded as a global geometrical object,
locally defined by

_ pai)w.. 0 0 0 K !
(3.3.11) D= D’)’k(ﬁ)(l)mé‘ta ® 520 ® &’E% ®dt" ® dz” ® dz, ® ...

The utilization of certain indices between parenthesis in the description of the local
components of d-tensor D is suitable for contractions. To illustrate this fact,we con-
sider, for example, the local components of the metrical d-tensor (2.2). These define
the geometrical object

_ (@B i J
(3.3.12) G = G(i)(j) oz, ® dxy
On the other hand, considering the local components of the h-normalization d-tensor

J(Z)

(85> We obtain the representative object

(3.3.13) J=JY ® dt’ @ da’.

(@)B3 §aci.
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Finally, let us study the relation between multi-time sprays and nonlinear connec-
tions. In this context, the components M ((éga (resp. N, ((é;l) of the nonlinear connection
I are called the temporal (resp. spatial ) nonlinear connection. In this terminology,
using the transformation formulas (2.2.4), (2.2.6) and (3.3.7) we can easily prove the
following statements.

Theorem 3.7. i) If M((ZY)) 5 are the components of a temporal nonlinear connection,

then the components

o _ 10
(3.3.14) Hg = 3M()

represent a temporal spray.

it) Conversely, if H, ((;)) 5 are the components of a temporal spray, then

(3.3.15) MY

_ o
()8 = 2H

(a)B

are the components of a temporal nonlinear connection.

Theorem 3.8. i) If GEQW are the components of a spatial spray and G* = h"‘ﬁGgg)B
represent the h—trace of this spray, then the components

y o OG!
(3.3.16) NO = b,
(a)j 81'2,

represent a spatial nonlinear connection.

i1) Conversely, the spatial nonlinear connection N, ((i) - induces the spatial spray

a)j

() _ ) i
(3.3.17) 2G() 5 = N 2l

The previous theorems allow us to conclude that a multi-time spray (H, G) induces
naturaly a nonlinear connection I" on E, which is called the canonical nonlinear
connection associated to the multi-time dependent spray (H,G). We point
out that the canonical nonlinear connection I' attached to the multi-time dependent
spray (H,G) is a natural generalization of the canonical nonlinear connection N in-
duced by a time-dependent spray G from the classical rheonomic Lagrangian geometry
[5].

4 Jet prolongation of vector fields

A general vector field X* on J! (T, M) can be written under the form

0 0 @ O
X'=X—+X'"—+X .
ot + oz’ LG ozt’




90 M. Neagu, C. Udriste and A. Oana

where the componets X, X?, X((;)) are functions of (ta, xt, xfl) .

The prolongation of a vector field X on T'x M to a vector field on the 1-jet bundle
JY (T, M) was solved by Olver [12] in the following sense.

Definition 4.1. Let X be a vector field on T x M with corresponding (local) one-
parameter group exp(eX ). The 1-th prolongation of X, denoted by prM X, will
be a vector field on the I1-jet space J* (T, M), and is defined to be the infinitesimal
generator of the corresponding prolonged one-parameter group pr*) [exp (eX)], i.e.

{pr(l)X} (t(",mi,mg) = % pr® [exp (e X)] (t(",mi,mg) .

e=

In order to write the components of the prolongation, Olver used the a-th total
derivative D, of an arbitrary function f (t‘x,xi) on T x M, which is defined by the
relation

_of  of
Daf = 5a + gpta

Thus, starting with X = X (¢, ) % + X (t,x) % like a vector field on T x M,
T
Olver introduced the 1-th prolongation of X as the vector field

pr(l)X =X +X(L) (tﬁ,xi,z%)

( o)’
where
. . . i I B 9XB . )
@ _ i gy i OX' O0X' o [0X i\ i
X(a) =D,X (DaX )a:ﬁ = o 907 ), preS + 90 x| xa-
If we assume that is given a nonlinear connection I' = (M(((i))ﬁ,N((;))j) on

JY(T, M), then the a-th total derivative used by Olver can be written as

of | Of

Daf = 5ia + 5%

and, consequently, D, f represent the local components of a distinguished 1-form on
JY (T x M), wich is expressed by Df = (D, f) dt*. Now, let there be given a vector
field X on T x M. From a geometrical point of view, we can define a 1-jet prolongation
of X as the horizontal lift X of X. This is defined by

1) ) ; ; N 0
H_ yo i _ () a () yi
X' =X St + X 5 X — (M(ﬁ)aX +N(ﬁ)iX ) —axé.
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Open problem

Study the prolongations of vectors, 1-forms, tensors, G-structures from the basis
manifold 7' x M to the manifold J* (T, M) .

