Totally singular Lagrangians and affine Hamiltonians
of higher order

Marcela Popescu and Paul Popescu

Abstract. A higher order Lagrangian or an affine Hamiltonian is totally
singular if its vertical Hessian vanishes. A natural duality relation between
totally singular Lagrangians and affine Hamiltonians is studied in the pa-
per. We prove that the energy of a totally singular affine Hamiltonian
has as a dual a suitable first order totally singular Lagrangian. Relations
between the solutions of Euler and Hamilton equations of dual objects are
studied by mean of semi-sprays. In order to generate examples for k > 1,
some natural lift procedures are constructed.
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1 Introduction

Some results and constructions from [14] are extended in this paper from the case
k = 2 to the general case, k& > 2. Some physical and mathematical aspects that
motivate the study of totally singular Lagrangians in the second order case can be
found also in [1, 8, 7] and the references therein.

For hyperregular Lagrangians of higher order, the Legendre duality between La-
grangians and Hamiltonians was studied in various papers (see [16] for recent results
and references). But the class of hyperregular Lagrangians and Hamiltonians is too
restrictive. We study Lagrangians and Hamiltonians of higher order that have null
vertical Hessians, called in the paper as totally singular; they are the ,,most singular”
Lagrangians and Hamiltonians. We consider in the paper that a totally singular La-
grangian of order k is allowed if it is in duality with a totally singular Hamiltonian of
order k. An allowed totally singular Lagrangian has a dual allowed totally singular
Hamiltonian; for the converse situation, Theorem 2.1 asserts that, assuming some
conditions, an allowed totally singular Hamiltonian of order k has a dual allowed to-
tally singular Lagrangian of order k and both can be related to ordinary dual (allowed
totally singular) Lagrangians and Hamiltonians of first order on T*~1 M.
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In order to have consistent examples of totally singular Lagrangians and Hamil-
tonians of higher order, lifting procedures are given in the last section. In this way,
certain examples considered in [14, 9, 4] can be lifted to totally singular Lagrangians
and Hamiltonians of higher order. Following [17], in an analogous manner one can
study the time-dependent case. Further investigations on general jet spaces, complex
spaces or using linear frames can be made following approaches in [6], [13] and [3]
respectively.

2 Higher order Hamiltonians and Lagrangians

Let M be a differentiable manifold. We use a coordinate construction of TFM, k > 2,
as in [11], [12] or [16]. The fibered manifold (T*M, ), T*~1M) is an affine bundle,
for k > 2. A section S : T¥M — T*+1M of the affine bundle (T**1M, 7411, T* M)
is called a semi-spray of order k on M; S can be seen as well as a vector field on the
manifold T*M. A Lagrangian of order k on M is a differentiable function L : T*M —
Ror L:W — IR, W/f_l\(i{e W C T*M is an open fibered submanifold. For example, in
[11] and [12] W = T*M = T*M\{0} (where {0} is the image of the ,null” section,
i.e. the section of null velocities) and L : T*M — IR is continuous.

The totally singular Hamiltonians of order k£ > 2, studied in our paper, are affine
Hamiltonians as in [16]. Let us consider the affine bundle T*M ™5 T*='M and
u € TF=1M. The fiber TEM = 7 '(u) C T*M is a real affine space, modelled on
the real vector space Ty ()M . The vectorial dual of the affine space TFM is TFTM =

Aff(TEM, R), where Aff denotes affine morphisms. Denoting by T*f M = U »
ueTk—

TFM and 7 : TFTM — T*~1M the canonical projection, then (T*TM, «f TF=1M)
is a vector bundle. There is a canonical vector bundle morphism II : T*T M — T** M,
over the base T*~'M. This projection is also a canomical projection of an affine
bundle with type fiber IR. An affine Hamiltonian of order k on M is a section h :
T**M — T*T M of this affine bundle (or of an open fibered submanifold W C T** M),
i.e. IToh = 1pk«ps (or ITo h = 1y respectively). Thus an affine Hamiltonian is not a
real function, but a section in an affine bundle with a one dimensional fiber.

