2-Killing vector fields on Riemannian manifolds

Teodor Oprea

Abstract. The aim of this paper is to define a class of vector fields on a
Riemannian manifold which enlarges the class of Killing vector fields. We
study the relations between 2-Killing vector fields and monotone vector
fields, introduced by S.Z. Németh ([1], [2]), we give the characterization of
a 2-Killing vector field on R™ and an example of such vector field which
is not Killing.
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1 Monotone vector fields

Let us consider a Riemannian manifold (M, g), a vector field X on M and a
geodesic v : I — M, where [ is an interval of real numbers. With this ingredients, we
define the function

pxqy IR oxa(t) =g(X(v(1), 7 (1))

The vector field X is called monotone if, for any geodesic v on M, the function
©x .~ is monotone. If, for any geodesic v on M, ¢x - is a increasing (decreasing)
function, the vector field X is called increasing (decreasing) vector field. The next
theorem give us a characterization of monotone vector fields.

Theorem 1.1 (S.Z. Németh [1]). If (M, g) is a Riemannian manifold and X a
vector field on M, then the next assertions are equivalent
i) X is a increasing (decreasing) vector field on M.
ii) For any vector field U € X(M), g(VyX,U) >0 (< 0).

A characterization of vector fields which have the property that ¢x . is a constant
function is

Theorem 1.2. If (M, g) is a Riemannian manifold and X a vector field on M,
then the next assertions are equivalent
i) For any geodesic v on M, the function ¢x - is a constant.
ii) For any vector field U € X(M), g(VyX,U) = 0.
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iii) For any vector fields U,V € X(M), g(Vu X, V) + g(Vy X,U) = 0.
iv) X is a Killing vector field.

We present two examples of monotone vector fields.
Example 1.1. Any Killing vector field is monotone.

Example 1.2. If (M, g) is a Riemannian manifold and f : M — R is a convex
function of C? class, then gradf is a monotone vector field.

2 2-Killing vector fields

A Killing vector field X on Riemannian manifold (M, g) is characterized by the
fact that the Lie derivative of the metric tensor g, with respect to X, is zero. We
define 2-Killing vector fields by

Definition 2.1. Let (M, g) be a Riemannian manifold. A vector field X € X (M)
is called 2-Killing if Lx Lxg = 0, where L is the Lie derivative.

We give the next characterization
Theorem 2.1. A vector field X € X (M) is 2-Killing if and only if
RX,U,X,U)=g(VuVxX,U)+g(VyX,Vu X),YU € X(M),

where R is the curvature tensor of Riemannian manifold (M, g).

Proof. As Lx Lxg is a symmetric tensor, we have
(2.1) LxLxg=0<=VYUe€XM),(LxLxg)(UU)=0.

Let V be the Levi-Civita connection of Riemannian manifold (M, g). For any two
vector fields V, W, the Lie derivative of the metric tensor g is given by

22) (Lxg) (V. W) = Xg(V.W) — g([X. V], W) — g(V,[X.W]) =
=g9(Vv X, W) +g(Vw X, V).
Using again the definition of the Lie derivative and the relation (2.2), we obtain

(LxLXg)(U, U) = 2{g(VXVUX, U) + g(VUX,VUX)—
—9(Vix,u1X,U)}.

The curvature tensor R is given by

(2.3)

R(X,U,X,U) = R(U,X,U, X) = g(R(U, X)X,U) =

2.4
( ) = g(VUVXX — VXVUX — V[U,X]Xa U),
therefore

which implies
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(2.6) 9(VxVuX,U) = g(Vixu1X,U) = g(VuVx X,U) = R(X, U, X, U).
From (2.3) and (2.6) one gets

(2 7) (LXLXg)(U7 U) :z{g(vUvXXa U)_R(Xa U7X7U)+
' +9(VuX,VuX)}.

From (2.1) and (2.7) we obtain that X is a 2-Killing vector field if and only if
(2.8) R(X, U, X, U) = g(VUVXX, U) + g(VUX, VUX),V U e X(M)

Remark. In every point of the Riemannian manifold M the relation (2.8) can
be regarded as an equality between two quadratic forms. From the fact that the
bilinear forms associated with this two quadratic forms are equals, we obtain another
characterization of the 2-Killing vector fields

(2.9) +29(VuX,VyX),Y U,V € X(M).

Similar to the case of Killing vector fields, on a compact Riemannian manifold
(M, g) there is a small class of 2-Killing vector fields X which satisfies the relation
Ric(X, X) <0,
where Ric is the Ricci tensor of Riemannian manifold (M, g).
We give a proof for the above assertion.

Theorem 2.2. Let X be a 2-Killing vector field on the compact n-dimensional
Riemannian manifold (M, g). If Ric(X, X)) < 0, then X is a parallel vector field.

