A new Tzitzeica hypersurface and cubic Finslerian
metrics of Berwald type
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Abstract. A new hypersurface of Tzitzeica type is obtained in all three
forms: parametric, implicit and explicit. To a two-parameters family of
cubic Tzitzeica surfaces we associate a cubic Finsler function for which
the regularity is expressed as the non-flatness of the Tzitzeica indicatrix.
A natural relationship is obtained between cubic Tzitzeica surfaces and
three-dimensional Berwald spaces with cubic fundamental Finsler func-
tion.
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1 Tzitzeica hypersurfaces and a new example

The first centroaffine invariant was introduced in 1907 by G. Tzitzeica in the classical
theory of surfaces, [14]. Namely, if M? is such a (non-flat) surface embedded in R?
the Tzitzeica invariant is Tzitzeica(M?) = d%, where K is the Gaussian curvature
and d is the distance from the origin of R? to the tangent plane in an arbitrary point
of M?, see also [15].

Since then, the class of surfaces with a constant T'zitzeica was the subject of
several fruitful research, see for example [2], [17] and the surveys [5], [13] and [16].
For example, they are called Tzitzeica surfaces by Romanian geometers, affine spheres
by Blaschke and projective spheres by Wilczynski. One interesting direction of study
is the generalization to higher dimension: a hypersurface M™ of R"™! was called
Tzitzeica hypersurface if Tzitzeica(M™) = dn% is a real constant.

The simplest examples of Tzitzeica surfaces are the quadrics with center, par-
ticularly spheres. Tzitzeica himself obtained the surface M} : xyz = 1 which was
generalized by Calabi to M7 : x! - ... 2"t =1 in [4].

The aim of this section is to derive the n(> 3)-dimensional version of another
well-known Tzitzeica surface, [14]:

(1.1) M3 2(z? +y?) = 1.
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Inspired by [3] we search for MJ being a hypersurface of rotation in the paramet-
rical form:

2n1 2nn—1 A — 9
Mn:.'I,‘lz u-u xn—lz u-u 7xn:u( )xn+1:f(un)

A ) I A A )

with f: (0,4+00) — R and A = (u')? + ...+ (u"~1)2 + 1. We consider the parameters
ul,...,u"" ! € R and u" > 0.

For easy computations we derive an implicit equation of M"™. More precisely,
from the above equations we have: (u")? = (z})%2 + ... + (2")? and then M" : z"*! =

F/ED2 + 4 (2)?) ie.:

(1.2) M™: F(z, 2™ = f(V(@)2 + .+ (2m)2) — 2T = 0.
Recall that choosing the normal N = f%, the Gaussian curvature of M™ is:
K- F; 0
- vE

where F; denotes the partial derivative of F with respect to z°.
For p = (2%) € M™ the tangent hyperplane T,M has the equation
F;(p)(X? — 2%) = 0 and then:
_ |E
IVF||

From the last two relations the Tzitzeica condition reads:

» R

With F of (1.2) we obtain that the LHS of (1.3) is % while the RHS of (1.3)
2

= —Tzitzeica(M™)|Fiz'|" 2.

is —Tzitzeica(M™)|f'\/§ — f|"+2, where § = (2)? + ... + (2")2. Therefore, denoting
V8 =t > 0 and considering f = f(t) we have:

("t = —Tzitzeica(M™)t" Lt f — f|"+2

for which we search f(t) = t* with a € R. The comparison of degrees of t gives
a = —n. Hence:

Theorem 1.1. The hypersurface of R™+1:
(1.4) My " @)+ L+ (™) =1
1s a Tzitzeica one with:

(=n)"

n n
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One can remark that if in computing K we choose the opposite normal —N then we
obtain —Tzitzeica(M™). For example in [18, p. 137] M3 has Tzitzeica(M3) = — 5.
Another observation is that the main theorem of [6] gives the 4-dimensional affine
locally strongly convex hypersurface: (y? — 22 —w?)3z? = 1 as generalization of (1.1).
The authors continue their study in [7] where Theorem 1 states the 5-dimensional
version (y? — 2% —w? —t?)2z = 1. It results that Tzitzeica hypersurfaces are not affine

hyperspheres.