Considering some local coordinates (z*) on M, (z¢, y™Mi, ..., y*=1%) on TF=1M,
and (:ri7y(1)i, . ,y(k’l)i,pi,T) on T*' M, then the coordinates p; and T change ac-
cording to the rules

afi k—1) ’ (r“)l'
= s T/ T F( (k—1) i
p axl/p ) + k’ U ( )8 1/p )
where 5 9
(k=1) _ i 9 4 ki 9
Iy Y e +o 4+ (k=1)y =

The the affine Hamiltonian h : T**M — T*t M has the local form
(2.1) h(z?,y My p) = (z ..., y =i Hy(z',. .., y =D pY)
and the local function Hy changes according to the rule

H(/)(xi'7 y(l)z"7 o ,y(kq)i”pi/) _ Ho(xi, y(l)i o 7y(lc71)i’pi) +

1 k—1 i 61‘
P b

k ale pl
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There is a co-Legendre map H : T**M — T*M, locally given by

Hia',y Dy ) = 5 (@t y M,y py)).
Di
2 pr/ il 7 -
Since 6]? I;}‘j = %Z . %“;Jj aangg_, it follows that A% = afg;?» defines a symmetric
i/ P51 i UPj i OPj

bilinear d-form on T*~1M, called the vertical Hessian of h.
For an affine Hamiltonian h of order k (k > 2) and the local domain of coordinates
U, one can consider the local functions on T*T*~1M:

(2.2)  Eu =peuy™M + -+ (k= Dp-1)iy™ + kHo(2',y™M7, L yE D pay).

It can be easily proved (as in [16]) that the local functions &y glue together to a global

function & : T*T*—1M — IR, called the energy of h.

We say that an affine Hamiltonian is totally singular if its vertical Hessian is
null. Notice that the difference of two affine Hamiltonians of order k is a vectorial
Hamiltonian of order k (i.e. a real function on T**M, see [16]) and every affine
Hamiltonian of order k is a sum of an affine totally singular Hamiltonian of order k
and a vectorial Hamiltonian of order k. If a totally singular affine Hamiltonian h of
order k on M has a local form (2.1), then the local function Hy has the form

Ho($j, y(l)jv v 7y(k71)japi) = pzSZ(x]a y(l)jv s 7y(k71)j) +
(2'3) f(:Z:J’ y(l)j7 A ’y(kil)])7

where (S?) defines an affine section S : T*~1M — T*M given locally by

(af,y Wi,y B8y S i Wi =Di gy and f e F(TR M),

)

It defines a semi-spray I'g € X (T*~1 M), called the associated semi-spray of h:

.0 .0 .0
— Wi 2 _ 1)y i
(2.4) o=y py +--+(k=1)y By + kS FCEDE

Let us consider some examples.

1°. Let I'g, given by formula (2.4), be the local form of a semi-spray. Then the for-
mula Ho(z?,yM?, ...y~ p;) = S?p; defines a totally singular affine Hamiltonian
of order k.

2°. Let Lo : T*"'M — IR be a regular Lagrangian of order k — 1 and let Iy be
the semi-spray defined by Lo (see [11]). Then, using the above example, a totally
singular affine Hamiltonian of order % is obtained.

Let L : TM — IR and H : T*M — IR be a totally singular Lagrangian and
Hamiltonian respectively, of first order, having local forms

L(z',y") = ai(a? )y’ + B(a?), H(a',p;) = pie’ (27) +v(2),

where & = ada’ € X*(M), p = ¢'52% € X(M) and B, € F(M) (see [14]). Accord-
ing also to [14], L and H are in duality if i,do = df and L(x, ¢) + H(z, o) — a(p) =

const.
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The energy of a totally singular affine Hamiltonian h given by (2.3) is
&= p(o)ly(l)z +...F (k - 1)p(k72)iy(k_1)i + kp(k,l)isi + kf

We can view £ as a totally singular Hamiltonian £ : T*T*~'M — IR. Let us look in
that follows for a totally singular Lagrangian on T*~'M, that is in duality with &.

Proposition 2.1. Locally, there is a (first order) totally singular Lagrangian L :
U CTTF M — IR, which is dual to the (first order) totally singular Hamiltonian
E:TTFM — IR.

Proof. The vector field on T*~'M, that corresponds to £ is ¢ = Iy, the semi-
spray defined by h, given by formula (2.4). We denote @)% = y(1i - ,(k=2)i —
(k — 1)yk=1i k=1t = Egi(gd Wi y+=1J) and v = f. Let us take a := @,
with

(2.5) a= Oz(o)idxi + a(1)idy(1)i N a(k—l)idy(k_l)i

and denote
Ho(a',y™M7, .., 7y(k_l)],p(k71)j) = S"P-1yi + f-

The equality i,da = df gives the following system of partial differential equations:
(2.6)

k%(x7, y(l)J7 R ) y(k_l)jv a(k*l)j) + Fo(a(O)J) = 07
oy t k% + Fo(a(l)j) =0, ... , Q(k—2); + k‘% + FO(a(k—l)j) =0.
Eliminating successively a(x_2);,..., @(g); in the last k& — 1 equations, the first

equation becomes:

_ 0H, ) . iy
1—\15 l(a(kfl)i) — (_1)kk ari) (m’,y(l)z,...,y(k l)z’a(kil)» +
OH 0H
_1)k-1 0 . Tkl 0
(2.7) (=) kT, (ay<1>i> b kT (ay(“ﬁ) .

