Efficiency and duality for multitime vector fractional
variational problems on manifolds

Stefan Mititelu and Mihai Postolache

Abstract. We consider a multitime scalar variational problem (SVP), a
multitime multiobjective variational problem (VVP) and a multitime vec-
tor fractional variational problem (VFP). For (SVP) we establish neces-
sary optimality conditions. For the two vector variational problems (VVP)
and (VFP), we define the notions of efficient solution and of normal ef-
ficient solution and using these notions we establish necessary efficiency
conditions. Using the notion of (p, b)-quasiinvexity adapted for variational
problems, we introduce a duality of Mond-Weir-Zalmai type for the frac-
tional problem (VFP) through weak, direct and converse duality theorems.

M.S.C. 2010: 53C65, 65K10, 90C29, 26B25.
Key words: Riemannian manifold, multitime vector fractional variational problem,
efficient solution, normal efficient solution, (p, b)-quasiinvexity.

1 Introduction

In [9], Mititelu and Stancu-Minasian considered the following multiobjective frac-
tional variational problem:

b b
[tz @)dt fo(t,z,d)dt
/ab /ab

goe ey

Maximize
(MSP) / Ky (t, x, &)dt / ky(t, x, &)dt

subject to x(ajl: ag, x(b) = bo, ‘
g(t’x, ':i:) § 07 h(t7 1;, ':i:) = 07 vt E I7

where I = [a,b] is interval, x = (x1,...,2,): I — R™ is piecewise smooth function on
d
I with & = dilf its derivative, f1,k1, ..., fp kp: IXRTXR" = R, g: IxR?xR" — R™

and h: I x R® x R™ — RY are functions of C?-class.
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For this problem, they established necessary efficiency (Pareto minimum) condi-
tions, and using generalized quasiinvex functions, developed a duality theory through
weak, direct and converse duality theorems, see also [6].

In [14], Udriste studied a control variational problem into multidimensional (multi-
time) framework, establishing some optimality conditions, that is he gave a multitime
maximum principle, see also [15]. Pitea, Udrigte and Mititelu [11], [12] considered
the multitime vector version of problem (MSP) within a geometrical framework, us-
ing curvilinear integrals, and they established necessary optimality conditions and
developed a duality theory for this problem.

In this work, we study properties of a multitime multiobjective fractional varia-
tional problem, within a geometrical framework [11], [12] using multiple integrals.

Let (T,h) and (M, g) be two Riemannian manifolds of dimensions m and n, re-
spectively. Denote by t = (t1,...,t™) = (t*) the elements of a measurable set  in T
and by z = (z!,...,2") = (z*) € R" the elements of M. Consider J(T, M) the first
order jet bundle associated to T' and M and the functions

r:Q—>M, X:JYT,M)—R, f=(fi,...,fp): JH(T,M)— RP,
k=(ki,...,kp): JH(T,M) —>RP, X!:JYT,M)—R™, Yz: J(T,M)—RY,

where m,g € N*, i =1,n,a=1,mand 3 =1,q.
The arguments of X, f, g, X7, Y3 are (t,x,2,) = (t,x(t), x,(t)), where

g (@1(t),...,2"(t)) = (z*(t)), te€Q,
(1) a%(t), ~=T,m.

x = x(t)

We suppose that X, f, g, X%, Y5 belong to C?(£2). We define the set of functions

® ={z: Q — M|z is piecewise smooth on Q},

n
where Q is a normed space with ||z]| = ||z]|e + Z ||:c’;|\oo
k=1
Throughout in the paper, for two vectors v = (vy,...,v,) and w = (w1,...,wy)

the relations of the form v = w, v < w, v £ w, v < w are defined as follows:

v=wsv=w, t=1,n v<wsy <w, t=1,n;

viws v, Sw, i=1n v<we v wandv#w.

