Multitime optimal control
with area integral costs on boundary

Constantin Udriste, Andreea Bejenaru

Abstract. This paper joins some concepts that appear in Mechanics,
Field Theory, Differential Geometry and Control Theory in order to solve
multitime optimal control problems with area integral costs on boundary.
Section 1 recalls the multitime maximum principle in the sense of the first
author. The main results in Section 2 include the needle-shaped control
variations, the adjoint PDEs, the behavior of infinitesimal deformations
and other ingredients needed for the multitime maximum principle in case
of no running cost and in case of running cost. Section 3 solves the previ-
ous multitime control problems based on techniques of variational calculus.
Section 4 shows that concavity is a sufficient condition in multitime opti-
mal control theory. Section 5 contains an example illustrating the utility
of such a multitime optimal control theory.

M.S.C. 2010: 49J20, 49J40, 7T0HO06, 37J35.
Key words: multitime maximum principle, multitime needle variations, boundary
optimal problems.

1 Multitime maximum principle

Let N = R™ with global coordinates (t!,...,t™), M = R™ with global coordinates
(z',...,2™) and RF having global coordinates (u!,...,u*). We consider the hyper-
parallelepiped T' = g, C R™ defined by the opposite diagonal points 0 = (0, ...,0)
and tg = (t},...,t7") and a subset U C R¥. For the multi-times s = (s',...,s™)
and t = (t',...,t™) we denote s < (<)t if and only if s* < (<)t*, a = 1,...m
(product order). We also consider the L - type set [s] = {t € RT'|t < sand Ja =
1,m such that t* = s*}. We shall use the following L - type intervals:

([s], [t]] = Q20,6 \ Qo,; [[s], [t]] = ([s], [t U s]; ([s], [t]) = ([s], [} \ [¢]-

Let Xy = (X)) : T x M x U — R" be C! vector fields. For a given control
function u : T — R* suppose the evolution PDEs system (controlled m-flow)

oz’
ot
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(PDE)

() = X5 (8, x(t), ult)), ©(0) = @, t € oy, C RY.
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has solution. As it is wellknown, this PDEs system has solutions if and only if the
complete integrability conditions

OXT X' . 9Xiour OXi OX, . OX\gue
@ LS'¢ o =_F D¢ s
98 " oz P ue 91F ~ ot T 0w e ' Gus oo

(CcIC)
are satisfied. The relations CIC define the set of admissible controls
U={u(-) : Rl = U| u(-) is constrained by (CIC)}.

The multitime evolution system (PDE) is used as a constraint when we want to
optimize a multitime cost functional

(/) Ju()] = X(tvx(t),U(t))dtJr/ g(t, z(t))do,

QOtO aQOtO

where the running cost X : N x M x U — R is a C? function (nonautonomous
Lagrangian), and g : 9N x M — R is a C boundary cost.
Multitime optimal control problem. Find

IB(&)X Ju()] = - X (t,x(t), u(t))dt + /{mm0 g(t,z(t))do

%(t) = Xi(tz(t),ut), i=1,.n, a=1,..,m,

subject to
u(t) €U, t € Qor,, (0) = xo.

The multitime maximum principle (necessary condition) asserts that the existence of
an optimal control u*(-) implies the existence of costate vector functions (pf, p*)(-) =
(P§(-), pr*(+)), which together with the optimal m-sheet z*(-) satisfy a suitable PDEs
system. Similar to single-time theory, this multitime maximum principle involves an
appropriate control Hamiltonian

H(t7x7p07pa U) = poX(t, {E,u) +p?X;¢(ta x,u).