Proof. Let us consider a point € M and {ej, e, ..., e, } an orthonormal frame in
T, M. From theorem 2.1 one gets

(2.10) R(X,e;, X,e;) =9g(Ve,VxX,e)+9(Ve, X, Ve, X),VieETn.
Summing by i € 1,n, we obtain

(2.11) Ric(X,X) =div(VxX) + Tr(g(VX, VX)).
Integrating the equality (2.11) on the compact Riemannian manifold M, one gets

(2.12) /Ric(X,X)dvg = i/Tr(g(VX, VX))du,.

M =15y

As Ric(X,X) <0and » / Tr(g(VX, VX))dv, > 0, the relation (2.12) implies

izljw

(2.13) Ric(X, X) =0
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and
(2.14) Tr(g(VX,VX)) =0.

The relation (2.14) justifies the fact that X is a parallel vector field.
We study the relations between 2-Killing vector fields and monotone vector fields.

Theorem 2.3. We consider a Riemannian manifold (M,g) and X € X(M) a
2-Killing vector field, which have the property that V x X is increasing vector field. If
there is a point x € M and a tangent vector v € T, M, v # 0 so that R(X,,v, X;,v) <
0, then

i) Vo X =0 and R(X,,v, X,,v) =0,
ii) The vector field V x X is not strictly increasing.

Proof. As X is a 2-Killing vector field, one gets
(2.15) R(X, U, X, U)=¢g(VuVxX,U)+¢g(VuX,VyX),VU € X(M).
Let us consider a point z € M and a tangent vector v € T, M such that
(2.16) R(Xz,v, Xz, v) <0.
From (2.15) we obtain
(2.17) 9(Vo X,V X) = R(X,,v, Xy, 0) — g(V,Vx X, v).
As Vx X is a increasing vector field, using theorem 1.1, one gets
(2.18) 9(V,VxX,v) > 0.

The relations (2.16), (2.17) and (2.18) implies

(2.19) 9(V,X,V,X) =0, therefore V,X =0,
(2.20) R(X,,v,X,,v) =0 and
(2.21) 9(V,VxX,v) =0,

which lead us to the conclusion that Vx X is not strictly increasing vector field.

Theorem 2.4. Let X be a 2-Killing vector field on the n-dimensional Riemannian
manifold (M, g) of negative sectional curvature. Then

i) Vx X is a decreasing vector field,

ii) If the sectional curvature is strictly negative and V x X is not vanishing on M,
then V x X is a strictly decreasing vector field.
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Proof. 1) From the fact that X is a 2-Killing vector field, one gets
(2.22) g(VuVxX,U)=R(X,U,X,U)—g(VuX,VuyX)<0,VU € X(M).

Using theorem 1.1 we obtain that Vx X is a decreasing vector field.

ii) If Vx X is not a strictly decreasing vector field, then there is a point x € M
and a tangent vector v € T, M, so that

(2.23) g(V,VxX,v)=0.
From (2.22) and (2.23) one gets

(2.24) R(X,,v,X,,v) =0 and

(2.25) V,X =0.

Using the fact that the sectional curvature of the Riemannian manifold (M, g)
is strictly negative, from the relation (2.24) we obtain that the tangent vector v is
colinear with X, therefore

(2.26) 3 X € R* so that v = AX,.

From (2.25) and (2.26) one gets the relation Vx, X = 0, which is a contradiction
with the fact that the vector field V x X is not vanishing on M. In conclusion, V x X
is a strictly decreasing vector field.

We give an example of a 2-Killing vector field, which is not a Killing vector field,
on a open set of Riemannian manifold (R™,( , )), where ( , ) is the standard metric
tensor on R"™.

Theorem 2.5. A vector field X = X'0; on the Riemannian manifold (R™,( , )
is a 2-Killing vector field if and only if

0iX' OX7 + 0, X' 0 X7 + X'0,(0,X7 + 0;X°) +2>_ 0 X* 9; X% =0,
k=1
Vi, jel,n.

Proof. From theorem 2.1 we obtain that X € X(R") is a 2-Killing vector field if and
only if (VyVxX,V)+ (VyVxX,U)+2(VyX,VyX) =0,V UV € X(R"), where
V is the Levi-Civita connection of the Riemannian manifold R™, which is equivalent
with

(2.27) (Vo,VxX,0;) + <VajVXX, ;) +2(Vy, X, Van> =0,Vi,jel,n.

Using the fact that ViV = U(V)d;, for any two vector fields U,V € X(R"), one
gets the conclusion of the theorem.
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Remark. i) If n = 1, then any vector field is given by X = f% , where f is a
differentiable function. A 2-Killing vector field on R satisfies

(2.28) F1 =22
The solutions of the equation (2.28) are

(2.29) f = a = constant and

(2.30) fiR\{b/a} = R, f(t) = (at — b),

where a and b are real numbers.
We obtain the 2-Killing vector fields

(2.31) XeXR),X = a% and
(2.32) X € X(R\{b/a}), X = (at — b)%%.

ii) An example of a 2-Killing vector field, which is not a Killing vector field, on
(R*)™ is X = ()3 0.
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