Acknowledgements. A version of this paper was presented at Third Conference
of Balkan Society of Geometers, Politehnica University of Bucharest, Romania, July
31 August 3, 2000. It is a pleasure for us to thank to Prof. Dr. D. Oprig and to the
reviewers of Journal of the London Mathematical Society for their valuable comments
upon a previous version of this paper. The present work is developed within the Grant
CNCSIS MEN 1107/2005.

References

[1] G. S. Asanov, Gauge-Covariant Stationary Curves on Finslerian and Jet Fi-
bration and Gauge Extension of Lorentz Force, Tensor N. S., Vol. 50 (1991),
122-137.

[2] L. A. Cordero, C. T. J. Dodson, M. de Léon, Differential Geometry of Frame
Bundles, Kluwer Academic Publishers, 1989.

[3] J. Eells, L. Lemaire, A Report on Harmonic Maps, Bull. London Math. Soc., Vol.
10 (1978), 1-68.

[4] M. J. Gotay, J. Isenberg, J. E. Marsden, Momentum Maps and the Hamiltonian
Structure of Classical Relativistic Fields, http://xxx.lanl.gov/hep/9801019,
(1998).

[5] R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and Appli-
cations, Kluwer Academic Publishers, 1994.

[6] R. Miron, M. S. Kirkovits, M. Anastasiei, A Geometrical Model for Variational
Problems of Multiple Integrals, Proc. of Conf. of Diff. Geom. and Appl., June
26-July 3 (1998), Dubrovnik, Yugoslavia.

[7] M. Neagu, Generalized Metrical Multi-Time Lagrange Geometry of Physical
Fields, Journals from de Gruyter, Forum Mathematicum, Vol. 15, No. 1 (2003),
63-92.

[8] M. Neagu, Harmonic Maps between Generalized Lagrange Spaces, Southeast
Asian Bulletin of Mathematics, Springer-Verlag, Vol. 27, No. 3 (2003) 1-12, in
press.

[9] M. Neagu, Riemann-Lagrange Geometrical Background for Multi-Time Physical
Fields, Balkan Journal of Geometry and Its Applications, Vol. 6, No. 2 (2001),
49-71.

[10] M. Neagu, The Geometry of Relativistic Rheonomic Lagrange Spaces, Proc. of
Workshop on Global Analysis, Differential Geometry and Lie Algebras, No. 5



92

[16]

[17]

[18]

M. Neagu, C. Udriste and A. Oana

(2001), 142-169, Editor: Prof. Dr. Gr. Tsagas, University ” Aristotle” of Thessa-
loniki, Greece.

M. Neagu, C. Udriste, From PDFEs Systems and Metrics to Geometric Multi-time
Field Theories, Seminarul de Mecanica, No. 79 (2001), pp 1-33, Universitatea de
Vest din Timigsoara, Romania.

P.J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag,
1986.

D. Saunders, The Geometry of Jet Bundles, Cambridge University Press, New
York, London, 1989.

7. Shen, Geometric Methods for Second Order Ordinary Differential Equations,
preprint, 2000.

C. Udriste, Nonclassical Lagrangian Dynamics and Potential Maps, Proc. of the
Conference on Mathematics in Honour of Prof. Radu Rogca at the Occasion of his
Ninetieth Birthday, Katholieke University Brussel, Katholieke University Leuven,
Belgium, Dec. 11-16 (1999); http://xxx.lanl.gov/math.DS/0007060, (2000).

C. Udriste, Solutions of DEs and PDEs as Potential Maps using First Order
Lagrangians, Centenial Vranceanu, Romanian Academy, University of Bucharest,
June 30-July 4, (2000); http://xxx.lanl.gov/math.DS/0007061, (2000); Balkan
Journal of Geometry and Its Applications, 6,1 (2001), 93-109.

C. Udriste, M. Neagu, Geometrical Interpretation of Solutions of Certain PDEs,
Balkan Journal of Geometry and Its Applications, Vol. 4, No. 1 (1999), 145-152.

C. Udriste, M. Ferrara, D. Opris, Economic Geometric Dynamics, Geometry
Balkan Press, 2004.

Mircea Neagu

Str. Lamaitei, Nr. 66, BL. 93, Sc. G, Ap. 10,
Bragov, RO-500371, Romania.

email: mirceaneagu73@yahoo.com

Constantin Udrigte

Department of Mathematics I, Splaiul Independentei 313,
RO-060042 Bucharest, Romania.

email: udriste@mathem.pub.ro

Alexandru Oana

Str. Privighetorii, Nr. 1, BL. D15, Ap. 3, Et. 1,
Bragov, RO-316486, Romania

email: alexandru.oana@hotmail.ro