Figure 1: z(2% +92) = 1.

The Calabi-Tzitzeica hypersurface M7 : z'..2"+! =1 has:

1

n n

Figure 2: zyz = 1.
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2 Cubic Finsler functions for a class of cubic
Tzitzeica surfaces

The aim of this section is to provide a class of Finsler cubic-Minkowski metrics,
connected to a family of 2-parameters Tzizteica surfaces. The geometric mean-
ing of the regularity of these cubic metrics is expressed by the Tzitzeica condition
Tzitzeica(M?) # 0.

Firstly, we can give an unified formula for M? and MZ2. With the transformation:

(Z+79)
T —7)

[S IS
I
Nl&/_":ﬁ"“

which is a rotation of angle § in the (Z,7)-plane, we have: M?: (2% — 3%)2 = 2 and

M3 : (2% 4+ %)z = 1. Let ¢ € {1,2}, then:

- o 2

(2.1) M2 (54 (<1772 = =
with:

_])e+12

(2.2) Tzitzeica(M?) = (Z)""e

The above considerations leads to:

Definition 2.1. The Tzizteica surface zyz = 1 can be called vertical hyperbolic-cubic
Tzitzeica surface while the surface z(z2 + y?) = 1 can be called vertical elliptic-cubic
Tzitzeica surface.

A first natural problem is to search about a parabolic version of these surfaces:

Proposition 2.1. In the class of surfaces M, , : z(y* — 2px) = p with p # 0 there
are no Tzitzeica surfaces.

Proof. The Tzitzeica condition for M, , reads:
8pp(2p + p) = —Tzitzeica(My,,)lp + 2(y* + 1)]
which is impossible due to the presence of z and y. O
A second natural problem is about the general class:
(2.3) M2 5 : 2(aa® + By® +72°) = 1
which is solved by:

Proposition 2.2. The Tzitzeica surfaces of the class M? are characterized by

a,B,y
v =0.
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Proof. The equation (1.3) for M2 5 _ is:
«

4af(3 —1292%) = —34Tzitzeica(M275ﬁ).

which yields v = 0 and:

4
(2.4) Tzitzeica(M2 50) = _%f.
For a = 1,3 = —3 we recover M while for o = 3 = 1 it results M3. O

Inspired by [1, p. 23] who associates to M7 the Berwald-Mo6r Finslerian function

F(y) = Y/y'...ym we study in this section a Finsler metric naturally associated to

M 5 5,0- Let us consider the 3-dimensional manifold R3 with global coordinates z =
(', 22, 2%) and for € R? we denote on the tangent space T, R? the coordinates by
(" % y).

In the tangent bundle TR? let us fix the domain
D ={(y",v* v*); [a(y")* + B(y*)*]y* > 0} and the function F: D — R¥%:

(2.5) Fy' v v°) = Vah)? + By2)2y.

F is a Finsler fundamental function of cubic-Minkowski type having as indicatrix
{y € TM/F(y) = 1} the Tzitzeica surface provided by Proposition 2.2. For F' we use
the theory from [10] and [11], so we put the expression F = /a;,  i,y"yP2y?s with:

(2.6) { @113 = @131 = A311 =

G223 = Q232 = A322 =

wlTe|Q

The Matsumoto-Numata tensors:
F?a; = ayny’y®,  Faj = aijry”

are for our example (2.5):