Let us denote by F; € F(T** M) the right side of this equation. Let {zo‘}azm

be a system of local coordinates on the manifold 7%*M such that Ty = 6%1. Then
" a1y
o)
this differential equation has local solutions, the conclusion follows. O

the local form of the differential equation (2.7) is = Fi(2%, a(x—1);). Since

Let us consider the canonical projections THT M 25 TR N = TF=1Af x  T*M 2%
TF'M. For a d-form a = (ay(z?,y™M7, ... y*=17)) on T*~*M, we denote by o :
TFIM — TFM = TF"'M x5, T*M the map defined by o/(z) = (z,a.). We say
that a map he : TF"'M — T*'M is an a-Hamiltonian if TL o h, = . Using local
coordinates, the local form of A, is

(”Tj’y(l_)j’ B ..,y(kfl)j) i,_ (29,7 oy DI oy (gd y Wi D)
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and the local functions hy change on the intersection of two coordinate charts accord-
ing to the rule

khly (27, y 3"y F DIy = khg (27, y W7y R D) 4 Dy (B0

For example, if y : T*M — TFM is an affine Hamiltonian and
a:TF1M — T*M is a d-form on T*~'M, then h, = x o @’ is an a-Hamiltonian.

Proposition 2.2. Let a = (a;) be a d-form on TF"*M, hq be the local function of
an a-Hamiltonian h, and

(2.8) L(xj7y(l>j, o 7y(k)j) _ ky(k)iai(xj,yu)j, o 7y(k*1)j) _ kho(:vj7y(l>j, o 7y(k*1)j).
Then L € F(T*M).

Proof. Indeed, we have: L(zi",y(Mi" . y*=11") = fy(®)i' o) —kh)) = k%”f;/ yFia +
I‘U(y(k’l)ll)ai/ — kho — I‘U(y(kfl)ll)ai/ = ky®iq; — kho = L(z7,yM7, ... ,y®3). O

For a curve v : I — M, t — (4¥(t)), its k-tangent lift is a curve
) . T — T*M that has the local form

; d’yi 1 dk,yi
t— (’7 (t)7 dt (t)v-”vﬂ dtk (t))

Let L : TFM — IR be a Lagrangian of order k. The critical curves
v :[0,1] — M, t 5 (2%(t)), of its integral action

1 i k .1
; da’ 1 d¥z
W:/O L<m’dt""’k!dtk>dt’

are solutions of the Lagrange equation

OL 1d 0L R 1 d¥ 0L

2. - . T T T T AR _1 T e 4.1 T~ /3N —
(2:9) ar ~nia@agoi T U G g gy

The integral action of the affine Hamiltonian h along a curve
v :[0,1] = T*M, t & (2%(t), ps(t)), is defined in [16] by the formula:

1 ki i k1.
1 d'z . dx 1 d" x
2.10) I(y) = S oy o (VP L A i | Y
( ) (’Y) /0 |:pZ (k/’— 1)| dtk 0 (I, dta 7(/€—1)' dtk_l 7p7,>:|

The critical condition (or Fermat condition in the case of an extremum) for ~, gives
the Hamilton equation for A in the condensed form:

(-1)*dkp;  OHy d OH, (-0 d -t oH,
1 dkxz 8H0 -0
Kl dtk op;
Let h and L be totally singular of order k, having the local forms (2.3) and (2.8)
respectively. Then a d-form a = (o (27, y™M7, ..., y*=17)) on T*~1 M corresponds to

L and a semi-spray I'g of order k — 1, given by (2.4), corresponds to h. We say that
L is in duality with h if the formula (2.7) holds, with a(;_1); = a; and hy = hod’
(i.e. the a-Hamiltonian h, corresponds to h and «).
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Lemma 2.1. If L is in duality with h, then for a =1,k — 1 one have
0H,