The aim of present work is to establish necessary efficiency conditions and develop
a duality theory for the following multitime fractional variational vector problem:

| hta®a oo [ fitao.e @)
Maximize Pareto Q 2

(VFP) ki(t, x(t), zy(t))dv / kp(t, x(t), x4 (t))dv
) Q Q
subject to X7, (¢, z(t),z(t)) =0, Ys(t,z(t),z,(t)) =0,
x(t)|8Q = u(t) (given), vt € €,
where dv = dtdts - - - dt,,.
First, there are established necessary optimality conditions for a multitime scalar

variational problem (SVP) and after that necessary efficiency conditions for a multi-
time vector variational problem (VVP), both having the same constraints as (VFP).
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2 Necessary optimality conditions for (SVP)

The first model studied in this paper is the scalar multitime variational problem
Minimize [[z] = / X(t, z(t), x4 (t))dv
subject to X&(t,x?t),a:v(t)) =0, Ya(t,z(t),z,(t)) £0, t € Q,
1) 50, = ult)-
The set of feasible solutions for this problem (the domain of (SVP)) is given by
D= {xec®| X, (t,x(t),z,(t) =0, Ya(t,z(t),z,(t)) £ 0, x(t)| 5, = u(t), Vt € Q}.

Theorem 2.1 (Necessary optimality for (SVP)). If x = x(t) € D is an optimal
solution for problem (SVP), then there exist a real scalar T and the piecewise smooth
functions A(t) = (A$(t)) € R™™ and M(t) = (MP(t)) € R? which satisfy the following

conditions:

(SVP)

T%JrAf‘(t)aXl Mo 2
(SF) D, (v + A0t + 305 ) =0
MP(L)Y, (tl‘t)%(t))—o B=1.4
720, (MP(t) 20, te
where D () = %(), gfl; = gﬁ (t,x(t), z4(1)), gji = 0X (t,x(t), z,(t)) etc..

83:’“

Proof. Consider the following auxiliary multitime variational problem

Minimize I[z /X t,z(t), x4 (t))dv

(AVP) 4 s, /Q AE(OXL (L (L), 2y (t))dv = 0, /Q pP ()Y (t, a(t), ay (t))dv £ 0,
(B(1) 2 0, 2(t)],, = u(t), t€Q,

where \¢ and ;# are piecewise smooth real functions on Q.

Problems (SVP) and (AVP) have the same domain D and the same optimal solu-
tion x(t).

Let ¢ > 0 be a scalar and let p: Q — R™ be a function of C*(Q)-class. Consider
the next neighborhood of the optimal solution z(t):

V.={ze X|z=ux(t)+ep(t) p|8D 0}.
Then x = z(t) is an optimal solution of problem (SVP) if ¢ = 0 is a minimal
solution to the next nonlinear problem:

Minimize F(e / X(t,z(t) +ep(t), z,(t) +ep(t))dv
subject to

1) G [ N OXLEa O +eplt). o (0)+ei(t)do=0,i =T

,azl,m,

Hp(e) = ; 1O (6)Y5(t () + ep(t), 2+ (1) + ep(t))dv < 0, 5 =T.q,
(B2 (1) 2 0, ul,, =u, p|y, =0, t € Q.




Multitime vector fractional variational problems on manifolds 93
The Fritz John conditions for (2.1) at € = 0 are the following: there exists a scalar
7 € R, a matrix B = (B$) € R" and a vector C = (C?) € R?, C' = 0, such that:
TVF(0) + B&VGE (0) + CPVHg(0) = 0

(FJ) < CPHg(0)=0
720, 4 20,

| CL(OX X N\ o [ (0Xh | 0Xh
WlthVF(O)_/Q<8x +8 kp’7>dv’VGa(0)_/Q)‘i(t)(axkp 5 kpﬂ/>d,

Y,
VHs(0) = [ 4w’ (t) [ =2p" + —pF ) do.
and 3(0) /Qu (t) (3xkp + 8:051)7 dv
Consequently, the first condition of (FJ) becomes

0X i, 0X oxXi .  oXi
+ B{ o a oY
T/Q (539 5‘z,’jp7) dv+ B / A (8 P dak py | dv

+Cﬁ/uﬁ(t) (‘;Yﬁ kL 3Yﬁ k) dv =0,
Q

dX OX aY,
/ [ F () e +,u'8(t)ﬂ prdo+

9.9 dxk Oxk dxk |’
(2.2) +/ axﬂa()axg+ ﬁ(t)aY o — 0,
" oat gk T\ gk | A

where we denoted A®(t) = B#A(t) and MP(t) = CPuP(t).
We denote E(t,z,z,) = 7X(t,r,2,) + AX () X2 (t,z,2,) + MP(t)Ys(t, z,x,) and
(2.2) can be written

E
(2.3) /— Fdv +/a —phdv = 0.
For an useful version of the second integral in (2.3) we have
0FE 0E O0E\
- = = D[ ==
K (8:0519 ) a:::gpv Py <6x,’j> P
and integrating, we obtain

/8 Dy dv—lzDV(Mp)dv—/(zD,Y(M)p dwv.