2.1) o o 20yt 28y aly')® 4 B(y?)° _ F
' V7 g2 07T T3z 0 3F2 33
3 3 1 2
ay By ay By
(2.8) an = o022 = Ssazs = a2 = 0,013 = o an = S
From [11, p. 94] the Finsler metric g;; = %8‘?;15; is:
(29) 9ij = 2(1,']' — ;G5

which yields:

o 3\2
g =2 9(%;3)2 la(y")? +38(y*)?]
(2.10) g22 = LU B3a(y")? + B(y?)?
[+ _F_

933 = — " gpi = —(3y3)2
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—4aBy'y? (y°)? day! 48y°
2.11 = .
( ) 912 9F4 » 913 OF ) 923 9F

The determinant of the basic tensor (a;;) is:

o 1. .
(2.12) det(ai;) = 57 = ETzztzezca(M(zﬁ’O)
and then, after [11, p. 94], the function F of (2.5) is regular if and only if a8 # 0.
In other words, the regularity of F is in correspondence with the non-flatness of the

Tzitzeica surface Mc%ﬁ (ax? + By?)z = 1.

3 A relationship between cubic Tzitzeica surfaces
and cubic three-dimensional Berwald metrics

Recall that one of the most important geometrical object in Finsler geometry is the
Berwald connection who lives on the tangent bundle. A simplified condition in that
connection is to depend only on base coordinates, [12, p. 723], which yields:

Definition 3.1. A Finsler manifold is a Berwald space if there exists a symmetric
affine connection I' such that the parallel transport with respect to this connection
preserves the function F.

For example, any Riemannian metric is Berwald and the associated connection is
the Levi-Civita connection. Therefore Berwald spaces are close to Riemannian ones.
The aim of this section is to show that M? and M2 correspond to Berwald metrics.

Let a three-dimensional manifold M with coordinates (2%) = (z,v, ) and tangent
bundle coordinates (y*) = (p,q,7). In [12, p. 886] it is proved that three-dimensional
Berwald spaces with cubic metric are conformally with F; = (pqr)l/ 3 and Fy, =
(P2 +¢+r3— 3pqr)1/ 3. the conformal factor being an arbitrary function of (x,y, 2).
Obviously, Fy corresponds to the Tzitzeica surface M? from the indicatrices point of
view and we perform a change of coordinates in M in order to associate F» to M2.

This coordinates change is inspired by [12, p. 887], (z,y, 2) — (u,v,w):

u=z-5-4
(3.1) v="(z—y)
w=x+1y-+z.

In these new coordinates we have: Fb(u,0,1w) = (u% + ©?)w and we obtain the
Finslerian function corresponding to M2. Let us remark that a picture of M2 in the
coordinates (p, ¢, r) appears in [9, p. 6] where it is called Appell sphere or ternary
unit sphere. As is pointed out in [8, p. 168], this surface is the ternary analogue
of the circle S*. In conclusion, there is a natural relationship between cubic three-
dimensional Berwald spaces and cubic Tzitzeica surfaces.

We close with another natural problem, namely to find cubic Tzitzeica surfaces
inspired by the expression of Fj:

(3.2) M? cer® oy 4 c32® — 6bryz = 1.

c1,c2,¢3,b °
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Proposition 3.1. The Tzitzeica surfaces of the class MZ , .., are characterized by
C1CoC3 — 8b3.

Proof. A straightforward computation gives:

4[b* + (8b® — cieacs)wyz] = —Tritzeica(M? b)

C1,C2,C3,

which gives the conclusion and:

Tzitzeica(M? p) = —(2b)2. (3.3)

C1,C2,C3,

We get M22b72b72b7b :2b(2® + 9% + 2% — 3wyz) = 1 and then for b = % we recover M2 in
the (p, ¢, )-expression above. |

If the transformation (3.1) is performed for Fy we get F (i, 9, ) = 5= (20° 4 u® —
3u%b — 6uv? — 3v%w). Then, with a factor of % we obtain the Tzitzeica surface:

(3.3) ]/\/.I'\l2 1208 4+ 2% — 32?2 — 62y — 3yPz =1
with:
(3.4) Tzitzeica(M?) = 4.