Theorem 1.1. (multitime maximum principle) Suppose u*(:) is optimal for
(PDE), (J) and that z*(-) is the corresponding optimal m-sheet. Then there exists a
map (p§,p*) = (p*0,0*;) : Qot, — R™ L such that

K2

(PDE) S () = G (63" (0,550, (0. (0),
(ADJ) B 0) =~ O, (1), (), (1) 0" (1)
and

(M) Ot (1), 1), 2" (1), " (1)) = 0, W1 € Q.

ou?
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Finally, the boundary conditions
. 9g
(to) nap; " |00, = @laﬂmo
are satisfied, where, for each multi-time s, n denotes the covector corresponding to
the unit normal vector on 08dys, that is n = (n,,), where

1, if 1% =s%
na(t)=4¢ —1, if t*=0;
0, otherwise.

We call z*(+) the state of the optimally controlled system and (p§, p*(-)) the costate
map. Even more, we can consider pg = 1.

Remark 1.2. 1) Explicitly, (PDE) means the identities

dx*’ ; . . .
a?(t):Xé(t,x t),u"(t), B=1,....m; i=1,...,n,

and (AD.J) means the identities

a;;ia (t) = - (p*o(t)gii —|—p;foé(t) a(’;igy) (tyx*(t),u*(t)).

2) The identities (PDE ) reveal the controlled evolution PDEs, the identities (ADJ)
suggest the adjoint PDEs, the relation (M) represents the multitime mazimum prin-
ciple and the relation (tg) means the transversability (boundary) condition.

3) The multitime mazimum principle states necessary conditions that must hold
on an optimal m-sheet of evolution.

2 Needle-shaped control variations and
adjoint PDEs

The general proofs of multitime maximum principle rely on a special type of variations,
called needle-shaped control variations.

Suppose u*(-) is a candidate optimal control and that z*(-) is the corresponding
m-sheet. Fixing a multitime s € ([0], [to]) and u(-) € U, an m-needle variation is a
family of controls u. obtained replacing v* with uw on ([s — €], [s]]. In other words,
given the multitime s € ([0], [to]) and an admissible control u(t), we set e € [[0], [s]]
and define the modified control

ue(t):{ u(t) ifte ([s—¢€,][s]]

u*(t) otherwise.

We also denote x.(-) the corresponding response of our system, i.e.

gf(j (t) = XL (t,ze(t),ue(t), ze(0) = xo, t € Qoy, C R
dz(t)

(0%

Let then ¢’ (t) =

x*(t) induced by the previous control variation.

|e=o be the infinitesimal gradient deformation of the m-sheet



Multitime optimal control with area integral costs on boundary 141

Lemma 2.1. Let ¢ : Qg s x(—06,0)™ — R, ¢ = ¢(t, €) be a differentiable parametrized
function. Then

9 / (L, €t/ o—o = / o(t, 0)na (1) do.
e Jifs—el,ls1) (5]

Proof. Successively, we can write

o[ ettadtes = o | [ ete [
e Jijs—e),[s1) de* | Jay, Qs

-2 / go(t,e)dt—/ / o(t, e)dt'...dt™ | |=o
e | Joy, 0 0

_ 890 890
= ‘/QOS 8€a (tvo)dt AOSE 3604 (t,G)dt|E:0

m m a+17€o¢+1 a—1_ _a—1 1 1

S —€ S S € S —€
+ / / / / gp(t17...7504 _€a7...tm7e)dta|€:o
0 0 0 0

- /[ A Ona ()

@(t7 G)dt‘| |e=0

O

Lemma 2.2. The infinitesimal deformation y induced by the needle-shaped control
variation satisfies the following relations:

Ya(t) =0, if t € [[0], [s]),

/[ Bty = /[ X2 0,0(0) = X4 127 (00 (s (o,

95
oo

(t) = %f} (2" (1), w* (1) (1), if t € ([s], [to]l,

Ya,8=1,...m, Vi=1,...,n.