But using the divergence formula, we have

9E .\ 0E 1.
f,v (ap Jar= [, [axsp J o =0,

where @ = (ny,...,n,) is the unit normal vector to 9Q at the current point of 9Q
and pk|aﬂ =0,k=1,n.
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Then we obtain

therefore(2.3) becomes

OF OE\] o,

By the fundamental lemma of variational calculus, from (2.4) it follows the Euler-

OF
k> = 0, that is the first relation of (SFJ).
Oxh

The second condition of (FJ) becomes

OF
Lagrange equation 9k D, <

MP()Y(t, x(t), 2+ (t)) = 0.

Definition 2.1 ([4]). A point «* € D is called normal optimal solution of problem
(SVP) if 7 # 0.

3 Necessary efficiency conditions for (VVP)

eEFFICIENCY FOR MULTITIME VECTOR VARIATIONAL PROBLEMS. In the framework
of problem (SVP), we consider the vector functional

I[z] = / £t (1), 24 (£))d,

which can be written on components as

Ile] = (La],..., L[a]) = </Qf1(t,x(t),x7(t))dv,...,/pr(t,a:(t),:cy(t))dv).

Consider now the multitime variational vector problem

Minimize Pareto I[x] = / f(t, z(t), z4(t))dv

. Q
subject to X7, (t,z(t),z,(t)) =0, Ya(t,z(t),z,(t)) =0,
m|89 = u(t), Vt € Q.

(VVP)

The domain of (VVP) is also D.

Definition 3.1 ([2]). A point z* € D is an efficient solution (Pareto minimum) of
problem (VVP) if there exist no « € D such that I[z] < I[z*].

Theorem 3.1 (Necessary efficiency of (VVP)). Consider the vector multitime
variational problem (VVP) and let x = z(t) € D be an efficient solution of (VVP).
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Then there are a vector T € RP, and the piecewise smooth functions A(t) in R™™ and
w(t) in RY, defined on Q, which satisfy the conditions

LOfr o OXD aYs
T Ok +>\i (t) Ok +,i(;f( )81:’“ o oy
r « B B
(VEJ) Dy (7 gk + O 8 + <t>(m) 0
WO (Y5 (t2(t), 2, (1) = 0, =T, q,
720, (W) 20, teQ.

Proof. If © = x(t) € D is an efficient solution of (VVP), the inequality [z] < I[x],
Vz € D, is false. Then there exists r € {1,...,p} and a neighborhood N, in D of
the point x such that I,.[Z] = I.[z], VZ € N,. Therefore, = is an optimal solution to
following scalar variational problem

Minimize I,.| / fr(t,z(t), z4(t))dv

(SVP), 0 subject to X2 (¢, 2(t), 2., (1)) = 0, Ys(t, x(t), 2. (1)) <0,
xe@ x‘ :u()VtEQ
Then, according to Theorem 2.1, there are scalars v, € R and the piecewise smooth
real functions A7, and w8, such that the next conditions are true:

6 +)\ () Ok ;‘f,ur (t) - aXi .
_ T Ie% « Jé] TJ _
(3.1) Dy ( " k+)‘ NON 5rt +ul(t) 3905) 0,
pl ()T Ya(t, (), () = 0
VTZO M?(t 20, tEQ7
ofr afr o ' ‘
or = o (t,z(t), z(t)), while 4, S, (3 are variables.
p vy S
We denote byS:ZVT and 7" =<{ S’ when I,.[z] 2 I,[z]
r=1 0, when I,.[Z] < I.[x].
Also we denote by
A& (t B8
(3.2) T=(r ), AN = “;( L = ”Ts(t).

Taking into account relations (3.2) in (3.1), we find (VFJ).