Acknowledgement This work has been supported by grant PNII -IDEI 398 from
the Romanian Ministry of Education. Special thanks are offered to our colleague
Marian-Ioan Munteanu for the pictures of Section 1.

References

[1] V. Balan, Notable submanifolds in Berwald-Moor spaces, in V. Balan (Ed.), BSG
Proc. 17, Geometry Balkan Press, Bucharest 2010, 21-30.

[2] V. Balan, S.-A. Vilcea, The Tzitzeica surface as solution of PDE systems, Balkan
J. Geom. Appl., 10 1 (2005), 69-72.

[3] V. Boju, M. Popescu, Espaces a courbure quasi-constante, J. Diff. Geom., 13, 3
(1978), 373-383.

[4] E. Calabi, Complete affine hyperspheres. 1., Symposia Mathematica, Vol. X (Con-
vegno di Geometria Differenziale, INDAM, Rome, 1971), Academic Press, Lon-
don 1972, 19-38.

[5] V. Cruceanu, Research works of Romanian mathematicians on centro-affine ge-
ometry, Balkan J. Geom. Appl., 10, 1 (2005), 1-5.

[6] F. Dillen, L. Vrancken, 3-dimensional affine hypersurfaces in R* with parallel
cubic form, Nagoya Math. J.; 124 (1991), 41-53.

[7] F. Dillen, L. Vrancken, S. Yaprak, Affine hypersurfaces with parallel cubic form,
Nagoya Math. J., 135 (1994), 153-164.

[8] A. Dubrovski, G. Volkov, Ternary numbers, algebras of reflexive numbers and
Berger graphs, Adv. Appl. Clifford Algebr., 17, 2 (2007), 159-181.

[9] L. N. Lipatov, M. Rausch de Traubenberg, G. G. Volkov, On the ternary complex
analysis and its applications, J. Math. Phys., 49, 1 (2008), 013502, 26 pp.



34

[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]

[18]

O. Constantinescu and M. Crasmareanu

M. Matsumoto, S. Numata, On Finsler spaces with a cubic metric, Tensor, 33, 2
(1979), 153-162.

M. Matsumoto, K. Okubo, Theory of Finsler spaces with m-th root metric: con-
nections and main scalars, Tensor, 56, 1 (1995), 93-104.

M. Matsumoto, Finsler geometry in the 20th-century, In (Ed: Peter. L. Antonelli)
”Handbook of Finsler geometry”, Vol. 1-2, Kluwer Acad. Publ., Dordrecht, 2003,
557-966.

G. T. Pripoae, R. Gogu, Gheorghe Tzitzeica-an incomplete bibliography, Balkan
J. Geom. Appl., 10, 1 (2005), 32-56.

G. Tzitzeica, Sur une nouvelle classe de surfaces, C. R. Acad. Sci. Paris, 144
(1907), 1257-1259.

G. Tgzitzeica, Sur une nouvelle classe de surfaces, Rend. Circ. Mat. Palermo, 25
(1908), 180-187; 28 (1909), 210-216.

C. Udriste, Tzitzeica theory-opportunity for reflection in mathematics, Balkan J.
Geom. Appl., 10, 1 (2005), 110-120.

C. Udriste, V. Arsinte, C. Cipu, Von Neumann analysis of linearized discrete
Tzitzeica PDE, Balkan J. Geom. Appl., 15, 2 (2010), 108-120.

C. Udriste, N. Bila, Symmetry group of Titeica surfaces PDE, Balkan J. Geom.
Appl., 4, 2 (1999), 123-140.

Authors’ address:

Oana Constantinescu, Mircea Crasmareanu

Faculty of Mathematics, University ”Al. 1. Cuza” lasi,

RO-700506 Tasi, Romania. E-mail: oanacon@Quaic.ro , mcrasm@uaic.ro
http://www.math.uaic.ro/~oanacon
http://www.math.uaic.ro/~mcrasm