, . ) oL . , o
i (mz7y(1)z7._.7y(k—1)z,ai) _ o (.,L,z7y(1)z7_“’y(k—l)z’sz)7
0H . . X oL X ) o
ay(a(;i (a,:z7 y(l)l7 o 7y(k—1)z, ai) _ _ay(a)i (.’1?17 y(l)z’ o ’y(k—l)z’ Sz)

Proof. Tt suffices to prove only the first relation, since the proof of each of the
other relations follows the same idea. Using relations hg = hoa' and (2.8), we obtain
L(x?,yM7 . y®)7) = ka,(y*)7 — §%) — f. Thus the first relation holds. O

We say also that a totally singular Lagrangian of order k is allowed if there is a
semi-spray I, of order £ — 1, and a d-form a = («;) such that the following formula
holds:

Sty 00 4 (12 () +

8y(1)i
oL
k—1
ot (25

It is easy to see that a totally singular Lagrangian of order k is allowed if it is in
duality with a totally singular Hamiltonian of order k. Thus a local dual of a totally
singular Hamiltonian of order k is allowed. The following result can be proved by a
straightforward verification, using local coordinates.

Proposition 2.3. Let o = (a;(2?,y™M7, ... y*=D5)) be a d-form on T*='M and h :
TF='M — T* M be an a-Hamiltonian such that there is a 1-form & € X*(T*~'M)
where o is the top component of &, i.e. & = ooy da’+a1y;dy M+ - +ag_1)dyF D7,
with o—1); = ;. Then the formula

Liad,yMi k=03 y @i y i | yk=Di) = (y©i _ i)y

2.12 i i i
(2.12) g (YR y(k—m)a(kiz)i + Y(k—l)za(kil)i —h

defines a totally singular Lagrangian on TF=1M.

The restriction of L to T*M has the form Lo(z7,...,y*)7) = y*)iq; — h. Thus if
a totally singular Lagrangian Lo on T*M has the property that o = («;) is the top
component of a 1-form o’ on T*~1M, then Ly is the restriction to T#M of a totally
singular Lagrangian L on T*~*M (since TFM C TT*~1M).

Let h be a totally singular Hamiltonian of order £ on M, having the correspond-
ing local function Ho(x?, yM7, ... y®*=Di p)) = p;SH(ad, yMI, . y*=D3) 4 f(a,
y i o (BT, We  can  consider  the local  1-form
a = a(o)idxi + a(l)idy(l)i—l— +a(k_1)idy(k*1)i that is a solution of the system
(2.6). Considering the d-form « on T*~1M, defined by its top component, we can
construct a totally singular Lagrangian of order k on M.

Theorem 2.1. Let h be a totally singular affine Hamiltonian of order k. If the
system (2.7) has a d-form o = (o x_1);) on T*"*M as a global solution, then there is
an allowed totally singular Lagrangian, L : TT*=*M — IR (on T*~'M ), such that:

1. The energy € of h is a dual Hamiltonian of L.
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2. The restriction of L to T*M C TT* 'M is an allowed totally singular La-
grangian Ly : T*M — IR (of order k on M ).

3. The pairs (h, L1) and (€, L) are each dual pairs.

Proof. Using a(j,—1); in (2.6), one obtain a 1-form & € X*(T*~'M) given by (2.5).
Using Proposition 2.3, one obtains L. The definitions of £ in 2.2 and L from 2.12,
prove the first statement. One has Ly (27, y(M7 ... ¢(E=1Di 4 (R)i) = y(k)ioz(k,l)i —hg,
where « is the d-form on T*~'M defined by ((;_1);) and the a-Hamiltonian is
he = hoda’, Using Proposition 2.2 one obtain the second statement. The construction
of & shows that L; is in duality with h; the last statement follows using 1. O

We notice that Theorem 2.1 can be adapted in the case when the d-form
a = (aq—1);) is a solution of the system (2.7) on an open fibered submanifold of
TF*M — T+ M.

Proposition 2.4. Let t 5 (v (t),’y%l)i(t)7 e ,'ﬁkil)i(t)) be an integral curve of the
semi-spray I'g. Then:

1. the curve 1 is the (k — 1)-tangent lift of a curve t % (yi(t)), i.e. 41 =~

2. the curve t 3 (', w;) in T*M, where

k—1
i) = ou(a' (0, G0, Gy gt )

s a solution of the Hamilton equation of h;
3. the curve 7y is a solution of the FEuler equation of L.