Proof. We recall ¢! (e,t) = gx; (t). Since z(t) = z*(t), Vt € [[0],[s — €]], we have
€

Yale,t) =0, Vt € [[0],[s —€]]. Let us consider ¢ € ([s — €], [s]) a fixed multi-time. The

ox?
PDE <
ot

(t) = X! (t,z(t),u(t)) generates the variational PDE

9y dX}: ;
@(e,t) - A (tvxf(t)vu(t))yﬁ(€7t)'

Since we are interested on what it happens starting with the multi-time s, we can
chose yq(€,t) =0, Vt € ([s — €], [s]). Therefore y,(e,t) =0, Vt € [[0],[s]) and, when
making € = 0, we obtain y,(t) = 0, Vt € [[0], [s]).
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In the following, we take t = s. Successively, we have

/[[ o (X0t we(t), ult)) — Xo(t, 2™ (t),u" (t))]dt

/ (89:; — 8a:a ) dt = / (z! — 2*)ngy(t)do
([s—el,[s]] \Ot* Ot alls—el.[s]]

_ /[S] (@ — 2" g (t)do

and, by applying Lemma 2.1, it follows

/Hyé(t)na(t)d0= /H[Xé(t,ﬂf*(t),U(t)) = Xo(t, 2 (1), u" (t)]ng(t)do.

On ([s], [to]], we have again

oyt ox? ) * j
S (0) = 2 (1 (), w ()0

On the other hand, the m-dimensional flow of the infinitesimal deformation,

i ) i i ax
g‘g‘g (t) = yu(t) %ﬁ;‘ (x(t)) or é;%(t) =yl (1) 8xf (z(t)),

on the jet bundle of order one J(T, M), determines a dual m-flow

(ADJ) O 1) = 2 (1) o (a(1)

on the dual space J*(T', M). These PDESs systems are adjoint in the sense of zero total
divergence of the tensor field QF = pi'y; produced by their solutions. The adjoint
system (ADJ) has solutions since it contains n PDEs with nm unknown functions p$*.
|

2.1 Free boundary problem, no running cost

The basic problem here is to find

max Ju() = [ St (0)io

ox’

a (t) = X\ (t,x(t),u(t)), i=1,...n, a=1,...,m,

subject to

u(t) e, t € Qot,, 2(0) = xo.

We denote by u*(+) respectively z*(-) the optimal control and the optimal m-sheet
of this problem and we consider the control Hamiltonian

(H) H(t,z,p,u) = pd X, (t,z,u), p= (p).
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Lemma 2.3. (fundamental inequality) Let ¢ : Qot, — R be a continuous (mea-
surable) function. If

/ o(t)ng(t)do >0, Vs € Qot,,
[s]

then
/ e(t)dt > 0, Vs € Qo -
Qos

Proof. Since we can write

AfwmmWyg(kwwa=£(Afw@,

the hypotheses ensure us that s — ©(t)dt is a partial increasing function. There-
QOS
fore

/ e(t)dt > 0, Vs € Qo -
Qos
([l

Theorem 2.4. (multitime maximum principle, no running cost) Suppose u*(-)
is optimal for (PDE), (J) and that x*(-) is the corresponding optimal m-sheet. Then
there exists the dual functions p;* : Qot, — R such that

8$*i 8H * * *
(PDE) i ) = 7 (0.0, (1),
(ADJ) B 1) =~ I, 1), (0, " (1),
(M) oH (t, 2" (t),p*(t),u*(t)) = 0, Vt € Qog,

ou®
and satisfy the boundary conditions

. 9g
(o) napi*log0, = 551000,

Proof. For each map p, the control Hamiltonian H (t,z,p,u) = p¢ X}, satisfies

2 o(pg ™)

M HEE .00 0) + 2 0ar) = 2D v o], o))
@) (0, 00) + (i) = QB gy e (fs— ) [s)
@ Hwp0, 0 0) + P i) = P8 e (19, o)
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Therefore, by taking the difference (2) — (1) on ([s — €], [s]] and integrating after-
wards, we obtain

/ (2 — 2 )pSnado = / LB (¢, e (), p(1), (1))
[s] [[s—el[s]]

opy
ote

H(t, 2" (t),p(t), u™(8)) + - = (8)(zg — 2™)]do.