Definition 3.2 ([4]). The point 2° € D is a normal efficient solution of (VVP) if
within the conditions (VFJ) there exist 7 > 0 with e'7 = 1.

eEFFICIENCY FOR MULTITIME FRACTIONAL VECTOR VARIATIONAL PROBLEMS.
First of all, we recall some definitions and auxiliary results which will be needed
later in our discussion about efficiency conditions for problem (VFP), defined by the



96 Stefan Mititelu and Mihai Postolache

following multitime fractional variational vector problem

/f1 (t,x(t), x4 (¢))dv /fp(t,x(t),xﬂ,(t))dv

Minimize J[z A
(VFP) /le (t,z(t), x4 (t))dv /Qkp(t,x(t),x,y(t))dv
SU-bjeCt to X ( ( ) m’Y(t)) = Oa Yﬁ(t7x(t)>x’}/(t)) ="
|aQ u(t),vt € Q

From now on, we assume that / kr(t,(t), z(t))dv > 0 for all » = 1,p. The
Q
domain of (VFP) is the same set D.

Definition 3.3 ([2]). A point 2° € D is said to be an efficient solution of (VFP) if
there is no x € D, x # 20, such that J[z] < J[z°].

We present now the necessary efficiency conditions for (VFP). Let z°(t) be an
efficient solution of (FVP). Consider the problem

/frta? , x4 (t))dv

kr(t, x(t), x4 (t))dv

Mmlmlze

Q
subject to x( u(t),
(FP), ) 4 U La?s() (1) = 0, Y(t, 2(t), 24 (1)) < 0,

(

/f] (t,x(t), x4 (¢))dv /fj(tgro(t)w?/(t))dv
g Q
/kj(t,x(t)wy(t))dv /kj(t,xo(t)wg(t))dv

Q Q

7j:1ap7j7ér'

Definition 3.4. The efficient solution 2° € D is a normal efficient solution of (VFP)
if 2° is optimal point to at least one of scalar problems (FP) , r =1,p.

Theorem 3.2 (Necessary efficiency in (FVP)). Let = x(t) € D be a normal
efficient solution of problem (FVP). Then there exist a vector T = (17) € RP and
piecewise smooth functions A = (A\¢(t)) € R and p = (1P(t)) € RY, defined on S,
which satisfy the conditions

8.f7" 08[{: o 8Xé 8 %
[535 _R75 AT guk (t)axk .
_ fr . oak o 0X}, 3 % B
(MFJ) D, (T {8367 Rra k} + A3 (t) ok + 1P (1) pak -0,
WP ($)Ys(t,2(t), 2, (t)) =0, B =1,q,
T>0 e =1, (MB( )20, teQ.
Proof. Tt is similar to that of Theorem 4.1 from [9].
Put £ ( /fT (t,z,2y)dv, K, (r) = / k.(t,z,z,)dv. Then, R? = Fr(x)7
0 K, (@)

r = 1,p, and Theorem 3.2 becomes
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Theorem 3.3 (Necessary efficiency in (VFP)). Let x = x(t) € D be a normal
efficient solution of problem (VFP). Then there exist vector 7 = (77) € RP and
piecewise smooth functions X = (A& (t)) € RP™ and p = (P (t)) € RY, defined on 9,
which satisfy the conditions

s 8 ™ a (Zy a
| K@gh - R0 S| 5 050
r Ofr Ok i OXE oYz
I A A S a365) 05+ w05 =0
WP ()Yp(t,x(t), 24(t) =0, B=T.q,
T>0 et =1, (/ﬁ())ZO € 0.
In relations (MFJ),, we put A8 (t): = K, (2)A&(t), pP(t):= K, (z)uP(t).

Definition 3.5. If conditions (MFJ) or (MFJ), hold with 7 > 0, ’7 = 1, then the
point 20 € D is called normal efficient solution of (VFP).

Let peR and b: & x P — [0, 00) a function. Consider H(x / h(t,z(t), z(t))dv.