Proof. The first assertion follows using that 'y is a semi-spray. Along the curve
~#=1) one have % = I'g. The conclusion of the second statement follows using relation
(2.7). In order to prove the third statement one use Lemma 2.1 and 2. O

According to [14], not all the solutions of the Lagrange equation of a totally singular
Lagrangian of order 2 come from the integral curves of a semi-spray of order 1. More
precisely, let L : T?M — IR,

Lzt yMe D) = 2y @i (27, y D7) — 28(at, (V)

be a totally singular Lagrangian of second order. In [14] it is proved that the solutions
of its Lagrange equations are the integral curves of a second order semi-spray on M,
provided that the skew symmetric d-tensor & given by a;; = ' is non-
degenerate.

Oa;  day
gy By

3 Lifting procedures

In order to have consistent examples of totally singular Lagrangians and affine Hamil-
tonians of order k£ > 2, we give in this section some algorithms that allow to lift an
totally singular Lagrangian of order k > 1, that is s-non-degenerated, to an allowed
non-singular Lagrangian of order k£ 4 1, also s-non-degenerated.
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We recall that if & € X*(T* M) has the local expression & = a(o)idxi’ +
aydyMi+ o a1y idy® D, then the d-form o defined by (as_1y;) is called
its top component. We say that the d-form o on T*~'M is non-degenerated if the

matrix
O
Qij = dy(h—1)i T

is non-degenerate in every point of T* =M of coordinates (z7,y™M7, ... y*+=17). We
denote (a) = (a;;)~*. Notice that the condition does not depend on coordinates.

We say that the d-form o on T*~1 M is s-non-degenerated (the initial s comes from
skew-symmetric) if the matrix

Ou; Oa;
(3.1) (ozi: - — ! )
17 gytk=Di  gyk—D)i =T
is non-degenerate in every point of T*~'M of coordinates (27, yi ,y(’“’l)j). We

denote (&) = (@;;)~*. Notice also that this condition does not depend on coordi-
nates.

Let L be a totally singular Lagrangian of order k¥ > 2 having the form (2.8), such
that « is non-degenerated. Let us consider the local functions

i (e, Ohy
(3:2) t =¥ (FU (o)) + ayu) -
The following result can be proved by a straightforward verification using local
coordinates.

Proposition 3.1. There is a global affine section t : TF=1M — T*M,

)
Dy R

t=Ty" ¢

We can consider the affine Hamiltonian h of order k given by

kHO(xja y(l)ja s ay(kil)jvpj) = piti - L(xia s 7y(k71)i7 ti) =
pz‘tl — ktzai + kho = tzpi + k(ho - tZO[Z‘).

A d-form on T*~'M can be viewed as a section w : TFM — miT*M of the
vector bundle 7;T*M — TEM, where 7, : T*M — M is the canonical projec-
tion of a fibered manifold. A section @ : T*M — T I*TM of the vector bundle
FT*TM — TFM is called a second d-form on T*~*M, where 7, : T"M — TM is
the canonical projection of a fibered manifold. Notice that 7} T*M = TKM x py T* M
and ;T TM = TEM xpar T*TM, as fibered products. There is a canonical epi-
morphism (i.e. a surjection on fibers) of vector bundles fi : T*TM — T*M (of
cotangent vector bundles T*TM — TM and T*M — M, over the canonical base
map TM). (It can be also obtained as a composition T*TM — TT*M — T*M,
where T*TM — TT*M is the canonical flip and TT*M — T*M is the canonical

projection.) Using local coordinates, fi is given by (2,47, p;, q;) ELS (2%, p;). Then
there is an induced vector bundle epimorphism f; : #;7*TM — w;T*M. A second
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d-form @ : T¥M — 7;T*TM induces a d-form w = & o f1; we say that w is the d-form
associated with @. We say that a second d-form is non-degenerated if its associated
d-form is non-degenerated.

As an example, a form w : T*M — T*T*M on T*M defines canonically a second
d-form @ : T"M — T I*TM by the formula @ = f5 ow, where f5 : T*TFM —
7 I T M is induced by the map f : T*T*M — T*TM. Using local coordinates, we
have:

(J?i, y(l)i, . y(k)z y(l)z y(k)z

f2
s P(0Yis - - -5 P(kyi) — (2 P(k—1)i» P(k)i)
(xi, y(l)i, ey y(k)i) ﬁ) (.fi, y(l)z7 ey y(k) 5 (O)ia ce ,w(k)l),
(zf, My R A (zf, M y(k)i,w(k,l)hw(kﬁ).
If @ is a non-degenerate second d-form that has the local expression
(zf,yM7, .y R A (zf, gy B Bt L,y a2t .., yY)),
we can construct a semi-spray S : T*M — T*+1 M using the formula

(3.3) (k+1)Si = (F(’“) (o) — @) .