Computing the partial derivative with respect to ¢’ (see Lemma 2.1), we obtain

/Hy%p?‘nado = /H[H(t,x*(t),p(tLU(t)) — H(t, 2" (1), p(t), u" (t))Inpdo.

If the costate vector p* is the solution for the adjoint system (ADJ) with boundary

Ap;*yj)

conditions (o), then, on ([s], [to]], we have = 0. Denoting by n the normal

vector field on 0y, , respectively on 0€ys, we obtain

a(p;y] . .
0 = / ") y")dt:/ yépz‘“nada—/ yhp; “nado
ate
([s]fto]) 2001, g

9a ,
= / giyz.,da—/ Ypp; “nado.
01 Ox [s]

Since u* is an optimal control, it follows that € = 0 is a maximum point for the

function € — (g o x')do and, therefore, / a—g,y}jdo < 0. We find

¥
91, %1, 0T

/[ [H (" (0,97 (0, u(0)) = H(t 2 (0,07 (00" ()npdor <0

Applying Lemma 2.3, we obtain the maximum principle inequality in functional in-
tegral form. Consequently, using the Euler-Lagrange relation, it appears the critical
point condition. O

2.2 Free boundary problem, with running cost

We suppose that the functional includes a running cost, i.e.,

(J) Ju()] = X(t,w(t),u(t))dt—i—/ (g(t,z(t))do.

Qo1 g

In this case, the control Hamiltonian has the following expression:

(H) H(t,z,po,p,u) = poX (t,z,u) + p* X\ (t,x,u).

Theorem 2.5. (Multitime maximum principle with running cost) Suppose

u*(+) is optimal for (PDE), (J) and that x*(-) is the corresponding optimal m-sheet.
Then there exist some functions p§,p;“ : Qor, — R such that
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(PDE) T ) = G (12" (0. 25(0) 27 (00,
(ADJ) OB 1) = O, (01, i (), (1) 0" (1)
and

(M) O (1), (0, (1)) = 0, ¥ € g

Finally, the boundary conditions

dg
(to) nap;”logu, = 5 7lo0u,

are satisfied.

Proof. We begin by adding new variables in order to transform the running cost into
a terminal cost. We introduce some supplementary state-variables z(®) Qot, — R,
solutions for the PDE system

() 1., o
(4) W(t) = E%X(t,x(t),u(t)), l'( )(0) = O7 t e QOt0~

We also consider
7= (2, 2"); o = (0,20); T() = (2'*)(),2("))

and

- 1 0 i o _, _
Xao(t,T,u) = Eégx(ta%u)m + Xa(t,x,u)@; g9(t,x) = ng(t)x(ﬁ) +g(t, x).

Then (PDE) and relation (4) give the dynamics
— T _ _
PDFE P Xo(t,z(t),u(t)), T(0) =To, t € Qot,-

Consequently, the initial control problem transforms into a new control problem with
boundary cost functional

) T = [ ata)do
901,
The control Hamiltonian associated to this new problem is
_ 1 _
H(tvfaﬁa u) = EpgégX(ta Z, U) +pzaX:x(t7 x, U) = H(ta Z,Ppo, P, U),

where pg = %Tr(pg).



146 Constantin Udrigte, Andreea Bejenaru

We apply the multitime maximum principle with no running cost and we obtain
a costate vector p* = (pj*, p;®) such that H satisfyes (PDE), (AD.J), (M) and (f).
Let p§ = %Tr(ngo‘). Relation (PDFE) can be rewritten as

aaxt:(t) gfi(’ ™ (1), p5 (1), p" (1), u” (1))
and
) i
aata ! gfi(t z®, 73*(t)’u*(t))=%53%@,a:*(t)mé(t),p*(t),u*(t)).