Definition 3.6 ([14]). The function H is called (strictly) (p,b)- quaszznvem at 20 if
there exist vector functions n(t) = (n1(t),...,n7.(t)) € R™ of C*-class with n(t 0

and 0(z,2°) € R™ such that for any z (z # z2Y),
H(z) S H() =
b [ {m S 0,20 43(0) + (D) e 120,250 (<)

~
= _pb(‘r7$0)H9(x7x0)H2'

oo =

For a specialized study of invexity, we address the reader to [5].

4 Mond-Weir-Zalmai type duality for (VFP)

Consider a function y € ® and we associate to (VFP) the following multitime
fractional variational vector dual problem

fl(t Y, y'y)d fp(tvyvyw)dv
Maximize Pareto
/ ki(t,y,yy)d / kp(t,y,yy)d
1 3 T af’l” « 8X’L ,8 8Yﬁ
(WFD) subject to T [K (y )8 . F( + A%( 2 4 (t)@—
r Ofr GXZ 898\ _
D’y<7’ [K()ak Fi( ook Jru(t)agcs =0,

A XL (Y, yy) + 12 (0)Ys(E Y, yy) 2 , i=T,p, a—l,im, 8=Tq,
F= ()20, e =1, (1) Z 0, y(b)],n = ult), tE Q.

Denote by 7(x) the value of problem (VEP) at € D and 6(y, A\, n, v) be the value
of dual (MFD) at (y, A,n,v) € A, where A is the domain of (WFD). In what follows,
we develop a duality theory between (VFP) and (WFD), [10], [13] and [17].



98 Stefan Mititelu and Mihai Postolache

Theorem 4.1 (Weak duality). Let x € D and (y, \, 1, v) € A be feasible points of
problems (VFP) and (WFD). Assume satisfied the conditions:

a) for eachr=1,p, the integml/ (K (y) fr (8, 2(t), 24 () = Fr (y) ki (8, (1), 2 (t))]dv
Q
is (pl., b)-quasiinvez at y with respect to n and 0;

b) / L)X (t, @, 2) + 1P (1) Ya(E, 2, 2,)]dv is (p, b)-quasiinver at y with respect
Q
ton and 0;

c) one of the functions of a)-b) is strictly (p,b)-quasiinvex at y with respect to n
and 0;

d) 7"p. +p 2 0.

Then 7(xz) < 6(y, A\, u, v) is false.

Proof. By reductio ad absurdum, suppose 7(x) < §(y, A\, y, v), or componentwise

/ fo(t 2, )dv / Jo(t gy )do
Q S Q
/ kot 2, 2 )do / ko (t, 4,y )do
Q Q

, r=1,p.

This relation can be written

)5, 00.2) = Bt o S0

(4.1)
[: /JKr(y)fr(t’% Yy) — Fr<y>kr<t,y,yw>}dv} .

According to hypothesis a), (4.1) implies

b(z,y) /Q {ns [Kr(y)gj; —my)g’;}

(4.2)
D) | Kol gls (G| o < bt ot )17

Multiplying (4.1) and (4.2) by 7" 2 0, and summing over 7 = 1, p, it results

(4.3) T [F (@)K (y) — K (@) Fr(y)] =0 =
O R L A R O e A

< =717 prb(z,y)10(z, )12
From the domains D and A it follows
[N OXs t,,) + @l o <
Q

(4.4) |
< / D)Xt g, 9y) + 1P ()Y (L, ) do
Q
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and according to c) from (4.4) we find

X! Y,
b(z, /{S[A?t’ @y 5t6]+
(z,y) LU ()ays “()ays
X’ Y,
H(Dyns) [ A (8) =2 + P (1) L2
(w){ ()ayi “()ayg

(4.5) ]}dv < pb(a, y) 1012

Summing now side by side implications (4.3) and (4.4) and taking into account
¢), we obtain

T”[Fr(fv)Kr(y)*KT(I)FT(Z/)}+/Q[/\?(t)Xf;(tax,%)Jruﬁ(f)Yﬁ(ta%%)}dU*

~ [ AR OXE )+ 10500l £ 0

o, Ok, 0Xi oY
= b(z, /{{{KT - —F, ,}JFA;H’ oy [’t,}+
(z,y) RN (y) ay (y) ay (t) oy T H (t) ay°

. of, Ok, ox: oY,
v {r [ K5 - nwE | Gt + 052 b
Y Y

Y 5
< =b(@, )0z, Y)II*{7"pr + p}-
From the second implication of (4.6), we get b(x,y) > 0, which can be written