The fact that S is a semi-spray can be proved by a straightforward calculation, using
that the change rule of local functions {a;, 5;} is

i)
By®7

al.i/ ay(l) -/ awi/ o . . o
6zal’6l* O‘i""%ﬁi’,r() =T® k) (k)

We have seen that a second d-form on T*~1M defines a d-form on T*~1M. It can
be easily proved that any d-form on T%~'M is the top d-form of a form on T*~'M,
thus it is associated with the corresponding second d-form; these associations are not
unique. But there are situations when if a d-form is given, one can construct in a
canonical way a second d-form associated with. For example, if the d-form s is exact,
i.e. there is a global function L € F(T*M) such that, using coordinates, w; = %,
then w is the top form of the differential dL and w is associated with the second
d-form @ given locally by (%7 %). Below we consider a less trivial situation.

Let w be a bilinear d-form on 7'M and t : TF"'M — T*M be an affine
section (or a semi-spray of order k — 1). We consider the d-vector field of order ,

z:TFM — 7T M, given by

;=

2a Oy = gy Oy,
Then @ = i,w is a d-form on T*M, having the local form (z?,y(M? ... y®9) =
(zf, yM Ly R zjwji).

Proposition 3.2. Ifk > 1, let us suppose that w is a skew-symmetric bilinear d-form
on TF=IM and t : T*"'M — T*FM is an affine section. Then there is a canonical
non-degenerate second d-form & on T*~'M, associated with w and t.

8LDJ‘
- Ay(F—1)i

2) = y(F)J — 7 We have to prove that (@;, 6; ;) defines a second d-form @, as claimed
in the Proposition. The condition that (w;, ;) comes from a second d-form is that

Proof. We use local coordinates. We denote w; = z/wj;,0; = 27, where

QJ

w; = Wi
(3.4) T W _ ;
b= B+ B g,
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if the coordinates change. The first relation is obviously fulfilled. Since ﬁ =
9z 0 ay DY 0w; j _
927 Byt D7 T a7 3y(,€)l,, then, for k > 1, we have §; = —premi? =
,%L@Zj, oy 0y gyt g ppt 0y g oy DT g

87"1 Ay(k—1)i’ 8TJ Ozt gy(k)i’ dxd Ozt gy(k—1)i’ Ox’ v

ey

- 01/ + 8 wl/ thus the second relation also holds. O

Bm ’

Notice that if w is a symmetric bilinear d-form on T*~'A/, then denoting by
w0 = Hwj;, 0; = %z we obtain in a similar way a canonical non-degenerate
second d-form w, associated with w and an affine section ¢.

Let L be a totally singular Lagrangian of order k£ > 2 having the form (2.8).
Considering the section ¢t : T*="'M — T¥M defined by the formula (3.2) and the
skew symmetric and non-degenerate bilinear form & on T*M defined by formula
(3.1), we can construct a non-degenerate second d-form of order k and a section

S TFM — TF+1M, as above. Taking a; = ayj - (y*)7 — 3 (x7,y(M7 . yk=1I)),
then we define a new Lagrangian L of order k + 1, using the formula
(3.5) E(xj’y(l)j7 o (k+1)y) (k+ )(y(k+1)i _ Si)di(l,j7y(1)j’ o 7y(k)j).

oo O

Then & = (&;) is an s-non-degenerate d-form on T*M, since BT — Byt = 20t
is a non-degenerated bilinear form. Notice that the a-Hamiltonian of L is defined by
the local functions hg = S*@;. We call L as the lift of L; it is easy to see that L is
also s-non-degenerated (i.e. & is s-non-degenerated).

In the case k = 1, let L: TM — IR, L(z*,yV?) = o (27)yM* + B(27) be a totally
singular Lagrangian, where o € X*(M), ﬁ € F(M). Then the formula

La',y M,y @) = 2y = 5%,y D9))w, + B(a),
where @; = y(! )jam a;; = (do)i; = g‘;‘; — ?g{, defines a Lagrangian of second order
on M that has a null Hessian. If L is non-degenerated, then L is s-non-degenerated,

Ow 0w
since ay<1)1 ay<1>l = 20
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