The immediate consequence of the previous relation is

dz*(e) oOH

g ()= a0 o— (27 (1), po(t), p™(t), u (1))

We analyze next the adjoint equation (ADJ). We obtain
opre OH

(ADJ) P (0) = =S (00 (1), B (1), 07 (1), " (1)
and pee
Pg o _
5o (t) =0.
The maximization principle can be rewritten
8H * * * *
(M) w(tvx (t),po(t),p (t)vu (t)) =0, Vte Q0750

and the boundary conditions are

0

* g *
(to)- nap; *loa,, = @bﬂto; naps’loo,, = ng
Gathering together the restrictions related to P

* 1 *Qy, 8p2a —N- *Q _
Py = Etr(pg ); 5o (t) = 0; naps”lo,, = ns,

the immediate consequence is that we can choose pi* = 63 and pj = 1. O

3 Optimal control theory based on techniques of
variational calculus

We consider a smooth vector field v = (v%) : Qq, — RF satisfying v%(0) = 0, Va =
. k. Let u*(-) € U denote the optimal control. Moreover, we suppose that u*(t) €
IntU . Then, we consider the control variation

ug(t) = u*(t) + ov(t).
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Since u*(t) € IntU, there is §p > 0 such that us(t) € IntU, V|| < dg. Let x5(t) be
the state variable corresponding to the control variable us(t), that is 5(t) is solution
for the following PDEs system

oz’ i m
(PDE) atj (t) = XL (t,zs(t), us(t)), 25(0) = o, t € Qoyy C R
Ify= % |s=0 is the infinitesimal deformation induced by the previous control varia-
tion, then

oy OXj . 0X}
58 = o OV (O + 52

(t)v(t), y*(0) =0, t € Qoy, -

3.1 Free boundary problem, no running cost

In this subsection, we consider again the boundary cost functional
() Tt = [ gltia(t)do:
0ot

restricted by (PDE). We use again the control Hamiltonian
(H) H(t,z,p,u) = pt X (t,z,u).
We also introduce the control tensor field

Tg (t,z,p,u) = pf‘Xé(tw,u)
and we prove next a simplified maximum principle.

Theorem 3.1. (simplified multitime maximum principle, no running cost)
Suppose w*(-) is an interior optimal control for (PDE), (J) and that x*(-) is the
corresponding optimal m-sheet. Then there exist the dual functions p;® : Qo, — R
such that

O™t OH
(PDE) g (1) = (2" (0,0 (0),0° 1),

ap;(a _ aH * * *
(ADJ) P (t) = — (10 (0,07 (1), (1),

aH * * * _
(M) %(tax (t)ap (t)vu (t))*o
and satisfy the boundary conditions
ra 99
(to) nap; o0, = 571090,
Moreover
OH

DalT5 (8, 27(1), " (1), w ()] = 5.5t 27 (t), p™(1), u™(¢)),

where D, denotes the total derivative with respect to t®.
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Proof. From (H) and (PDE) we have

H(t, xs (t)a p(t), us (t)) + até (t)xf; (t) _ o (t),
therefore
W) ) = (02 ), pte) 0 (0) + 2 )
T %(tvx*(t)ap(t),u*(t))v“(t),

We choose p* solution for (ADJ), (o). When integrating on o, we obtain

/ﬂw %(t’x*(”’f’*(t)vu* (1)’ (t)dt = /Q %@)
— % *(H\n o = Bg - ; ;
- [ o VR (Ot / o e O 0o

Since u*(-) is an optimal control, it follows that § = 0 is a critical point for the

function / g(xs(t))do and, therefore

Qoty

/8 99 (4 (1)) (t)do = 0.