(4.6)

oV ov
4.7 /[S+D S}dt<—9w, 2 + pl,
(4.7) oy ( ””)ays 10z, y)I*{T"pr + p}

Y
where V = 77 [K,.(y) f+(t, y,v) — F.(y)kr(t, y,0)] + A () X0 (¢, y,0) + 1P (4)Y5(t, y,v).
ov ov oV
Since (Dns)—— = D., [ nsor ) —nsD., [ —— ), it foll
e 01—, (18, (25

¥
= [, (g ) o= [0 (55)
D.ns)=—dv= [ D s—— | dv — sD~ | =— | dv.
/Q( a1 o P "o o \ oy

Using the divergence formula, we have

oV / < 3V) .
D, (n. dv = ) dit)do = o,
/Q K (77 3ZJ§> a0 ! s (t)

where 7j(t) is unit vector to surface 9 at the current point, and 7, (t)‘ a0 = 0.
Then relation (4.7) becomes

(43) / " 5 -0y (e )] 0 < Moo+ 01

Y

Taking into account the first constraint of problem (WFD), we have

ov ov
——-D,(=—]=0
ays ’Y(ay:gy) ’

and relation (4.8) becomes 0 < —||0(x,y)||*{7"p, + p}-
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According to the hypothesis d) of the theorem, this inequality becomes 0 < 0,
which is false. Then, from (4.6)

T (2) K (y) —Kr(fC)Fr(y)H/Q[/\?(t)Xi(t’96,%) + 1P (O)Y5(t 2, 24)|dv—

(4.9) .
— [ P OXL 0 + 7 (O b5l > 0,
Taking into account relation (4.4), from (4.9) it results 7" [F}. () K. (y)— K, () F;. (y)]> 0,
which contradict relation (4.3). Therefore 7(z) < é(y, A, p, v) is false.

Theorem 4.2 (Direct duality). Let 2° be a normal efficient solution of the pri-
mal (VFP) and suppose satisfied the hypotheses of Theorem 4.1. Then there are
vector 70 € RP and the piecewise smooth functions \' = (A)Y: Q — R"™ and
p’ = (u°): Q — R? such that (2%, X% u0, 1Y) is an efficient solution of the dual
(MWFD) and 7 (z%) = §(x%, X%, u°, ).

Proof. Because z° is a normal efficient solution to (VFP), according to The-

orem 3.3 there are vector 70 = (77)° € RP and the piecewise smooth functions
A= (A0 Q — R" and pu° = (u#)°: Q — RY which satisfy relations (MFJ)q. It
follows that (22,79, X% u%) € A and 7 (2°) = §(z, 7%, A9, ).

Theorem 4.3 (Converse duality). Let (20,79 X%, u®) € A be an efficient solution
of dual and (MWEFD) and assume satisfied the next conditions
i) Z is a normal efficient solution of primal (VFP);
ii) the hypotheses of Theorem 4.1 are satisfied with (y, 7, A\, p) = (2°,7°, A, u0).
Then 7 = 2° and w(z°) = 6(z°, 7%, A%, u0).

Proof. On the contrary, suppose that z # x° and we will obtain a contradiction.
According to Theorem 3.3, because 7 is normal efficient solution of (VFP), then there
are vector 7 € RP and vector functions A = (A¢): Q@ — R™ and i = (7°): Q — R?
that satisfy conditions (MFJ)o. It results A¢(¢) X0 (¢, 7, 2,) + a°(t)Ys(t, 2, 2,) = 0,
therefore (Z,7,\, i) € A. Moreover, 7(Z) = §(z,7, A\, i). According to Theorem 4.1
relation 7(Z)< (2%, 70, A%, u0) is false. Then the relation 6(z, 7, \, 1)< 6 (2, 7%, A?, u0)
is false. Therefore, the maximal efficiency of (2,79 A% 1%) is contradicted. Then, it
results that the assumption Z # z°, above made, is false. It follows Z = z° and also
7 =70 A=\ i = pO. Finally, we have (z) = 6(z°, A%, u®,20).

For other advances on this field, we address the reader to [1], [3], [7], [8], [16].
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