QO?’O 8x1
It follows that

dua

/Q OH ;o (8),p° (1), u (6))0° (1) = 0

and, since v is an arbitrary vector field, we conclude that

o0H
%(t,x*(t),p*(t),u*(t)) =0, Vt € Qo

Let us compute next the divergence of the control tensor field,

« 8}7? i a % ap? i a i

OH , OH _, OHOu O0H OH

Oy O OH Out OH O
92 Bt 9P gua a8 T o~ aiP

]

Remark 3.2. If the control Hamiltonian is autonomous, that is H doesn’t depend
explicitly on t, then we obtain a conservation law asserting that the control tensor has
null divergence.
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3.2 Free boundary problem, with running cost

We suppose the functional includes a running cost:

(J) Ju()] = X (t, z(t), u(t))dt + / g(t,z(t))do.

Qotg 0o,
In this case, the control Hamiltonian has the following expression:
(H) H(t7x7p07pau) :poX(f,%U)-i-p?X&(fam,U)

Theorem 3.3. (simplified multitime maximum principle with running cost)
Suppose u*() is an interior optimal control for (PDE), (J) and that x*(-) is the
corresponding optimal m-sheet. Then there exist some costate functions pg,pi® :
Qot, — R such that

Ox*t oH

(PDE) a?(t) = Tpg(ta‘r (t)7p0(t)vp (t),u (t))7
(ADJ) P (1) = =5 " (0, 550,57 (1), (1)
and

aH * * * *
() 6 (1), 0), 5" (1), 0 (1) = 0.
Finally, the boundary conditions

*Q 0

(o) nap;* oo, = aTilano

are satisfied. Moreover, the control tensor field
Tg(ta Z,Po, P, ’LL) = P05§X(t» z, U) + p?Xé(ta Z, U)
satisfies the relation

Do [T (8, 2" (1), po(8), p™ (1), w"(1))] = %(t,x*(t)7p3(t)7p*(t),u*(t))

Proof. Same arguments as in the proof of Theorem 2.5. |

4 Sufficient conditions in multitime optimal control
theory

If we add some concavity restrictions to the components of the control tensor, to
the boundary cost and the constrained set, then we can prove the sufficiency of the
conditions of multitime maximum principle.

Definition 4.1. A function f : R®™ — R is called concave if its Hessian matrix is
negative definite at each point.
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A concave function satisfies the inequality

fly) = f(z) < dfe(y — o).

We consider the more general optimal control problem with running cost and we shall
use the control Hamiltonian

H(t,x,po,p,u) = poX (t,x,u) + pF X, (1, x,u).
Moreover, we can suppose that pg = 1.

Theorem 4.1. (sufficient condition in multitime optimal control) If (z*, p*, u*)
satisfies the conditions of simplified multitime maximum principle and the control
Hamiltonian evaluated at p = p* is (strictly) concave in the pair (z*,u*) and the
boundary cost g is (strictly) concave at x*, then (x*,p*,u*) is the (unique) solution
of the control problem.

Proof. We must maximize the functional

J(u(+)) = X(t,z(t),u(t))dt—!—/ g(t,z(t))do.

QUtO BQOtO

subject to the evolution PDEs system. We fix a pair (z*, u*), where u* is a candidate
optimal m-sheet of the controls and x* is a candidate optimal m-sheet of the states.
Calling J* the value of the functional for (z*,u*), let us prove that

J*—J:/ (X*—X)dt+/ (9" —g)do >0,
Qotg 1,

where the strict inequality holds under strict concavity. Denoting H* = H (¢, z*, p*, u*)
and H = H(t,z,p*,u), we find

J—J = / (X*—X)dt—!—/ (9" — g)do
Qorq 0ot

*1 i
v 0T v Ox

/QO"O ((H “Pi B ) — (H —p; 8150‘)) dt + /{mm0 (¢" —g)do.

Integrating by parts, we obtain

J—J

* *iap;ﬂa _ iap;ﬁa
/Qmo ((H +at o )—(H+z Sro )) dt
b @9 et do
9ot

Taking into account that p* satisfyes the boundary condition (¢¢), we infer

J—J = /Qmo <(H H)+ e (™ —=x )) dH—/f)QmO ((g 9) e (™ —x )) do.
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The definition of concavity implies

* N E >
/HQOtO ((g g) oz’ (x ! )> do =0

* op;~ *i i
/Q% <(H - H)+ S (x x )) dt

; . OH*  Op® oOH*
> *6 0 i 4 *a _ a4 = 0.
- /Qmo ((33 Z) ox* + ote )+ " )au“ dt) 0

R

and

This last equality follows from the fact that all 7 % ” variables satisfy the conditions
of the multi-time maximum principle. In this way, J* —J > 0. |

5 Example of optimal control problem with area
integral cost on boundary

In the previous sections, we considered the parallelepiped 2, to be the domain of
multitimes. Next, we give an idea of how to extend our theory for arbitrary compact
domains from R". Let €2 C R™ be a connected and compact subset, with a piecewise
smooth (m — 1)-dimensional boundary U = 9. The new optimal control problem
with area integral boundary costs asks for finding

u(-) U

max  Ju(")] :/QX(t,:c(t),u(t))dtJr/ g(t,x(t))do

gfa () = Xi(t,2(t),ut), i=1,..,n, a=1,...,m,

subject to
u(t) eU, t € Q, z(0) = xo.

Solving this problem using needle-shaped control variations requires the introduc-
tion of a temporal orientation on 2. In order to do so, we consider a fixed point
to € Q. Moreover, for simplicity, we assume tyg = 0. For each point ¢t € ), we de-
note by a; : [0,1] — Q the line segment starting from 0, passing through ¢, such
that ay(1) € U. We also consider the function 7 : @ — [0, 1] satisfying the relation
at(7(t)) = t. For two multitimes s and ¢ in 2, we denote s < (<)t if 7(s) < (L)7(2).
Using the function 7, we can also define the d-type set

[s] = {t € Q[ 7() = 7(s)}

and the 0-type intervals

[0), [s]} = {t e 2 0 < 7(t) < 7(s)}; ([s], [t]] = [[0], [¢]] — [[O], [s]].

By considering needle-shaped control variations relative to the above intervals, we
regain the multitime maximum principle.

There is some time now since we look for a variational proof of the fact that,
amongst all the bodies of constant surface, the sphere maximizes the volume. Recently,
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we have solved this problem, using multitime calculus of variations and taking the
normal vector field as state variable. In our opinion, this is an important example
since it emphasis’s the utility of considering and studying a multitime variational
theory. We reconsider this problem now, using multitime optimal control theory.

If D is a compact set of R™ = {(t!,...,t™)} with a piecewise smooth (m — 1)-
dimensional boundary 0D, we can write the volume dt'...dt™ of the domain D

D
using the position vector ¢ = (¢+*) and the exterior unit normal vector field N = (N¥)

on 0D, via Gauss-Ostragradski formula, as

m/ dtl...dtm:/ Sapt® NP do.
D oD

Moreover, the area of 0D is / do. Introducing a parametrization on D, whose

domain is 2 € R™ and denotingDU = 09, we have do = ||[N||dn, where N = [|N||N
and 7 is a differential (m — 1)-form.

Let us show next, that of all solids having a given surface area, the sphere is the
one having the greatest volume. To prove this statement, we formulate the multitime
optimal control problem with isoperimetric constraint

mAE}X/ Sapt®NP(t)dn subject to /\/éagNa(t)Nﬁ(t) dn = const.
U U

In order to solve this problem, we also add the evolution system

ON™

which does not interfere with the quality of the solutions on the boundary. Using the
Hamiltonian

H = pgug
and the boundary cost g(t,N') = 0a5t°N? — p\/6apN*NP, p = const., the critical

point condition, in the multitime maximum principle, gives

8—H:p§(t)207 vVt e Q
3ug

and the boundary condition writes

99
— B _— _
0=pgN" = NG =t*—pN® vteU.
Since the boundary cost g is a concave function of A/, the critical point is a
maximum point. This confirms that D is the sphere |[t||?> < p? in R™.
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